INTERMEDIATE MATHEMATICS 

(ANALYSIS) 





INTERMEDIATE 

MATHEMATICS 

(ANALYSIS) 


BY 

T. S. USHERWOOD 

n.sr., a. si.i.MFCtr.i. 

H£AI> OF CNClKftkkiXO 5«'KOO|., CKRIsT'S HOSPITAL 

A N 

C. J. A. TRIMBLE 

H.A.. I.ATF SCHOLAR ThtS. COIL. CAHR. 
HATIi^MAtlCAL UASCl.H AT HOSPITAL 



LONDON 

MACMILLAN & CO LTD 

NEW YORK • ST MARTIN’S PRESS 

1954 



UACMILI-AN AND COMPANY LIMITED 

London Bombay Calcutta Madras Melboumt 

THE MACMILLAN COMPANY OF CANADA LIMITEJ3 

Toronto 

ST martin’s press INC 

New York 


This book is copyright in all countries which 
are signatories to the Berne Convention 

First Edition 1925 

Rcprinticl 102S. 1933, 1937. 1942, 1943, 1940, 1948. 1949, 1954 




PRINTED IN GREAT BRITAIN 



PREFACE 


This book is intended for students who have passed the 
Matriculation Examination, and for others who are reading 
mathematics of the Intermediate Standard for a degree in 
Arts, Science, or Engineering. All the branches of mathe* 
matical analysis usually included in an intermediate syllabus 
are here grouped together in one volume and made, so far as 
possible, mutually dependent. The order adopted is suitable 
not only for students who are reading Intermediate Mathe¬ 
matics with the view of proceeding to a pass degree, but also 
for those who will ultimately take mathematics either as a 
chief or as a subsidiary subject in a final honours examination. 
At the same time the index and system of cross-references 
make it possible to vary the order. 

Some elementary work of matriculation standard has been 
included for revision purposes, while the difficult parts, which 
most teachers would agree to postpone for a second reading, 
have been starred. But as the scope of the intermediate 
syllabus varies with the University, the range of the book is 
wide, and it should be possible for every student to make a 
selection suitable for his requirements. 

Acknowledgments are due to the Universities of Birming¬ 
ham, Durham, Leeds, London, Manchester and South Wale.s, 
for permission to print questions from papers set at their 
intermediate examinations, and to the Institutions of Civil 
and Mechanical Engineers for similar permission. The 
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following abbreviations have been used to indicate the 
sources of such questions:— 

[B.U.] for University of Birmingham, 

[L.U.] for University of London, 

[Man.] for University of Manchester, 

[S.W.] for the University of Wales, 

[I.C.E.] for the Institution of Civil Engineers, 
and [I.M.E.] for the Institution of Mechanical Engineers. 

The Authors wish to express their gratitude to Sir Richard 
Gregory for his invaluable help in seeing the work through 
the press ; to Mr. S. T. Shovelton, M.A., formerly Fellow of 
Merton College, Oxford, for his indefatigable assistance and 
many valuable suggestions ; and also to Mr. H. F. Purday, 
B.Sc., Mr. H. V. Styler, M.A., and Mr. A. J. V. Gale, MA., 
for their great care in the thankless task of reading proofs. 

T. S. USHERWOOD. 

C. J. A. TRIilBLE. 


Christ’s Hospitai,, 
Marcht 1925. 
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CHAPTER I. 
equations. 


Simultaneous Equations. 

Ex 1 The sum of two numbers is 10. Ttvice the greater 
exceed the waller by 15. What are the numbers ! 

Let sr, y be the larger and smaller numbers respectively. 

Since their sum is 16, x + i/ = 16.' ' ', V. 

Since twice the greater exceeds the smaller by lo, 

2x-y^\o . 

Fouations (1) and (2) each involve two unknown quantities. 
Th®v muTbe used togUher if and are both to be found, 
and^consequently are called Simultaneous EquaUons. 

From (1), a: = 10-y. 

Substituting in (2) for r, we have 

2(16-y)-y = 16; 

32-2y-y = 15. 

Adding Sy to and subtracting 15 from each side, we have 

17 =3// ; 


V = 


17 

3 


Using (1), 

T. = m. 

The numbers arc therefore lOj and 5§. 

Verification. lOj+5§ = 16, and 2(10i)-Oj is 15. 

When verifying, it ia important to substitute m the original 

equations. 
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Alternative Solution. Adding equations (1) and (2), we have 

3x=31 ; 

x = lO^, 

Using (1), we have 10^ + ?/ = 16 ; 

/. 7/= 16-10^ 

= 5§ as before. 


Ex. 2. Solve the equations 

3a;-16^ = 3, . ( 1 ) 

2a:+ 5^ =49.(2) 

From (1), 3.r = 3 + 16!/ ; 

a: = l +5^?/. 


Using (2), 2(1 +5jy) +5i/ = 49 ; 

2 -hl 0 gf/ + oi/=49 ; 

153 ^ = 47 ; 

/. y = 3 (since = 165 ). 

Using (1), 3 j:-48=3 ; 

3a; =51 ; 
a: = 17. 

The required solution is x = 17, 

2/ = 3. I 

Alternative Solution. Note that if twice the first equation 
be subtracted from three times the second, x disappears. 


Multiply (1) by 2, and we have 6x-32y = 6 .(3) 

Multiply (2) by 3, and we have 6 a: + 15y = 147.(4) 


Subtract (3) from (4). Then 15^+32y = 147 - 6 , 

i.e. 47y = 141 ; 

y = 3. as before. 

Using (1) as before, we find a: = 17. 

Ex. 3. If apples cost Id. per dozen and pears 9d., a man would 
pay 142 pence for the fruit he intends to buy: whereas if apples 
cost S/f. per dozen and pears lOd., he would pay 166 pence. How 
many apples and how many jwars does he intend to buy? (B.E.) 

Let him intei\d to buy x doz. apples and y doz. pears. Under 
the first conditions, he .spends {7a: + 9y) pence ; 

7.r-^9y = l42. 


(1) 
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Under the second conditions, he spends (8x + lOy) pence ; 

8x + 10y = lG0.(2) 

Dividing (2) throughout by 2, we have 

4x + 5y =80.(3) 

Multiplying (1) by 4, we have 

28x4-30.7=508.(4) 

Multiplying (3) bj' 7, we have 

28x4-35//=500.(5) 

Subtracting (5) from (4), we have 

// = 8 . 

Using (3), 4x4 40=80 ; 


x = 10. 

He therefore intended to buy 10 doz. apples and S doz. p<'ars 

Ex, 4. It is found that (he equndmi 

C’ = « 4-611' 

conne/^ts the cost C of an article hi pence with the wciqht 11' oj 
the article in ounces. C is 0 when IT is 4, and C is 9 ivhcn II 
is 8. Find the values of a and h and the cost of an article 
weighing 12 ounces. 

Using the data, wo have 

0 = a -»-6.4, . (1) 

!> = « 4 6.8 .(2) 

Subtracting (1) from (2), 3 = 46; 

/, = (»-75. 

Using this value (»f 6 irj (1), we have 

0 = « + 3 ; 

«=3. 

The formula connecting C ainl IT is consequently 

C = 3 -hO 75U'. 

Hence, if 17 = 12, C= 3 + 0 75 x 12 

= 3+0. 

Therefore the cost of an article weighing 12 ounces is 1,9. 
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Simultaneous Equations with three Unknowns. 


Ex. 1. Solve the equcUioTis 

x+4y+4z=7, .(1) 

3x+2y + 22=6, .(2) 

9a; + 6y +2z = 14.(3) 

[L.U.] 

Multiplying (2) by 2, 6a: + 4y + 42 = 12.(4) 

Subtract (1) from (4)» and we have 

5a: = 6 ; 
a: = l. 

Substituting a: = 1 in (2), 2y + 22 = 3. (6) 

Substituting a: = 1 in (3), 6y + 2z = 5.(6) 


Subtract (5) from (6), and we have 4y=2 ; 

y=0-5. 

Substituting y =0'S in (5), 2z =2 ; 

2 = 1 . 

Thus x~\yy =0-5 and z = 1 satisfy equations (1), (2) and (3). 
Verification. Substituting x = l, y=0*5 and 2 = 1 in (1), 


(2), and (3), we have 

1+4(0-5)+4 = 7, 

3+2(0-5)+2 = 6, 

9+6(0-5) + 2 = 14. 

Ex. 2. Solve the equations 

2a:+y + 2=4, .(1) 

3a:-2y +22 = 1, .(2) 

a: + 3y-32= -7 .(3) 

Eliminate y between (1) and (2) as follows : 

Multiplying (1) by 2, 4a: + 2 y +22 = 8.(4) 

Add (2), and we have 7x + 42 = 9.(5) 

Eliminate y between (1) and (3) as follows : 

Multiplying (1) by 3, 6x + 3i/+32 = 12.(6) 

Subtract (3), and we have 5x + 62 = 19.(7) 


Notice that (5) and (7) are two simultaneous equations in 
two unknowns. 
















( 8 ) 


(9) 


SIIVItJLTANEOUS EQUATIONS 

We find X by eliminating z. 

Multiplying (5) by 6 , 

42x + 242=54. 

Multiplying (7) by 4, 

® 20a:+242 =76. 

Subtract (9) from ( 8 ), and we have 

22x = - 22 ; 

3 := - 1 . 

Substituting x = -1 in (5), 

- 7 + 42 = 9 ; 

2=4. 

Substituting x = — 1 and 2=4 in (1), 

-2+y+4=4; 

y=2. 

Thus X = - 1, y * 2 and 2=4 satisfy the given equations. 

Verification. Substituting for x, y and 2 in (2) and (3), we 
have 

-3-2(2)+2(4) = l, 

-l+3(2)-3(4)= -7. 

Ex. 3. The distance, x yards, traversed in t seconds by a rifie 
bullet is given by the series of observations : 


X i 

100 

200 

300 

400 

500 

600 

t 

0-128 

0-268 

0-423 0-596 j 0-790 

1-008 


Shed> that they may be connected by the relat ion t = az+bx +c.i . 

where a, b, c are constants : and (hat, with this law, the 
traversing 10(X) yards is 218 seconds. [L.L.J 

Taking the first three values of x and /, wc have 

0-128 = lOOa + 100*6 + 100®c.(1) 

0-208 =2.100a +4.100*6 +8 . lOO^c, .(2) 

0-423 =3 . lOOa + 9.100*6+27.100*c .(3) 

Multiplying (1) by 2 and 3 in succession, 

0-256 =2.100a +2.100*6+2.100*c, .(4) 

and 0-384=3.100 a+3.100*6+3.100*c, .(5> 
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Subtracting (4) from (2), 

0-012 =2.100*6 +6.300*c.^6) 

Subtracting (5) from (3), 

0-039 = 6.100*6 + 24.100*c .(73 

Multiplying (6) by 3 and subtracting from (7), 

0-003 = 6.100®c; 

100»c =0-0005.(8) 

And, using (8) in (6), 0 009 =2.100*6 ; 

100*6=00045.(9) 

Finally, using (8) and (9) in (1), 

0-128 = lOOo + 0 0045 + 0 0005 ; 

/. 100a =0-123.(10) 


Equations (8), (9) and (10) shew that x and t are connected 
by the relation 

‘ =0123 ^ +0 0045 +0 0005 

If a: = 400, we find 

(=0-123 (4)+0 0045(16)+0-0005 (64) 

= 0-492+0-072+0032 
=0-596, as given in the table. 

In the same way it will be found that if a: = 500, (=0-790, 
and if a: = 600, (= 1 -008. 

If x = 1000, (=0-123(10)+0 0045(10)* + 0-0005(10)®; 

(=2-18. 

N.B .—Any three corresponding values of x and ( may be selected 
to give three equations, and from these the same values of a, 6, c 
will be found. 

From the preceding examples, it will be noticed that two 
equations are required to find two unknowns and three 
equations to find three unknowns. In general, if there are 
n unknowns, n equations are required for their determination. 

A valuable method of solving simultaneous equations in 
wlueh the cocificicnts are literal involves the use of Deter¬ 
minants, a brief explanation of which mil be found in Chapter 
VIrr. and in the authors’ Practical Mathematics for Technical 
tStudents, Part II., Chap. III. Determinants are of great 
value in Higher Mathematics. 
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EXERCISES I. 


Solve the equations 
1. 3x + y = 9, I 

3. 3x-5j/ = 6. \ 

4x + 3?/ = 37. / 

5. 2x - 15i/= 3x - 241/ 

6. ^^ + 8i/=17, I 

4 ^ = 3 -. } 


2. 4x + i/= 13. 1 
3x — 2y = l. J 

] 


1 lx - 61 / ^ 

X — 1 

8.v-5x _^ 
a; -f* 1 


[I.C.E.] 


Solve the following problems : 

8 . Find two numbers such that their sum is 19 and their 
difference 3. 

9. The sum of two numbers is 45*7 and their difference is 
14*5. What are the numbers ? 

10. Two angles of a triangle arc equal and the remaining angle 
is 100® more than their sum. What are the angles ? 

11. In 4 hours A walks 7 miles more than B walks in 3 hours ; 
in 3 hours A walks twice a.s far as B does in 2 hours. hat is the 


rate of walking of each ? 

12 A nerson buys 10 lb. of each of two kinds of tea and finds 
that he pays 5s. more for one kind than the other. 
was £2. 5s. Od. What wa.s the price per lb. of each kind of tea ? 


13. Find two numbenj such that if 4 time.s the first be added to 
2*5 times the second, the sum is 17 3 ; and if 3 times tlio ^cjTond 
is 8ubtracte<l from twice the first, the difference is 1-2. Llkh.J 


14. The ages of a man and his wife added together amount to 
72*30 years. Fifteen years ago the man’s age was 2*3 times that 
of his wife. What are their ages now ? Lt5.r..j 

15 If C in is the diameter of the bolt circle in a flange coupling 
and d in. is the <liameter of the bolts, it is found that 

C^xd-¥y^ C=l0whend=3 and C = 6 when d = 1*5. 

Find the values of x and y and the diameter of the bolt circle 
for 2 in. bolts. 

16. Tlio inclusive cost £C of compound tandem steam engines 
is connected with the horse-power H of the engine by the formula 
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C = a-\-bH. For an engine of 200 horse-power the cost is £495 ; 
for an engine of 1000 horse-power the cost is £3190- Find the 
values of a and b and the approximate horse-power of the engine 
which can be bought for £2640. 

17. IVhen an effort E lb. is applied to a certain machine it is 
found that resistance R lb. can be overcome, and that E and R 
are connected by the formula E = a-^bR. An effort of 3‘6 lb. 
overcomes a resistance of 6 lb., while an effort of 6*3 Ib. overcomes 
a resistance of 8 lb. Find a and 6 and the efiort required to over¬ 
come a resistance of 10 lb. 


Solve the equations 
18. ar-h -f 32 = 5, 1 
3.r-H 3/-H 2z = 6, |- 
2x + Zy~\-z= 1. j 

20. 2x + y + z = 5, 1 
3a; —4y —23 = 1 , 

X -I- 3y + 4z = 9. 

22. 3x - 41/ -{- 7z = - 6, 
x-l- 6i/ — z = 12, 

5x + y-^-Zz= 16. 

24. 0-3x + 0-2i/ + 0'5z = 3-2, 1 
0*2x-j-0-3t/ + 0-4z = 2-9, [• 

0-4x + 0-3)/-t-0-5z = 3‘7. J 9x-f-6y-i-2z= 14. J [L.XJ.] 

26. Eliminate x and y from the equations 

Ojx-h 6 i 2/= c„ 

aeX + 6ji/=Cs, 

-H 631 /= C 3 . 

27. Shew that the follo^ving equations are not independent : 
x + y — z = 0, X —y+z = 2, y-f-z—x=4, x+i/+s = 6. 

28. In dynamo design the following equations occur : 

W^FV +HV +ZV^, ^V' = FV' + HV'-\-ZV\ 

Find Z in terms of W, W', V and V'. 

*29. The following values of x and y are connected by a relation 
of the form y = a + 6x + rx* : 


19. 2x-Fy —z—1=0, 
X -r 2y -t- 2z + 3 = 0, 
3x -f 2y — 33 — 5 = 0. 

21. 5x-2y-32=l, 

3x + 3y + 5z = 8, 

— 4x-|-y -f* 6z = 7. _ 

23. x + 2y+3z = 5 ,1 
3x-hy + 2z = 6, j- 
2x -f 3y + 2 = 1. j 

25. x-^4y + 4z = 7. "j 
3x + 2y + 2z = 6, |- 
9x -f- 6y -i- 2z = 14. J 


X 

1-5 


4*6 

y 

2-313 

2193 1 

3*630 


Find a, b and c. 
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*30. If 0 and p are connected by a formula of the form 

^=1-0362(1 +a0 + b0^), 
find the values of a and b, given 


(i) ■ 

0 

15-65 

1 20-11 

(ii) - 

0 

i 32-76 ! 

1 

63-23 

P 

1 0.333 

1-0327 


P 

1-0205 1 

1-0152 


♦31. The speed of tlio rim of a centrifugal pump or fan being 
V feet per second, the head H feet produced when Q cubic feet of 
fluid per second are passing seems from theory to bo such that 


The following observations were made on a Rateau fan : 


Q 

V 

// 

1243 ' 

‘)6-5 

206-5 

825 

112 

371 

46 

96 

1 

144 


Find the values of a. b and c. 


tB.E.] 


Quadratic Equations. It is assumed that the student is 
already familiar with the method of solving a (|uadratic 
equation with numerical coefficients. 

Any cejuation of the form 

ax^ + + c =0, .(U 

in which a, b and c are known numbers and the highest power 
of the unknown number x is the square, is called a quadratic 

equation. ^ „ 

The roots of equation (1) arc found as follows . 

Divide throughout by a, obtaining 

h c 
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68 


Adding to both sides of (2), 


9 6 62 
X^+-X+-7-z 
a 4a2 


^_c 

4a2 a 

62 — 4ac 
4a2 



Now ^>2 + 2 j 3 ^ + g2 = (^ + ^)2 • • (3) can be written as 

6® — 4ao 




4<l2 


(4) 


Taking the square root of both sides of (4), 

6 Jb^ — 4ac 
2a 

(read ‘plus or minus* the square root of 6*—4ac divided by 
’ 6 s/62 _ ^ac 




2a 


The required roots are therefore 


-6 +\/62 -4ac , ~b‘-^b'^-4ac 

- and - 


2a 


2a 


It is useful to be able to write doum the roots of any 
quadratic equation, and the formulae for the two roots of the 
general quadratic should be remembered. 


Ex. The diagonal of a rectangle is 1*7 in. long, mid one side 
is 0 4 in. longer than the other. Fuid the lengths of the sides to 
the nearest hundredth of an ineh. 

Let .r in. be the length of the shorter side ; the length of 
the other is therefore a; + 0 4 in., and the length of the dia¬ 
gonal must therefore be s/x* + (x+0'4)2 in., using Pythagoras’ 
theorem. 

Hence \/x2 + (x + 0-4)2 = 1-7 ; 

x2 + {x+0-4)2={1-7)2, 
i.e. x2+x2+ 0'8x+ 0-16 =2-89 

or 2x2 + 0 Sx _ 2-73 =o.(1) 

• The reason for the clonblo sitjn + will be appreciated if it is remem¬ 
bered Uiat both ( + z)® and ( - s)* are equal to z*. 
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The roots of (1) are 


-0-8± s'(0-8)2 -4 X 2 X ( - 2-73) 

^2 x2 


i.e. 


_0-8±n/22^ 


s/22-48 lies between 4 and 5. 


the roots of (1) are 

-0-8+4-741 




4 741 



4S00 


S7 

e 4S 

» 

944 

31*00 


949 

r>4 


and 


^0-8 -4-741 

4 


i.e. 0-985 and -1 385. 

• x*0 09 to two significant figures, the negative value 
- 1-385 being inadmissible, as x represents a side of a rectangle. 
Hence the sides are 0 99 in. and 1 39 in. long to the nearest 

hundredth of an inch. , • , , /c* 

This problem is also suitable for a graphical solution, (bee 
p. G4.) 

Sum and Product of the Roots of a Quadratic. Let a, (3 be 
the two roots of the equation 

az^ +bx + c = 0 .(1) 

-b -4ac 

so that a =- 


2a 


and (3= - - 2,1 


( 2 ) 


(3) 


Adding (2) and (3), a+/3*- 


a 


Multiplying (2) and (3), 

«/3 = 




4a* 

f ,2 _ ^ 1,2 _ 4„c) c 


4a-' 


a 


( the coefhcient of r \ 

That is, the sum of the roots equals — 

/ the constant term \ 
and the product of the roots equals ( ooefficient of x*/ 
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The following method of obtaining these results is valuable* 
as it can be applied to any equation of higher degree. (See 


Ex. 3, p. 14.) 

The equation whose roots are a and ^ must be 

(x-a)(x-jS)=0, .(4) 

since the left-hand side vanishes either when a: = a or when x=(S. 

Now (4) is a:®-a:(a+/3) 4-a/3 =0,.(5) 

b c 

and (1) may be written +~ x-\- ~ =0.(6) 


And (5) and (6) are different forms of exactly the same 
equation. 

So, comparing, we see that a+/3=—-and ay8=-- 

The first formula is a useful check on the accuracy of 
numerical solutions and should always be used. 

Character of the Roote of a Quadratic. Examination of 
^2) and (3) above shews that: 

1. If b->4ac, the roots are real; in particular, if 6® -4ao is 

a perfect square, the roots are rational. 

2. If 6®=4ac, the roots are equal. 

3. If b“<4ac, the roots are unreal or imaginary. 

The definition of a rational number will be found on page 83. 

Imaginary numbers are numbers like — 16, -J ~'X (where 
X is positive). 

Ex. 1. If a, ft are the .oots of the equation Zx~ — 2x — \ =0, 
find the equation whose roots are 2a + ft and a + 2ft. 

We have a + /3 = § and a/3 = — J.(1) 

Let .-r® +px +q =0 be the equation whose roots are 

2a+/3 and a+2^. 

Then 3a+ 3^3 = the sum of the roots = -p, 
and 2a® + 5aft + 2/3® = the product of the roots = q. 






ROOTS OF A QUADRATIC 


13 


From (1), 


Again, 


3a+3y3=2 ; 

?)= -2. 

2a^ + 3a/3 + 2/3^ = 2 (a + + afi 

= 2(ir -i, using (1), 

— 5 . 


• n — ^ 

* • 9 T< > 

and the required equation is 

a:2-2x- + a=0, 

I'.e. 9x2-18x+5=0. 

Ex. 2. IJ a, (i are the roots of the equation ax^ +bx'\-c=0, 

a. f fi 

fiiid (he equation whose roots are ana 


We have 


a+f3= -- and ^ 


( 1 ) 


a ] /3 

Let x^+px+q=0 be the equation whose rooU are ^ ana -• 
Then 


And 


- 7 >»*the sum of the roots 
/3 a 

_ «2 + fp 

~~afi 

(n +fi)^ - 2a(i 

~ afi 

/Aa*-2c/a . 

c a 

- 2ac 
~ ac 

q =thc product of the root/S 

_^afi 

"/3a 

= 1 . 
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The required equation is therefore 



— 2ac 
ac 


ar + l 



i.e. acx^ — (6® ~2ac)x -{-ac =0. 


Ex. 3. If a, ;3, y, are the roots of the equation 

+^a; + r = 0, 

shew that a +/3 + y = -p, a(I + fly +ya =q, and a/3y — -r. 

The equation whose roots are a, (3, y must be 

(x-a)(x-/3)(a:-y)=0, 

i.e. -{a+(3 + y)x~ + (ajfl +^y + ya)a: - af3y =0. 

Comparing this with the given equation, we have the 
result stated. 


Simultaneous Quadratics. If two simultaneous equations 
are given, one of which is of the first degree and the other of 
the second, they can always be solved as follows: 

Ex. 1. Solve the equations 


2x - 3y = 1, 



From (1), 

Substituting in (2). 



( 1 ) 

( 2 ) 



. 1 +6y-f9yg 

4 


-('/ + 3y2)_3y2 + 3=0 


1+6y + 9y2-4y-12y2_i2y2 + l2=0 

-15M2 + 2y+ 13=0 
whence* {y _ 1)(157/+ 13 ) =0 
y = \ or -li. 


* This method of solvinc by factors should be used whenever possible 
instead of u^ing the formula. 






SIMULTANEOUS QUADRATICS 

And, using (1) : if y = l. x =2 ; 

if y * “ TS> 2x = 1 - V- '» 


15 


X s= — 


S > 


the roots are 


jx= \ 

\y = i]’ \y=-W' 

Verification. Since the values of a: were determined from 
(11 we only verify that the roots satisfy (2). 

Taking the first solution, the left-hand side of (2) becomes 

22 - 2 . 2.1 - 3 . 12 . 

which is - 3. 

Taking the second solution, the left-hand side of (2) 

16 8 13 3^132 

^25' 5 .15 15.15 

IG 13(24-^39) 


25 
16 
25 
16-91 


15.15 
13.7 


5.5 


= -3. 

When both equations are of the second degree there is no 
general method of solution. Some typical solutions are 

appended. 

Ex. 2. So/i'c the equations 

3y2 .(1) 

3xi'/ - 4x- ='2 ...(-) 

Eliininate the constants on the ripht of the equations by 
multiplying (1) by 2 and (2) by 7 and subtracting. 

Thus 2 (3y2 _ ox"-) - 7 (3.ry - 4.ir2) * 0 ; 

/. 61/2 -21x^ + 18x2 =(► ; 

. 2y2 - 7xy-t-6x2 = 0 ; 

(2t/-3x)(i/-2x)=0. 


(3) 
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Now equation (3) hats been obtained jErom (1) and (2), and 
the solutions of (1) and (2) are the solutions of (3) and either 
of the first two equations. 

From (3), either 2y-3a; = 0 

or y-2x=0. 

The required roots are therefore the solutions of 

I. 2y-3a: = 0A and II. ^-2x=0,'\ 

3xt/ -4x^ =2,j 3.t:y -4x^ = 2.) 

Using the method of Ex. 1., equations I. give 

3x(^^)-4x^=2; 

x^=4 ; 

• • ^ ® i 2 ^ 

and !/=±3.j 

Equations II. give 

3.r(2x)-4a:2=2 ; 

/. x^ = l ; 

.*. .T = ± 1 1 
and !/=±2.f 

The complete solution of (1) and (2) is therefor© 


X 1 

2 

-2 

1 

1 

- 1 

U 1 

1 3 

-3 

2 

-2 


Tliese should be verified b}' substitution in (1) and (2). 


Ex. 3. Solve the equations 

x-~t/~ = 3x-2ij .(1) 

x^-r/^=2x + ij .( 2 ) 

[L.U.] 

Subtracting (2) from (1), x~3y = 0 .(3) 


Equations (1) and (2) are therefore equivalent to equation 
(3) and one of the original equations, e.q. (1). 






SIMULTANEOUS QUADRATICS 


Using (3) and substituting for a: in equation (1). 

y(8y-7)=0; 
whence y=0 or y = 

and, using (3), a:=0 or x=-V'- 

These values should be verified. 


Ex. 4. Solve the equations 

x^~xy+x = l . 

xy-y’ + y = ^ . 

Subtract (2) from (1), and wc have 

x^-2xy + y^+x~y^0 ; 

(ar-y + U =0 ; 

x-y=0 
or x-y + l =0. 

As in Ex. 2, we have 

I, x-y=0.^ and 11. ar-.v + i*^>\ 

xy-y^ + y = \J xy-y^ + y = i\ 

Using the method of Ex. 1, equations I. give 

y2 _, f - + y = \ ; 

2 / = l 


and X = 1. 

Equations II. give y('/ - 1) ' ^ > 

y^-y-y^ + v^^- 


But the left-hand side of thi-s equation is identically 0, so 

..y z 

original equations cannot be ‘ 

the method of solution sometimes (tives ns p^Dlanation of 

do not satisfy the original equation^ The 
euch extrane<>uft solutions can only >c g 
analysing each step in the work. 
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EXERCISES II. 


1, Solve the equations (i) — t ^ ^ ♦ 

^ ' ' jr-3 x + 5 X 


(ii) 6xa+ar=27. 

[I.C.E.1 

2, Solve the equation 

1 *17 ^ 


giving the roots to two decimals. 

[i.ar.E.] 

3. Solve the equations 




(ii) x2+xy = 4, 


y*+xy = 5. 

[I.C.E.] 


simplest form, the relation between a and b for 
which the values of x given by the equations 

ax + 3a + 4x+13 = 0, 

^ , 6x + 3x + 46+13 = 0 

will bo equal. 

If this relation is satisfied, and if also 5a = 2b, determine the 
numerical values of a, b, x. [There are two sets of solutions, both 
of which should bo given.] [I.M.E.] 


5. If ax« + 6x + c = 0. test the following ; 

Relation bct«e<'n coeffleient?. 

1 Xoture of the rooU. 

a, b, c have same sign 
a differs in sign from c 
a, c differ in sign from 6 

Both negative 

One negative, one positive 
Both positive 


^ pOTJcrs sei at the Inter B.Sc, 

6. Find the condition that the equation x*+px + g = 0 may 
have (I) real roots, (ii) equal roots. -rp i-g u may 

respectively equal to the sum 
x» - fcT= 0 positively, of the roots of the equation 
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7. Find tho condition that the roots of the equation 

or* + 6x + c = 0 

““/ind roo..s are reapeCive.^eq^a. to .he 

sum and the product of the roots of tho equation 1 -x - 3x + 14 O. 

8. Express the sum and the difference of the roots of tho 
^Fom thf quadratic equation whose roots are tl.e squares ol 

obtained above. 

9. Find the sum and product of the roots of tho equation 
<xx^ + 6x + C s: 0 rationally m tonns of a, b and c. 

If a{p + q)‘ + 2bpg + c = 0 and a(p + r)* + 26pr + c = 0, 

express q + r and gr in terms of p, a, b and c. 

10. Solve the equations 3x* + 4xv - »/* = h 1 

2x + 3y s= i. ) 

11. Solve the equations (i) j/(2x - 3) =9 - 2x, 

2x - 31/ = 3 ; 

(ii) x*-x«/ + y*«=3, 

X* + 3x1/= 7. 

12. Solve the equations (i) 6x-y=l; 

(ii) x*-2xy + S>j^ = S, 

3xy - 2y^ = 4. 

13. Solve the equations 2x-3y = 7, 1 

X* + x»/ + 2y* = 28. J 

14 a. and fi being the roots of x»+px + ^ = 0, express 

‘ ' 


(7>aL + ^)* 


in terms of p and 


Rit^^lify fhrex,^re«.ion when (i) th. root, aro equal, (ii) one 
twice the other. 

15. Solve tho equations 2x* - 3xi/- y* = 4, 

3r+«/= 1. 
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16. If CL and are the roots of the quadratic equation 

prove that p = — (a. + ^) and .. 

Prove that the roots of ( 2 ? + ^)* =;)*x are a,* and and that the 

roots of ( 7 (ar+ l)*=p*a; are a/^ and fiJoL. 

17. Prove that in the equation 

3a:» - 2x(a. + 2/3) + ^(2a. + >3) = 0, 

(i) one root is independent of a and (ii) four times the product of 
the roots di\’ided by /3, and the result diminished by the sum of 
the roots is independent of (i. 

Find the relation between o. and /3 so that one root may be 
twice the other. 


18. Solve the equations 


19. Solve the equations (i) / 


pq‘p q* 

x + y=p + q. 

a:S + y»=243, 
a;+ 2 /= 9. 

(ii) I = 

' ' \ a;*y — ary* = 30. 

^iiil { (^■-3)(y-2) = 6, 

I (2x+l)(y-l)=-12. 

{ 3xy+7y*=l. 

20. If OL and /3 are the roots of the equation ar*—far+rn = 0, find 
the equations whose roots are 


(i) 2a. and 2/3; 

(iii) pa. and p/S; 

(v) a.* and ; 

21. Solve the equations 

(i) y^-5i/* + 4 = 0: 
(iii) 02«- 13z* + 4 = 0. 


(ii) - and ^ ; 
a. /3 

(iv) a.+p and f3+pl 
(Vi) ^ and f. 


(ii) x(x + 2)- 


3d 


x(r + 2) 


= 34; 


22. If (x, (3 are the roots of the equation ax* + 6x + c =0, find the 

equations wliose roots are (i) a— 1, (3— 1; (ii) ——^ 

1 —a.* 1—^3’ 


EXERCISES 
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23. Solve the equations 

3^ + 1/ = 1, a:* + ary - + 1 Gx + 1 = C. 


[L.U.] 


24 Solve the equation oar® + 26x+c = 0. 

If the roots of this equation are a. and ji, construct the equation 
whose roots are and fl^ ] 


25. Shew that the equation 

ax® + fex + c = 0 

has always real roots if a and c have opposite signs. Wliat do 

^7iS“thf the .cast value of 

8x® - 7x, illustrating your answer by careful graplu-. [S.W . J 

26. Establish the formula for the roots of the equation 

ax* + hx + c = 0. 

Shew that the roots must bo real if a, c liavo opposite signs. 

Shew that the roots of 


1 1 1 o 

_- 4--H-= 0 

X-lx X-p 


are real for all values of p- 


[S.W.] 


27 Shew how to find the sum. the sum of the squares, and 
the sum of the cubes of the roots of a quadratic equation m 
terms of the coefficients in the equation, without actually solving 

the roots of the equation 6x®-6x+l = n. prove 

,J(a + 6x, +cxi® +dX|®> + 5(a + bx, + ex*® + t/Xj") 

U equal to a + 6/2 + c/3 + d/4 for all values of «. 6. c. d. [Man.) 

28 Divide X* - V* - + 2x,y® - 4xy + 4y* - 4 by x» - xv + y* - 2. 

If both factors of the former expression are equal to xy. 

numcricnl value. 

29. \Vhat is the condition that tlio equations 

ax® + 2/ix+6 = 0 and a'x® + 2/i'x + 6'= 0 

should have a common root ’ 

Detennino for what values of h the equations 

(2I--.'))x*-4x- 1.7 = 0. 

{3fc -- 8lx»- r>x-21 =0 

have a common root, and solve the equations in each case. [S.W.] 
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30. A man walks at the rate of x miles an hour, and rides at 
the rate of y miles an hour ; how long does he take to perform a 
journey of n miles if he walks half the time and rides half the 
time ? 

Prove that if he had walked half the way and ridden half the 
way he would have taken altogether a longer time. [S.W.] 

31. What is meant by the statement ** A varies inversely cw 
B ” ? Give a simple example. 

The cost of running a steamer per day varies, for engine power, 
as the square of the speed. The other expenses are at the rate of 
ten pounds per day. When tho boat makes a certain voyage in 
10 days the profit with a given cargo is £70 ; but when the voyage 
takes 16 days the profit is only £64. Find the time when the 
profit is £74. [S.W.J 



CHAPTER II. 


THE USE OF SQUARED PAPER: COORDINATES: 
THE USE ^ STRAIGHT LINE. 

In this chapter some elementery and 

the use of squared paper are accurately and 

to choose plain ^Yic graphical method of repre- 

rapidly : the whole ^ depends on the 

senting two or more ^orr figuring of the scales 

suitable -"j-tiU Te' fou^ autLrs’ Pmc.cnl 

b££i«“s t;ss“ rb".';=».«■ 


Ex 1 A certain insurance office gives assurance of £100 at 
death for ike following yearly premiums : 


CO •la \fl £2. M- 

Premium . ^ 1 

£2. ii«. nrf | 

£2. 18«. 2d. 

Age of perfton in^urr^l 
at time of taking policy 

1 1 

25 

30 

35 

1 

Premium 

\ £3. 0«. 3f/. 1 £3. 1S«- 

j £4. 10«. Id. 

£5. 13i». Sd. 

Age of pttf^on in^ureA 1 40 

at time of taking policy \ 

45 

r>o 

55 


Illustrate graphically. 


23 
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On the horizontal axis, two main divisions represent 5 years. 
The premiums when decimalised are : 

£2-154, £2-325, £2*588, £2*908, £3*313, £3-817, £4*529, 
£5*683. 

On the vertical axis, sums of money ranging from £2 to 
£5-7 have to be represented. Each main division is there- 
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20 25 30 35 40 45 50 55 

Age of Insurer in Years: 1 main division ^2-5 years 


Fio. 1.—Variation of life insurance premium with age. 


fore taken to represent £0*2 ; each sub-division on the original 
figure representing £0 02 and the third decimal place being 
estimated. 

The dia^aiu (Fig. 1) represents the plotted points, and it 
will be noticed that they lie on a regular curve, which has been 






GRAPHS 


25 


drawn. The curve is useful for interpolation, i.e. it can be 
used for making a fair guess at the premium which would be 
charged at the same office at ages other than those given in 
the table. 

Thus, at 28: the premium would not dificr uiuch from that 
shewn by the point P on the diagram, viz. £2 485 or £2. 9s. 8c/. , 
the premium at 47 is shewn by the point Q, and is nearly 
£4. Is. Id. 

The premium increases at a rapidly increasmg rate, ihiis, 
an increase of 5 years from 25 increases the premium by 5s. 3d., 
an increase of 5 years from 40 increases the premium by 
lOs. Id., while an increase of 5 years from 50 increases the 
premium by 23s. Id. The mere numerical values of these 
increases could be obtained from the table by calculation, but 
an inspection of the graph reveals this increase and its varia¬ 
tions at once, and it is clearly connected in some u ay with the 
steepness of the graph. 

Ex. 2. Trace the changes in the value of the expression 

(x-l)(x-2){x-3). 


viilu«‘ of 


- L>4-00 

- 1313 
- 0-00 

- 4-03 

- 1-88 

- o-yo 

i) 

o 29 
0-38 
0-27 
U 

- 0'27 

- (r38 

- 0-29 

(I 

0-53 
IH8 
3-21 
<5-00 
1313 
24 00 


Value of z 


x-\ 


1 

O' 

0 

0- 

0 

0 

1 

1 


-0-5 

2 
5 
7 
0 
2 


1-5 

1- 7 
20 

2- 3 

2- 5 
2-8 
30 

3- 2 

3- 7 
40 

4- 5 
50 


- 2 

- 1-5 

- 1 

- 0-8 
-0-5 
-0-3 
0 

0-2 

0-5 

0-7 

10 


1- 
1- 
1 
2 
2 
2 
2-7 
3 0 
3*0 
40 


3 

.5 

8 

0 

2 

5 



jr-3 


- 3 


2-5 

2 

1-8 

1-5 

13 

1-0 

0-8 

0-5 

0-3 

0 

0-3 

0-5 

0'8 

10 

1-2 

1-5 

1- 7 
20 

2- 5 

3- 0 


- 4 

- 3-5 

- 3 

- 2-8 

- 2 -r> 

- 2-3 

- 20 
- 1-8 

- 15 

- 1-3 

- 1 

- 0-7 

- 0-5 

- 0-2 
0 

0 
0 
0 
1 
1 
2 


2 

5 

7 

0 

5 

0 
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Fig. 2 shews the points obtained, values of the expression 
being plotted vertically against values of x plotted horizontally. 
Note carefully that 

if a:< 1 the values of the expression are 

if a;>l and <2 „ »» >> 

if x>2 and <3 »» ». »» 

while if x>S »* »» 


99 

99 


99 




T9 


+ 


re 



Further, there is a regularity about the plotted points ; that 
is to say, they appear to lie on a continuous curve. To test 
if this is the case, other values of x are taken, and the portion 
of the figure lying between the values O'o and 3'5 for x is plotted 
on a larger scale as shewn in Fig. 3. In this diagram, 
points shewn in Fig. 2 are distinguished thus, © ; the new 
jjoints being shewn by crosses thus, x ; and in every case the 
intermediate points lie on a regular continuous curve passing 
through the original points. 






GRAPHS 


Values of a: - 


Values of (x - \){x -2){x -Z), 
to three significant figures - 


Values of X • 


0-5 1 

0-7 1 

1 

0-9 

- 1-875 

-0-897 

-0-231 

1-2 

1-4 

1 1-5 
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As X increases, it is clear (1) that the expression increases to 
about 0-385 (when a; ==1*42); it then decreases to -0 385 

(when a; = 2-6); after which it increases without limit; (2) that 
the expression is equal to 0 when a: = 1, when x— 2, and also 
whenx = 3. 

(The symbol == is read “ is approximately equal to.”) 


Ex. 3. Trace the changes in the value of 1 +s''l as x 
alters. 

Notice that since (-a)* has the same value as (+a)®, we 
need only consider positive values of x. 


VaJues of x 

' X* 

1+** 

vTT5* 


0 

0 

1 

1 

1 

! 2 

0*2 

0*04 

1*04 

1*02 


0*5 

0*26 

1*25 

1*12 

2*12 

10 

1*0 

2*0 

1*41 

2*41 

1*6 

2*25 

3*25 

1*80 


2-0 

4*0 

5*0 

2*23 

3*23 

2*2 

4*84 

5*84 

2*42 

3*42 

30 

90 

10*0 

3*16 

4*16 

3*5 

12*25 

13*25 

3*64 

4*64 

40 

16*0 

17*0 

4*12 1 

5*12 

4-6 

i 21*16 

22*16 

4*71 

5*71 

50 

250 

26*0 

5*10 


60 

36*0 

37*0 

6*08 


6*8 

46*24 

47*24 

6*87 

7*87 

7*0 

49*0 

50*0 

7*07 


8*0 

64*0 

65*0 

806 


90 

81*0 

82*0 

9*06 


100 

100*0 

101*0 

10*06 

11*05 

11*0 

121*0 

122*0 

11*05 


120 

1440 

145*0 

12*04 



The points determined by the first and last columns are 
shewn in Fig. 4. They evidently lie on a perfectly continuous 
and r egula r curve ; that is to say, if we found the value of 
1 +s/l +a:'^ for, say, a.* = 5'473, we should get a number k lying 
between 6 and 7, such that if the point a: = 5 473 and y = k were 
plotted it wo\ild lie very nearly on the straight line which passes 
through the points .4Rin the figure. 

The least possible value of the expression 1 -f s''l +x^ is 2-0, 
and it takes this value when x is 0. For all other values of x. 
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whether or Thi^number 2 is the 

minimum value of the expression 1 +-‘'* ^ ^ 

There is no maximum value, as the larger we take .r the 

larger 1 +s/l + .r2 becomes, and this is true whether .r be + 

or ^ 

For‘values of x>2 and <10 the points lie very approxi¬ 
mately on a straight line. 



Ex 4 The total cont C of a ship per hour {lucludnir/ interest 
and depreciation on capital, uagce, coal, etc.) is in pounds 
C = 4 +^'3/10(10, u’here .S' is the speed m knots or nautical miles 
per hour The time in hours spent in a passage of, say, 3(MKJ 
Liles is 3(KM);.S. ao tluit the total cost of the passage is this time 
muUivlied hy C. Express this algebraicaUij in terms of 

Find u-hal this amounts to for various speeds, lor ivhat^d 

is it a minimum ? I • -J 




Total cost In pounds-^1 division o £20 
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Total cost of passage in pounds =time of passage x cost per 


hour 


3000 ^ 

= -^-xC 

3000 /, \ 

-"Tooo;- 



Calculating to three signilicant figures in the first instance, 
we ha\ e for values of .s’ hetweeii 10 and 18. 


1 

.V 1 


3MUI) 

1 

Total co9t In £ 



> 

looo 

lu 

1000 

300 

' 5 

1500 

\2 

1728 

2.">0 

.'>•73 1 

1430 

14 

2744 

214 

0-74 

1440 

10 

4000 

18H 

S-10 

1520 

IS 

." 18:12 

107 

0-8.3 

1640 
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S is plotted against tota^ spfed giv^ng^thl^minimum cost 
Fig. 5. From this curve the speed gn ing ^ portion 

is seen to lie between 12 o ooints A and B is shown 

of the curve lying between calculations being made to 

magnified in Fig. 6. the requisite calculations ue g 


— - 

s 

6'* 

aooo 

5» 

Totul cost III £ 

12 

12-5 1 
13 

12-6* 

1728 

1953 

2197 

2000 

250 

240 ' 

230-8 

1 238-1 

5-728 

5- 953 ' 

6- 197 
6-000 

1432 

1429 

1430 

1429 



r.O. 0 .-EnUr«cmtnt of M-rt of curve between ^ u-.t! « n., :>■ 

From Fig. 0. tiui 

. A» the lolsl cost for >3 I-"---» 
the cost for 12 0 kiiotw was calculated. 
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Coordinates. Any two distinct numbers can be represented 
on squared paper by means of a single point. These two 

numbers are the coordinates of the point, 
and are represented by the distances of 
the point from two straight lines at right 
angles called the axes of coordinates, or 
axes of reference, or, briefly, the axes. 
The point of intersection of the axes is 
• the origin. The axes are distinguished as 
the X (or horizontal) axis and the Y (or 
vertical) axis. The distance of a point 
from the vertical axis is the abscissa of 
the point, its x coordinate, or, briefly, its 
x ; the distance of a point from the horizontal axis is its 
ordinate, the y coordinate of the point, or, briefly, its y. 




FlO. 8. 



These coordinates are sometimes called rectangular coordi¬ 
nates. For polar coordinates, see p. 15G. 
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In Fig. 7 {x, y) are the rectangular coordinates of the point 
P This means that the distance of P from OY is x, and 
from OX is y. Consistently with previous work, if the a- of 
a point is negative, the point is to the Uft of the vertical axis , 
if the y of a point is negative, the point is below the horizontal 

axis. 

Thus, in Fig. 8, P is the point 2-6, 5-C ; 

Q is the point - T4, 2-9 ; 
li is the jjoint 1-3, - 1'2 ; 

F is the point -2 3, 0. 

Ex. 1. What is kiiown about the position of the point or 
points for which x=2, and for which y is not known ? Whai 
dots y = 1 ynean ? 

Whatever y may be, x is to be 2. That Ls to say, the point 
is always to be +2 units from the vertical axis ; hence, it may 
be anywhere on the line 
ABy which is parallel to O Y 
and 2 units to its right 

(Fig. 9). 

The X of each point on 
AB is 2, and all points 
where x = 2 must lie on 
AB. 

Hence x = 2 is represent¬ 
ed by A B, and conversely 
the line AB may be called 
the line x = 2. 

Similarlyy = l means the 
line CD, which is parallel 
to OX and 1 unit above 
represented by the equation y = 1. 

Ex. 2. What equation, if any, represents the X-axis ? 

Now, if a point lies on OX, its distance from OX is zero. 
That is to say, the y-coordinate of every i)oint on 0\ is 0, no 
matter what its x-coordinate may be. 

Hence y =0 can only refer to points lying on OX, 
and y =0 represents the axis OX. 



it. Ckinversely, the line CD \rj 
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EXERCISES m. 

1 . Give the coordinates of the points A, By C7, etc. (Fig. 8), 
indicated by crosses. 

2. Represent on squared paper the points : 1» 2 ; 2*5, 3*7 ; 
-0-2, 2-2; 1*7, -2-4; -1*5. -2 0; 0. -2*2; 3.0; 0-6, -0-7. 

3. What is represented by x = 0 ? 

4. What is represented by x = y ? 

5. What is represented by x = 2y ? 

6. What is represented by x + y = 0 ? 

7. Wliat line represents y —2*7 ? 

8. What line represents 3y = 2x ? 

9. If. in Fig. 8, axes are drawn through the point A parallel 
to OX and O Y » what would be the coordinates of the points 
B, C. D and A with reference to the new axes, the scale of the 
figure being used ? 

10. The axes are usually at ripht angles, but it is sometimes 
convenient to use oblique axes, t.e. axes which are not at right 
angles. In this case the coordinates of a point are measured 
parallel to the axes. Draw axes at (i) 60®, (ii) 135®, and plot the 
points 1,2; 2,-3; 3.-1; -4,-2. ^ 


T 3 rpical Graphs. All regular continuous simple graphs must 

belong to one or other of the standard types illustrated in 
Fig. 10. 

The following general inferences may be made if we imagine 
X to increase steadily, and trace the corresponding changes in y. 

Let the initial value c»f x considered be Xj, and let the cor¬ 
responding value of y be //|. Let the second value of x be 
Xi +l and let the second value of y be yj +.s. The third value 
of X will be Xi .since x is assumed to increase steadily. 

Let the third value of y be ?/i +s +s'. 

Thus, in Fig. 11, OX =Xj, NP =yj. 

OYj =Xi M'here =L 

And =yi +s, where =s. 
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Also 0 N^^x^-\- 2 f, since N-^N2=NN^=t. 
And ^5jP2 = yi+«+«'• 



Fjo. 10.—Typical Oraphd. 


Case I. The linear graph sloping upwards to the right 
(Fig. 11 ). Through P, P^, Pg, draw lines parallel to the axes 
as in the figure. Then 

PQ^=Q,Q2 = t, 

P^Q,^8 = R2Q2, 

PgPg =^' • 

Now, inspection will shew that in 
all cases s 

[For considering A'P(?iPj, P^P^Pg; 

P(?,=P,P2 = (, 

^P,PQ,=^P,P,P, 
and lJ^QiPx =L.PxP2p2 = 90 ®. 

Henee the triangles are identically 
equal and P^x—PzPt, t e- «=«'•] 



FIO. U. 
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Hence, when x is Xi+2t, y will be 2/j+2a, so that as x in¬ 
creases steadily, y also increases steadily. 

Thus, if y is increased by O'o when x is increased by 1, 
then y will be „ 1 ,, », 2, 

and . 2/ „ „ 5 „ ,, 10; 

or generalising. 

If ?/ is increased by h when x is increased by h, 
then y will be ,, nk „ „ nh. 

If any experimental results, or other numbers, are repre¬ 
sented graphically by a straight line, it may be inferred that if 
successive increments in a: be equal, then the corresponding 
successive changes in y %vill also be equal. 

This is expressed mathematically by saying that y increases 
with a; at a steady or uniform rate. 

From the figure, it will be seen that the line has uniform 
slope or that its gradient is constant. It is convenient to 
measure the slope by the rise per unit horizontal distance.'^ 




Thus, in Fig. 12, the lino LP rises by the amount PM in 
the horizontal distance LM ; the slope is measured by the 
fraction PMjLM. 

Again, in Fig. 13, suppose the coordinates of P to be x, y, 
and those of P' to be a: Ar, y + Ay [read ‘ x plus delta-ar, y plus 


• In practice* gradients arc mcasurod by the number of feet a/on <7 the 
slope required to give a ditTerenco of level of I foot. Thus, posts are 
oroctod along tlio side of a railway for tbe information of tlie engine 

driver, as shown in the figure 
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delta-!/ ’], where Aa:* denotes an increase in x {i.e. NN') and Ay 
denotes the corresponding increase in y {i.e. QP'). Then, 
since the slope is the rise in unit horizontal distance, and y 
increases by the amount Ay while x increases by A.v, it 
follows that the slope is measured by the fraction Ay-A.x. 

Ex. Fig. 14 shews a displacement-titve graph for a point 
moving with uniform speed. Shew that AsiAt, calculated at any 
point of the graph, measures the rate at which the j^oint is 
moving. 

Ot is the axis of time, OS the axis of displacement ; evidently 
displacements are not measured from the starting-point, since 
when / =0, s = OA. 

From the graph, in the time represented by YA', i.e. by PQ, 
the displacement increases from PA to RA'. 

Using the notation already explained RQ=As. 

Therefore in At units of time, the point moves As units of 

length. 



in the unit of time the point moves units of length, 
i.e. the sneed is ^ units of length per unit of time, or the rate 
at which the point move.s is measured by 

A 


As 

At ■ 


Geometrically. measures the slope of the graph. 

Hence, the slope of the displacement-time grajdi is a 
measure of the rate, or speed. 

• N.B. Ax not mean “ A multiplied by x" : and Ay does not 

mean ‘‘ ^ multiplied by y.** 

v.T.iu ^ 
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Case II. The linear graph sloping downwards to the right. 
Using the same notation as in Case I., it is clear from Fig. 16 

that the same discussion applies, so 
that if y is 2 /i when ar is 1 / will be 
2/1 — s when x is x^ + t^ and will be 
-2s when a; is ajj +2f. Therefore, 
while X increases steadily, y decreases 
steadily. 

The line in this case slopes down-- 
ward, and may consistently be said 
to have negative upward slope, or, 
briefly, negative slope. 

In this case, if y increases by a 
negative amount Ay (t.e. y decreases) 
while X increases by a positive 
amount Aa;, Ay/^ measures the slope 
and also the rate of increase of y with respect to x. 

^ is negative, so that the rate of increase of y with respect 

to X and the slope are both negative. 



Case III. The graph concave upwards and sloping upwards 
to the right (Fig. 16). GeometricaUy, it is clear that the curve 
gets steeper as x increases. 




Using the same notation as before, 

ON ON^=Xi+f, 

■^'iFi=yi+ 5 , N2P2 =2/1 
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Detailed Consideration of the Linear Graph. 

The linear, or straight line graph, discussed in Cases I. 
and II., pp. 35-38, is so important that it is worth while to 
consider it in some detail. 

Ex. 1. Represenl the variation in the valzie of the expression 
a-\-bx when a = 1*5, 6=2 for different values of x, by plotting on 
squared paper. 

Let y denote the value of the expression. In order to find 
the value of y corresponding to any particular value of x, we 
have to multiply that value of a; by 2 and add 1*5. There is 
no restriction whatever on the particular values of x which 
may be chosen ; but it is best to arrange them in order of 
either decreasing or increasing magnitude. The work should 
be set out in tabular form, as follows. 


Values of x 

-50 

IS 

-20 

- 1-5 

- 0-5 

0 

B 


1-6 

2-0 

etc. 

Values of bx 

1 

- 10 


-4 

-3 

- 1 

0 


2 

3 

4 

1 

etc. 

Value of a 

1-5 

1*5 

1-5 

1-5 

1-5 

1-5 

I'S 

1-5 

1 

1-5 

' 1 - 5 | 

etc. 

Values of y 

-8-5 

i - 7-5 

2-3 

- 1-5 

-f 0'5 

1-6 

1 

2-5 

1 

3-5 

4-5 

5-5 

etc. 


The bottom row is obtained by adding the numbers in the 
second and third rows. 

The two sets of numbers which are to be plotted are the 
values of x and the values of y given in the above table. 
Representing them on squared paper, all the points will be 
found to lie on a straight line as in Fig. 20. Further, if any 
value of X whatever be selected, and the corresponding value 
of y calculated, the point representing these values of x and y 
will also be found to lie on the same straight line. 

^:.£ 7 . if x = l 7, y = l-5 + 2xl-7 

= 4-9, 

and the point 1-7, 4*9 lies on the line, as shewn at A. 

Again, if a:=-3-4, y = 1-5-6-8 

= -5-3, 

and the point — 3'4, — 5‘3 lies on the line, as shewn at JP, 
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Further, we can use the graph to determine without calcula¬ 
tion the value of y corresponding to any given value of x. 
or to find the value of x which causes y to have a certain 
value. 

Thus, to find y when x =2-2, cut off O.Y =2-2 and erect the 
ordinate at iV. Tlicn which is 5-9, is the required value 
of y. 
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The value of x which makes y = - I -7 is - 1 G, as shewn hy 
the ])oint /^. 

Tint value r v lilch makes y = 0 is - 0 75, as the graph cuts 
the axis of x (where y=0) at tlie iH>int midway between -(J-7 
and -0-8. 

It should he noted that x= -0-75 is the solution of the 
efpiation l-5+2x=0. 

Further, x « —1-0 is the solution of 1 -5 + 2x = — 1‘7. 













42 INTERMEDIATE MATHEMATICS: ANALYSIS 


Ex. 2. Represent graphically the expression a + bx, where 
a =0’37 and b =0-53. 

Let y denote the value of the expression. Then we have : 


X 

-4 

-2-6 

-2 

-1 

0 

1 

2 

3 

4-5 

6 

etc. 

hz 

-212 

- 1-323 

- 106 

-0*53 

0 

0-53 

106 

1-59 

1 

2-385 

3 18 

1 

etc. 

y 

- 1-75 

-0*953 

1 

-0-60 

-016 

0-37 

0-9 

1-43 

1-96 

2-765 

3-65 

etc. 


the bottom row being obtained by adding the value of a (0-37) 
to each term of the second row. 



Fig. 21.—Graph of y = 0-7+0 Dir. 


Fig. 21 shews the graph obtained by plotting these numbers. 
It will be noticed that in this figiu’e the scale of y is double the 
scale for .r, the actual graph on a natural scale having only 
half the slope shewn. 
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It will be seen that the graph cuts the axis of x almost 
exactly where x is - 0 *7. 

That is to say, x= -0-7 is an approximate solution of the 
equation 0-37 +0-53a- =0. 

Note further that if we want to solv'e the equation 

2-5 =0-37 +0-53x 

we look for the value of x which makes y =2-5. This is at P, 
where very approximately x=4, and this is an approximate 
solution of the given equation. 

In the same way, the solution of the equation 

0-37 +0o3x=3 

is approximately x = o. 

The Equation of a Straight Line. It will be found that the 
graph connecting y, the value of any expression of the form 
a+bz, with the value of x, is always a straight line. Hence 
an expression of this form is called a linear expression. 
Alternatively, the graph may be said to represent the ei^uation 

y = a + bx. 

Conversely, any straight line whatever may he represented 
algebraically by an equatiori of this form. 

With thi.s as.sumption, the graph of such an expression may 
he plotted raj)idly by evaluating y for any two values of .r, 
plotting the points whose coordinates arc thus determined, and 
joining these points by a straight line. This will save time 
and labour in succeeding examj)jcs. 

Of course it is unnecessary to use the hdters a and b. Any 
linear equation connecting x and y can be j>ut into the form 

y = & constant + (another constant) . x, 

and it is important to dtscover the geometrical meaning of the 
two constants. 

The Significance of the Constants a and b. A line satisfies 
two conditions when considered geometrically : it can ho 
made to pass through two points, or to pa.ss throiigh one 
point and have a given slope. In the? oxpres.sion a bx there 
are two undetermined constants, the coeflicients a and b. 
Since y=a+bx always reprt*scnts a straiglit line, it may bo 
made to represent any straight line by suitably choosing the 
values of a and b. 
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Ex. 1. Determ ine the geometrical significance of the constants 
a and b in ike equation y =a -k-bx. 

I. Take a series of equations in which the 6’s are always 
the same and the a’s are different, and draw the graphs. 

Fig. 22 shews the graphs of the following straight lines :— 

(i) 7/=0-2+0-353:. (ii) y = 2dy ^-O Zox. 

(iii) y = 1-7+0-35X. (iv) y =0-5+0-35a:. 

(v) y = 0 + 0-3ox. (vi) y= -0-5+0-35x. 

(vii) y=: - 1*2 +0-3o.r. 



Fir,. ‘Z-Z. 


For line (i), let x= - 3, then j/=0-2-105= -0-S5; 

- „ y=O-2 + 105= 1 - 25 / 

The points -3, -0 8.1 ; 3, 1-25, fix the first line, 
lor line ( 11 ). let .r = - 1, then ?/ = 2 0 -0-35=2-‘’5 • 


.r= 2, „ y = 2-6+0-7 =3-3. 


The points - 1, 2-2.1 : 2, 3-3, fi.x the second line, 
plotted*^ found in a similar way and 

1 he lines the same slope and different positions. 

It a =0, the line passes through the origin ; if u is positive, 
the Ime cuts OI above the origin ; if a is negative, the line 
cuts 01 below the origin. 


1 
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II. Take a series of equations in which the a s are always 
the same and the 6's different, and draw the graphs. 

Fig. 23 shews the graphs of tlie following straight lines:— 
(i) y = \+Z-(Sx. (ii) y = l+2-4x. 

(iii) y^\+\ 2x. (iv) t/ = l+0-6a:. 

(v) y = \. (vi) y = l-0-5.r. 

(vii) y = V-x. (viii) y = \-2x. 



Fid. 23. 


The lines have been found in the .same way as Ijefore. Note 
that the resulting lines have one point common and different 
slopes. Ii b is 0, the line is parallel to the a.xis of x ; if h is 
positive, the line has jjositive slojje ; if 6 is negative, the lino 
ha.s negative slope. 

Hence, it may he inferred that a Ls connected with the 
position of t!»o line y=a+bx, while h is connected with its 
inclination or slope. 








46 INTERMEDIATE MATHEMATICS : ANALYSIS 


In the equation y=a-¥hx, if x takes the value 0, a+ 6* 
becomes a + 6.0, i.e, a. That is to say, y—a if a;=0. But 
X is only 0 along the vertical axis. Hence a is the value of y 
where the graph cuts the axis OY. Thus, in Fig. 24, a is the 
intercept OR on the vertical axis. Obviously if a—0 the 
graph passes through the origin, as the intercept is zero. 

Further, the intercept is posi¬ 
tive or negative, i.e, the graph 
cute OY above or below OXy as a 
is positive or negative. 

Again, since y^a+bx,vre have, 
subtracting a from each side, 

y ~a~bx. 

Dividing by Xy we have 
t> = {y~a)jx. 

In Fig. 24, ON =x and PN ^y, 
where P is any point on the graph. 

By what has gone before, OR =a. 



Therefore is 

X ON 


PN-QN 


ON RQ 

Hence 6 is PQjRQ. 


that is 


?9 

RQ‘ 


And on p. 36 it was shewn that the fraction PQjRQ measured 
the rise in unit horizontal distance or slope of the lino RP. 

Hence b in the equation y^a -i bx denotes the slope of the 
graph representing the equation. 

Thus, the equation of any linear graph is y — a -^-bx, where 
a is the intercept on OF and 6 is the slope. 

The most convenient way of finding 6 is to read off the 
coordinates of any two points A, B and calculate b by 
evaluating AyjXr. 

Attention miut be paid to the scales of x and y in reading the 
value of a and in evaluating AyJAx. 

Ex. 2. Write down the equations of the graphs (i) and (ii) 
shexcn in Fig. 25. ^ ^ .r- \ / w 


In lino (i) the intercept on the axis of Y is OP. * o = 6 0. 

The coordinates of P are 0, 6 0 ; the coordinates of Q are 
4 8, -4 0. 


. -40-60 -10. . 

"Ax 4-8 .. 

The required equation is y = 6 0 -2 08x. 
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As a check, find y where x is 3. We have 

y =6 0 -6-24= -0 24, 
and at the point i?, x is 3 and y is -0'24. 





In line (ii) the intcTcei)t on the vertical axis is 4*3 * ci —4 
The coordinates of arc -4*5, —2 ; the coordinates of N 
aro0,4'3. 

•• Ax 0-(~4-3) 4-5 

/. the equation of line (ii) is y =4 3 + l '40x. 
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Ex. 3. Solve the equation 6 —2’0Sa: = 0. 

The graph of y = G -2 08x is line (i) (Fig. 25). 

Line (i) cuts the axis of x at 5, and at -S', x = very approxi¬ 
mately. Also at S on this line 6 -2 08x=0, since y = 0. 

Hence .r = 2*9 is the approximate solution of the equation 

6-208x=0. 

Ex. 4. Solve the equations y = 6-2 0Sx, ?/=4-3 + l-40x. 

Lines (i) and (ii) (Fig. 25) represent these equations. 

The point L is common to both lines. That is to 8 a 5 ^, at L 
the same values of x and // satisfy the two equations. But at 
L, .r=0-5, y = o 0. Therefore x = 0'5, i/ = 5 0 are approximate 
solutions of the simultaneous equations. 


EXERCISES IV. 

1. Plot graplis of tho following expressions or functions of x: 

(i) J-5 + 2-3.r. (ii) -1-35 + 2-7X. 

(iii) 0-80 - 0-5.5X. (iv) 3*l-2-5x. 

(v) 2-7-!-0-.5.3.r. (vi) -21-0-23.r. 

2 . \\ rite down the ec^iiation of each of the lines shewn in 
Fig. 2,>. 

3. Draw tho graphs of 2a:-f-3 and 16-(2a:-3). \\'hat is the 
.r-coordiiiate of the point common to these graplis ? 

4. \\ hat vahic of x makes the expressions 
4*3 - 2- l.r have the same value ? 


l-3x-2 and 


= 8 . 


5. Solve the following equations graphically ; 

4X—(11) —.—j- 

4 5 

(iii) 5(a:-ll)-3(a-+4)=I. (iv) 4-37 + l-59a: = 0. 

6 . Solve the following equations graphically : 


(i) y = 4-2a-, ) 

^ = 0-5- l-3x. J 
(iii) 7 = 4*3-2-l.r, \ 
^ = -0’5-x. j 


(ii) 5.r + 32/ = 21, ) 
3a: — 7^v — — 5. J 
(iv) 3i/ = 2*8a:-f-o-6, 
5i/~ 19 - 2‘7ar. 


} 
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7. Solve |-(.| + 2 = 0,| 

2/ = 3x+10, I 

and verify your result by drawing the graphs of the equations on 
squared paper. 

8 . Find the equations of the diagonals of the square whose 
corners are the points ( 0 , 0), (a, 0), (ot, a), (0, a). 

9. Plot the points (1, 3) and ( -5, 7) ; thaw the straight line 
wliich bisects their join at right angles, and find its equation. 

10. Draw the graphs of the lines 3x-4y=l2 and x + i/=0 ; 
draw the two bisectors of the angles between them, and find their 
equations. 

11. Plot the points A, (3, 4) ; B, (6, 10) ; and C, (10. 2). Let 
P, Q, Ji, bo the feet of the perpendiculars from A, B, C, respec¬ 
tively on OX. By using the formula for the area of a trapezium. 

Area = i(sum of parallel sides) x (distance between them), 
calculate the area of each of the trajieziums APQB, BQRC, APPC, 
and deduce the area of the triangle ABC. 

12. Using the method of Kx. 11, find the areas of the triangles 
whose vertices are the points : 

(i) (b. 0) ; (7. 12) ; (13. 3). 

(ii) ( -3, 4) ; (0. 9) ; (7, 1). 

(iii) ( - 1, -2) ; (2, 6) ; (8. 0). 

13. Find a formula for the area of the triangle whoso vortices 
are the points (x,. iji), (x*, y^), and (Xj, y^). 

14. Calculate the area of a quadrilateral who.se vertice.s are the 
points (0, 3), (3, 1), (10. 2) and (6, 10). 

15. Shew that i ((x,- y*) + (arj-X 4 )(//:, - »/,)} represents 
the area of the quadrilateral whoso vertices are the points (x,, y,), 

2 /s), (a^a. 2 / 3 ) arid (X 4 , y^). 


The Determination of Laws from Observation. A valuable 
application of the work just done Is the determination of the 
numerical relation existing between two sets of numbers which 
have been determined experimentally, or in other ways, and 
are represented graphically by a straight line. In the first 
case, there would undoubtedly be experimental errors, so that 
the plotted points would not lie exactly on a straight line. All 
that is necessary in order that a determination of the relation 
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may be possible, is that a straight line can be drawn so as to 
lie evenly among the points ; that is to say, the points should 
not trend away from a straight line. 

For example, the trend of the points in Fig. 26 is un¬ 
doubtedly linear, although no single point lies on the straight 



line drawTi. If the observed values of x are correct, the 
probable error of observation in y may be determined by seeing 
what change in y is retj^uired to bring the point on to the 
line. 

Thus, when :r = 3*5, the observed value of y is 4 0, and the 
probable error is +0-2 ; t.e. the value of y is too great by 0*2, 
as shewn at the point P. Again, when x is 4-0, the observed 
value of y was 4-1, and the probable error is —0*1 ; i.e. the 
value of y is too small by 0*1, as she^vTi at the point Q. 

If the graph represents experimental results, it will shew 
when and where large errors occur, and suggest reforms in the 
method of experimenting. But if the plotted points persist in 
deviating from a straight line, no matter how carefully observa¬ 
tions are made, the assumption of a linear law is not justified. 








DETERMINATION OF LAWS 


For ex¬ 
ample, in 
Fig. 27, 
the law is 
probably 
best re¬ 
presented 
by the 
broken 
curve, al- 
though 
the first 
five points 
lie exactly 
on the 
straig h t 
line. Had^ 
th e e X- 
periment 
ceased ^ 
after the 
first seven 
ob.<n?rvations, 
a linear law 
would pro¬ 
bably have 
been infer¬ 
red. Again, 
in Fig. 28, 
the law is 
probably not 
linear, al¬ 
though there 
are as many 
points above 
as below the 
line which 
has been 
drawn. (See 
Case V., p. 
39.) 


F«0. 27 



TlO. 2S. 
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The best way of determining if the observed values are 
coDuected by a linear relation, is to stretch a black thread over 
the plotted points and move it about until it passes through as 
many as possible; then see that the plotted points do not trend 
away from the thread. If the points are arranged about the 
thread irregularly with no great deviation from it in any 
instance, the law is probably linear. Two points through which 
the thread j)as.ses are now marked, and joined by a straight 
line. The ecjuation of thus line gives very approximately the 
‘ law or numerical relation connecting the given numbers. 

Ex. 1. In testing a large single cylinder gas engine, Prof. 
Perry ohtained the following numbers for the Indicated and the 
Brake Horse-Power. What law seems to connect the B.n.P. with 

the i.H.i'. I 


linikc Horse-I\nver^ li 

• 

in 

57 

* 

i U5 

' 99 : 

117 

IftfJicafctl Jlor^c^Pou^cr, / 

1 


1 7;j 

1 114 

' 120 

1 

139 


Note that we are to connect B with I. 

It is conveni<'nt t<» plot value.s f»f 7 along the horizontal axis 

and values of B along the vertical axis ; so that I will be used 

u'here ue have hitherto used x and B where we have hitherto 
us<*d >/, 

Choosing the scales indicated in Fig. 20, and plotting the 
j)oint.s, the black thrrad gives the line slu-wn. 

e eann<it r»‘ad olT the intercept ‘ a ' on the vertical axis 
without using a much larger sheet of squared paper, as this 
intercept is negative. lie alternative method for deter¬ 
mining a in such eases should be carefully noted. 

First detennino ‘ b.' Choo.-^ing the points P, Q, we see that 
A/; [i.c. PH) IS 107, while A7 {i.e. QH) is 1 lO ; 


. A7>* 

• ' A/ ’ 


i.e. h = 


107 

llo 



Nou use the cfjuation B = a -^-bl to determine a as follows: 
h =0 07, and at the point I\ B is 120, while 7 is 140. 

Therefore 120 =a -^0 97 x 140 ; 

a = 120 - 133-8= - 15-8. 

Therefore the required law is 5 = - 15-8 -hO-97/. 
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Its accuracy may be tested by substituting pairs of values 
for B and 1 from the given table. 

From the table, when I is 73, 5 is 57. 

From the equation, when / Ls 73. ^ is —15-8 +0-97 x 73, 

i.e, B = 54-9. 

Therefore, if the values of I are assumed to be correct, the 
percentage error in the observed value of is + 3-8 °o. 



Again, from the table, when / is 35, B is 10. 

From the equation, when / is 35, B i.s - 15-8 4-0-97 x 35, 

i.e. 7? ^18-2. 

and the percentage error in the observed value of B is 

- 1 - 2 %. 

The graph shews whether the errors are positive or 
negative. 
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Ex. 2. following tests were made <m a steam-electric 

genera^ : W is the weight of steam in pounds used per hcnir ; 
K IS the output in kilowatts : 


K 

3942 

1 

3106 

1907 

910 

ir 

80400 

68100 

50200 

35100 


X y a simple approximate law connecting W with 

K htateihe meaning of W/K in words ; call it w. Express w 
m terms of A, [B E J 

Plotting values of K horizontally (since we have to connect 
W with A)^r a range 800 to 4000, values of W vertically for 
a range 30000 to 80000, and using the scales shewn in the 



w^ obtained '^he straight line 

it will be 

W=a+bK. 

sE5s:S SSfr -- 

«« b. fomd „ K Im.. wSo.“.l » 
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For b the points P, Q were selected. 

Ay =PP = 45000, 

^x = QR ^ 3000; 


b 


A.y . 45000 
Aj: 3000 


rr 15. 


Now, at the point P, ir =80000, A' =3900 ; using the equa¬ 
tion W —a +bK, and substituting 15 for b, we have 

80000 = a + 15 X 3900 ; 

a = 80000 - 58500 or 21500. 

The approximate law is consequently 

ir =21500+ 15A. 

Testing this by evaluating ir, where K is 1907, 

ir = 21500-i-28C00 


= 50100, 

which agrees fairly well with tlie experimental number, tlie 
error being approximately 0-2 %. 

is of course ’’"'■r, and is therefore tlie 

^ 18 ot course output in kilowatts ’ 

steam used per kilowatt in lb. per hour, or pounds of steam 

per kilowatt-hour. 

We have now to obtain an equation connecting w and A, 
where ^ — • 

Dividing the equation W = 2\ 500 + 15A by K, 


W 21500 

fir 


^ , ]V 21500 

Substituting w for ^—i- 


or, in words, the nuinb:.*r of pounds of steam used per^kilo- 
watt-hour is obtained approximately by adding to 15 the 
quotient of 215(K) divided by the output in kilowatts. 

A graph connecting w and K should be plotted and compared 
with that shewn in Fig. 30. 
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Ex. 3. The follounng values of x and y were observed, and it 
tvas important to see if any simple algebraic law connect^ them : 


X 

0-5 

IB 

30 

IB 

m 

Q 

8-7 


10-6 

11-8 

y 

148, 

1S6 

266 

326 

388 

436 

529 

562 

611 

662 


Find the laiv and give the probable error in y when x is 5*7. 

The scales she^vn in Fig. 31 were chosen and a black thread 
used to obtain the best line. 



At P, a: = 4 , (/=300 ; at a: = 12, ?/= 665 ; 

Ay = 365 and b, t.e. Ay/Aa;^45-6. 

The line cuts ar = 0 where v=H7 • a==ii 7 ‘ 

The required law is y = 1 17 + 45 - 6 a: 

® I*?® y 378 from the graph, and the 

probable error in the obsers’^ed value is 10. ® ^ » 
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Ex. 4. A part of the graph of 1 +J\ +a-- shnvn in Fig. 4, 
p. 29, is approximately linear. What law represents it ? 

From the graph, it is clear that for values of x between 
2 and 10 the equation of the li ne L M may be used instead of 

^ = 1 + V I + x '^. 

For LM, -3-2=7-8 and Ax=8; 

6 . i.e. Aj//Ax = 0-98. 

The line cuts the axis of Y where y = 1 -23 ; u = 1 -23. 
Hence, for the given range of values of .r, we liave 

,/ = l 23 +0 98.r. 

For many purposes this linear expression for y would be 
more convenient to use than the expression 1-^1 '-.r-. 

Ex. 5. The freezing ami boiling points of wat er are marked 
O'*, 100® respectively on the 


Centigrade thermometer, and 
32®, 212® respectively on 
the. Fahrenheit thermometer. 
What equation may be. used 
to convert Fahrenheit read¬ 
ings to Centigrade ? 

In Fig. 32 Centigrade 
temperatures arc nioasured 
horizontally; Fahrc>nheit 
temfieratures vertically. 

Tlie points A, represent¬ 
ing 32® F. -0®C., and Ji, re- 
pre.sonting 212® F. = 100® C., 
were first plotted. 

The straight lino AB 
rejiresents the connection 
between Fahrenheit and 
Centigrade temperatures. 

Assuming that 

F=a+bC, a =32, 

, AF 212-32 ,Q. 

“ AC’“ Too-To" “ * ^ ■ 



Temp. In Degrees C.-^lSwislon represents 10 

h'lO. 32 .—'ll oi I loTllloHK'tnC ecftlcs. 

.. , r F-32 C 

This is frequently expressed in the form 


F = 32 1-8C. 


5 
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EXERCISES V. 

1. A certain machine has been made in several sizes, the 

largest selling at £135 and the smallest at £24. It has been found 
that the smaller sizes sell best, so a revised scale of prices is 
made, according to which the largest size of machine would sell 
at £100 and the smallest size at £30. Assume a linear connection 
between the two sets of prices and deduce an equation gi\’ing 
tho new price of any machine in pounds, in terms of O, its original 
price, ^\^lat is the new price of machines costing originallv £30. 
£55 and £100 ? fc> b .y . 

2. The cost of making a certain machine consists of an initial 
expense plus a fixed sum for each machine. To make 25 machines 
costs £885, to make 40 machines costs £1335. Find the initial 
e.xpense and the cost per machine. 

3. If ll^ = weight of feed water in lb. per hr. and Fss power in 

kilowatts; if P = 50when TF = 3800 and if P= 100 when 1F = 5100. 
assume a linear relation between IF and P, and find it. ^\^^at is 
IF when P = 70? [B.E.] 

4. An examiner has given marks to papers ; the highest 
number of marks is 185, the lowest 42. He desires to change all 
his marks according to a linear law, converting tho highest number 
of marks into 250 and tho Iow6st into 100 ; show liow h© may do 
tins, and st*ate tho converted marks for paj>ors already marked 
60^ 100, 150. L*so squared paper, or mere algebra, as you please. 

[B.E.] 

5. A factory produces per week L yards of material at a total 
cost of C pounds. 


1 

L \ 

1 

1 7200 

5500 

4240 

2000 

C 

1 19U 

163 

4 


107 


iy<^ // and C. Find tho cost per yard when L = 6000. 

If C and L are connected by an equation 

C = aL + h, 

find tho most probable values of a and 5. [M.C.U.] 

6. In an experiment with a screw jack the following results 
wore obtainctl : ® 


Load H' lifted in Ib. 

100 

; 120 ; 

‘ 140 1 160 j 180 

* 1 

200 

Power P applied in lb. - j 

12(3 

138 I 

15-7 

17*6 j 

1 

19-6 

21-5 



EXERCISES 


59 


Plot these observations, and find the values of a and b which 

^ ir=a + 6P. [M.C.L.] 

7. The following numbers are thought to follow a law like 

y = a+ bx. 

Test if tills is so, and find the most probable values of a and 6. 


X 

2-30 

310 

400 

4-92 

5-91 

1 7*20 

1 

y 

25*0 

39-1 

50-3 

67-2 

85-6 

j 105-0 


[B.E.] 

8. The following observed values of x and ij are thought 
possibly to fulfil the law 

’h bx. 

Try if this is so. Find the most jirohablo values of a ami 6. 
What is the proliablc error of ouch value of y ? 


\ 

X 

10 ! 

20 1 

30 

40 

50 

^ 00 

70 

80 

y 

180 ; 

303 I 

492 

003 

1 807 

919 1131 

1200 

^ ^ 


[13.IC.] 


9. A steam engine when its load is P (horsepower) uses ir lb. 
of steam per hour. 'J'he following measurements were made : 


P . 

124-0 1 

02 ' 

19-8 

ir 

27.50 1 

1490 ' 

040 


what 
[H.K.J 


_il_ .1 _ 

Ts there any apparent law connecting W nn<l P ? If so, 
is it ? 

10 \Micn a weaving factory is producing Y yd. of jnuterial pc 
weet c"rth^olnl oott ,n of .ho factory po.- --'y 

ing wages, interest on catatal. rates, etc. ^\hat is the piobuOl 

1 . ^ _I 9 


Y 

8100 

5000 

1 40.50 

1980 

C 

198 

1 107 

1 134 ' 

98 


WTiat is the cost per yunl when F =5000 V 


LB.E.J 
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11. The following corresponding values of two numbers were 
measured in a laboratory, and there are errors of observation. 
Plot on squared paper. If there is probably a law like y = a + dr, 
find the best values of a and 6. 


X 

100 

200 

300 

400 

600 

600 

700 

800 

y 

17-3 1 

25 0 ! 34-3 

42-8 ' 

51-2 

59-9 1 

j 68 0 

77-3 


[B.E.] 

12. Values of x and y are given. Find the simple linear law 
connecting them and the probable error in y when x = 8-7. 


X 

1 1-7 

1 

30 

4-7 

0-7 

71 

8-7 

9-9 

1 

! 10-6 

y 

182 

261 

323 

383 ! 

1 

433 

525 

560 

606 


13. The following numbers were obtained in an experiment: 


K 

4-30 

5-38 

6-63 

8*64 

9-26 

1205 

U-84 ' 

1 

18-25 

L 

1 

1 1 

1*7 

1 

2-5 : 

la 

la 

6-0 i 

' 7-8 

10*0 


Find the probable law connecting K with L, and the probable 
values of K when L = 3, 5 and 8. 

14. Plot 3.v=4*S.r-f-0-9. 

Plot 7/=2-24-0*7.r. 

Find the point where they cross. Mliat angle does each of 
them make with the axis of x ? At what angle do they meet ? 

* [B.E.] 

15. At an electricity works, where new plant has been 
judiciously added, if IP is the annual works cost in millions of 
ponce, and T i.s the annual total cost, and U the number of millions 
of electrical units sold, the following results liavo been found : 


U 

ir 

T 

0-3 

0-47 

0-78 

1-2 

1 03 

1-64 

2-3 ; 

1-70 

2-73 

3-4 

2-32 

3-77 
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Find approxinmtelv the laws connecting T and 11 with p. Also 
find the probable values of U' and T when U becomes o, if t^^e is 
the same judicious management. 

16. Within what limits may we take 2-4 + + 5-iC as nearly 

equivalent to 2-95 + 0'08.r ? 


17. The time taken bv a star to move from South to est 
depends upon an angle' called its declination. 
values of these times and angles are gi\ cn below. Plot the 
vertically at 10'’ to 1 inch against the times horizontallv 
minutes to 1 inch ; and from your ginph find (1) the time taken 
by Aldebaran. who.so declination is 16 . to move from b. to ^ 
and (2) the declination of a star which performs this mo\cment m 

2 hours 48 minutes. 


Declination in degrees • • | 

0 1 !U U) 1 

28 1 

34 40 

4i;; 

48 

50 

Time in mirmtes - • • , 

1 3(H) 1 328 

2()(» 

232'192 

140 

112 

' 70 


[I.C.E.] 


18. Corresponding values of two related 
are given below. Calculate, to one deeimal 

for each pair of corrcspomhng values, and I’^p t ^ Vin. h 
of vertically against those of m horizontally. * 


m 1 

0 5 

1 

1 1 

1-.5 1 

2 

3 

4 ! 5 

1 

(> 

i 


1 1-91 

( 

I'M) 

1 • 1.5 

1 1 

1 0S2 

071 (1037 

0-r.H 

or)4 

Shew from your 
the form rn^k^ = am 
values of a and b. 

prnpli that tlic rf*)ation 

-f b whero ff and b arc con.''luiJts ; 

?// aixl k is of 
and find the 
[T.C.K.] 

19. 

Plot the points given in the annexed table of 

values 

• 


X 

2 

4!) 

1 1 
1 7 ' 

H» I 

1(5 18 

20 



y 

21 

j 2-21 

2-:i2 

2-4ri 

2(52 1 2-72 

1 

2-8 



Draw the straight line lying most evenly among the points, and 

finfl its onuution. , , m - .. i,r>n 

What would probably be the value of ij when ar--l o 
z — Q'l I • J 
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20. The following corresponding values of x and y were 
measured. There may be errors of observation. Test if there is 
a probable law y 

and, if this is the case, what are the probable values of a and b ? 


X p 1-00 

ll 

1^50 i 

1 

2 00 ! 

2*30 

2*50 1 

2*70 

2*80 

y : 0-77 

1-05 

1*50 

1*77 

i 2*03 

1 

2-25 

(B.E.) 


21. It is thought that a certain set of observations of correspond¬ 
ing values of x and y are connected by a relation of the form 
y =0/(1 -i-bx). If this is so, show that x and the reciprocal of y 
are connected by a linear relation, i.c. one of the form 

1 /y =mx +c. 

Corresponding obsei^'etions of x and y are given in the table: 


z 

0 5 

1-0 

1*5 

2-0 j 

2-0 

30 

3*5 

4-0 

la 

6 0 

y 

1*36 

1-25 

115 

107 

1*00 

1 

0-938 

0-882 

0-832 

0-791 

0-750 


There are small errors in the obser\’ed values of y. 

Shew that x and y are connected by a relation of the form 
y=al{l +bx), and find the probable values of o and b. 




















CHAPTER III. 


THE USE OF SQUARED PAPER (conlinued). 

VALUES OF QUADRATIC EXPRESSIONS. 

We have seen that any equation of the first degree in^ two 

variables represents a straight line. Hie reenenise its 

geometrical figure, and it is well to be able to recognise its 

equation. 

Distance between the two points (3:, y.) and 

the coordinates of the i>oint A l>e (x„ ^ nerpen 

Draw AC and BD perpendicular to OX and iiA perpen 

dicular to AC. ^ 

C:learly BX » x, - x, and A A * »/, - Vi- ^2 ^ „ „ \2 

Using Pythagoras’ Theorem, AB^ = (x, -x^) + (^i - J2) • 




Equation of a Circle. A circle Is completely determined by 

ule'^ntro .. ..f a circle rrhnse radius .s r. 

(Fig. 34 .) 


Vu\ 
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Let {x, y) be any point P on the circumference. 

Then AP = r and, using the above formula, we have 

(x ~ + (y - y^)^ = r-. 

This is the general equation of a circle : for the coordinates of 
any point on the circle satisfy it, while the coordinates of any 
point not on the circle do not satisfy it. 

The equation may be \^Titten in the form 

x^+y^- 2.rxi - j + y - r® = 0. 

Note that the numbers yi and r completely determine 
the circle. 

Consequently, any equation of the form 

+ 2ax + 2by + c = 0, 

where rt, b and c are constants, must represent a circle. Hence, 
with rectangular axes the equation of anj’ circle must have 
the coeliicients of x® and y^ equal and no term involving xy. 

Ex. Find ike centre and radium of the circle 

2.r= + 2//- - 4x + 8^ + 3 = 0. 

The given equation may be written 

2(a-2-2.r)+2(y2+4y)+3=0, 
i.p. 2[(x- n2-l]-i-2[(y+2)2-4] + 3=0, 
i.c. 2(x - I )2 + 2(y + 2)- -7=0, 

i.c. (x-l)2 + (y+2)2 = 3-5. 

Tlio centre of tlie circle is, therefore, the point (1, -2) and 
tlie radius is v^3 o. 

Graphical Solution of Equations. 

K.x. 1. Solve the equation 2.r“+0*8.r-2-73 =0 (see p. 10). 

We start by drnwin^ the graph of y = 2x®+0'8x -2-73. 
Evidently, when x = -2, ^ is positive ; 

when .r=®0. y is negative ; 

and V hen .r = 1, y is positive. 

Since y changes froni a positive to a negative value as x 
pa.sscs from — 2 to 0, clearly y should vanish for some value 
of X between -2 and 0. 

Similarly, y should vanish for some value of x between 
0 and 1. 
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GRAPHICAL SOLUTION OF EQUATIONS 


Now, the values of x- for which y vanishes are the roots of 
the given equation ; therefore the rough estimation just maae 
gives the range of values of x for which y should be plotted. 
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To obt-ain a closer approximation to the positive root, the 
portion of the curve GBD is enlarged as follows : 


X 

0-9 

0-95 

1-0 

2x* \ 

t 

1-62 

1-805 

1 

2*0 

O'&c 

0-72 

0-76 

0-8 

y 1 

-0-39 

-0*165 

007 


Fig. 35 shews that a closer approximation to the positive 
root is 0*985. 

A closer approximation to the negative root can be obtained 
in a similar way. 

Ex. 2. Solve the equation a;® —4a:+ 2=0 by drawing the 
graphs of and of y=4z —2 for values of x between 

-3 and+ 2. 

Tabulating as in the last example for y = .t® : 


X 

1 -3 

-2 

- 1 

1 

0 

1 

2 

y i 

-27 

-8 

- 1 

0 

1 

1 

8 


In Fig. 36 these values are plotted with the graph of 

y =4a--2, 

the points of intersection of the two graphs being A, B and C. 
Let OP, the abscissa of C, be denoted by p. 

Since C lies on the graph of y =a:®, CP =p®. 

Since C lies on the graph of y = 4a: - 2, CP = 4p - 2 ; 

.*. p®=4p -2 

or p®—4p + 2=0. 

That is, p satUfies the equation a:® — 4.r + 2 =0. 

Similar consideration of the points A and B shews that the 
roots of the given equation are the abscissae of the points of 
intersection of the two graphs. 



















GRAPHICAL SOLUTION OF EQUATIONS G7 
Fig. 36 shews that the roots are approximately - 2 25, 0 6 

\ 04 

To obtain a closer approximation to the root corresponding 
to the point A, take the following values : 


X 

- 2-25 

- 2-23 

- 2-20 

y 

- 11-391 

- 11-090 

- 10-648 

4 j :-2 

- 11-0 

- 10-92 

i - 10-8 


Fig. 36 shews that this root Is approximately - 2-216. 



A similar method gives as the other roots 0-539 and 1-675 
approximately. 
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Ex. 3. Solve the equation a:®+9(1 —ar)® =4 by drawing the 
graphs of + =4 arid 3x+y—3. 

Fig. 37 shews the circle a:® + y® = 4, whose centre is the 
origin and whose radius is 2 ; and the straight line 3a: + y = 3. 

The points of in¬ 
tersection are A and 
B. 

Let p be the ab¬ 
scissa of A. Since 
A lies on the circle, 

p2+AiV2=4. (1) 

Since A lies on 
the straight line, 

3p + AN = 3. (2) 

Substituting for 
AN from (2) in (1), 
p^ + 9{l -p)2 = 4. 

Hence p satisfies 
the equation 

a:® -h9{l -a:)2=4. 

Similarly the ab¬ 
scissa of B satisfies 
this equation. 

The abscissae of A and B are approximately 0’37 and 

Proceeding as in the previous examples, closer approxima¬ 
tions are 0 343 and 1-457. 



Y 

2 

\ 

^ * 

D-37 


1 

A 

V 


/ 

1 


\ 

k_1 


o 

N ^ 

\ 

7 

V: 




\ 

FlO 

. 37. 


2 X 


0 1 

Ex. 4. Plot the graphs of x = — y and of y = 3x — for 

values of x between —2-5 and 2*5, and thus obtain the solutions 
of the equations 

xy+y^=(y,\ 

®-x?/ = l.l 


3r- 


6 


To plot X = - - y it is clearly better to choose values of y and 
calculate the corresponding values of x, as follows : 



I 03 


GRAPHICAL SOLUTION OF EQUATIONS 

rTTTTs 2 2-5 ' 3 


2-5 


- 3 

- 2-5 

-2 

-2 

- 2*4 

1 

-3 

1 

01 

- 1 


3 2-4 


- 2-5 I 2-5 1 - 0-1 -Il¬ 


ls 
• 2-5 


- 1-2 


— we 

X 

have 






- 10 

- 0-5 1 

- 0-2 

0-2 1 

0-5 

1-0 

1-2 

- 1-0 

-20 

- 50 

5-0 j 

2-0 

10 

•833 

_ 20 

0 5 

1 

4-4 

1 - 4-4 

1 

- 0-5 

2*0 

2-767 


Fic. 38 shews that 
the graphs intersect 
at the points A, B, 

C and D. 

At A, 

!/= 2 . 

At C, 

3,= -1. y- -2. 
These values 
satisfy the given 
equations, and are 
accurate solutions. 

At B, 

z= -0-3, y=2-6. 

At D, 

x=0 3, y = -2-6. 

Closer approxi¬ 
mations to the roots 
corresponding to 

the points B and D 
could be found by 
enlarging. 

O.T.*. 



FlO. 38. 


V 
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Ex. 5. Draw on the same diagram, and with the same scale 
and ares, the graphs of (1) y = {x + 1)^, (2) +1/* *= 13. 

Explain how ycm can find by means of these graphs the real 
roots of the equation x'* + 4x® + 7x* + 4x = 15, and find these roots 
as accurately as you can. [L.U.] 

The graph of x* =» 16 is a circle of racUus 4, whose centre 
is at the origin. 

This intersects the graph of = hi the points A and 

B (Fig. 39). 



If ON = p, we have BN = (p + 1 )^ and p® + BN^ = 10 ; 

P“ + (p + 1 )^ = 16, i.e. p^ 4-4p^ + 7p-+4p = 15. 

Tims p satisfies the given equation + 4.r^ + 7x-+ 4x = 15. 
Sr> also floes the ahscis-sa of ..-1. Therefore the roots are 
ap])roxiinately -2-7 and 1-0. and hy enlarging at A and B 
closer approximations are —2-715 and 0-970. 
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Ex. 6. Shew that cannot lie between 2 and 18, 

and draw a rough graph of the expression. 

Let y= -=- . 


Rearranging, x* + .x(4 - 1 /) + 3y - 5 - 0...(1) 

Since x is real, the roots of equation (1) must be real. 
Therefore (4 - 1 /)*-4(3t/- 5) > 0 (see p. 12); 

(i/-2)(2/-18)>0.(2) 


For this to be 
true, the factors on 
the left of (2) must 
be either botli posi¬ 
tive or both nega¬ 
tive. If they are 
both positive, 

ij> 18: 

if they are both 
negative, y < 2. 

Hence y cannot 
lie between 2 and 
18. 

To draw a rough 
graph, consider the 
changes in y as x 
passes from large 
negative through 
zero towards large 



FlO. 40. 


positive values, » ^ l- u 

paying careful attention to the particular values of x at which 

y vanishes or becomes infinite, as follows : 


1 nnti 1 


. Ixtween 

” - 6 and 1 

1 

l>etwe<'n 

1 und 3 

3 

3 

lari:e and 
Ifosiitive 

( 1 AHtl ' 

1 negative i 

negative 

1 

0 positive 

Cl 

negative 

Infinite 

]»OBltlVC 

targe and 
positive 


Further, when y = 2, (1) becomes x* + 2x + 1 * 0, 

giving X = - 1 ; 

when y *= 18, (1) becomes x* - 14x + 49 ==0, 

giving x=7. 

We can now draw the graph illustrated in Fig. 40. 
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Ex. 7. Sheio that must lie between 2 and §, and 

draw a rough graph of the expression. 

T f ^ + 1 


T J. X- + 1 

Let y = -i-r* 

a;*+a; + l 

Rearranging, we have 

x2(w-l) + a^ + (3/-l)=0 


( 1 ) 



FlO. 41. 


Since x is real, the roots of (1) must be real; 

y2_4(y-l)2>0: 

(l/-2j/ + 2)(i/ + 2(/-2)>0 ; 

(2-2/)(3i/-2)>0 .(2) 

Thus the factors on the left of (2) must be either both 
positive or both negative. 

If both are negative y>'2, and at the same time 2 /<g» 
which is impossible. 

If both are positive y <.'2. and at the same time > 5 ; 
f.e. y lies between 2 and 5 for all values of x. 

Tabulating as in Ex. 6 :— 

large and positive 
approximately 1 

Further, when y =2, (1) becomes x® +2x +1 =0, 

giving X = -1 ; 

and when y — %, ( 1 ) becomes - Jx® + 5 X — | = 0 , 

giving X = + 1 . 


X large and negative 


approximately 1 


The graph is shewn in Fig. 41. 
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Ex. 8. Shew that positive 

or negative, and draw a rough graph. 

(r-l)(x-4) 


Let 


y = 


x-2 


Rearranging, we have 

a'2-a:(5+y)+(4+2j/)=0. 

As a* is real, we have 

(5 + y)2-4(4+2y)>0; 

y^+2g+0>0; 

(y + l)- + 8>0.(1) 



Clearly (1) is true for all values of >/, since (y + J )* is positive 
whether y is negative or positive. Tabulating : 


Urtfc ftn^J 
* netfattve 

1 1 

1 

1 

1 

1 ttdii 2 


b<'t\v*Tn ' 
Z and 4 

4 

. Lirtftf and 

\aru** ari<l 

nrtfudvc 

0 



n<’Ma(hc ' 

1 0 

... law and 

l.o-<ilixc „o»ltlve 


The graph is shewn in I*ig. 42. 

• This Hj'mhol may l>e n-od infiniUj *’ or “ iofiniU-ly large.’' 
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The itfftTriTniim or MiniTnuTn Value of a Quadratic Expression 
may be investigated as follows:— 

Let ■\-bx + c. 


Then 


y 


=a( 


X^+~X + 


t.e. 


a 

4aC‘~b^ 

4a 


b^\ 68 

4a V 40*^^* 

. 


( 1 ) 


Case I. a positive. 

/ 6 \8 

As a; is real, \ x + ^J is positive or zero : it cannot be 

negative. Therefore, since a is positive, a is positive 

or zero. Therefore, from (1), the minimum value of y is 

—5 -, and V takes this minimiun value when x = — s- • 

4a ^ 2a 

Case II. a negative. 

/ ^ \ 2 

As before, + is positive or zero. Therefore, since a 

/ 6 \8 

is negative, a (x + 5 -) is negative or zero. Therefore, from 

. Anr 


4ac -6’ 
4a 


, and y takes this 


(1), the maximum value of y is 
maximum value when x = - 

2a 

Fig. 43 shews the graph of ax8 + 6x + c, where 6 is positive 
for the following cases : 


a 

positive 

negative 

positive 

negative 

positive 

negative 

b-~ 4ac 

negative 

1 

negative 

zero 

zero 

1 

' positive 

positive 


When a is negative, the expression ax- + bx + c always has a 
maximum value of “ 4 ^“ at the point where x = - 2 ^ • 
When a is positive, the expression aa:8 + 6ar + c always has a 
minimum value of —: ~ ^ at the point where 


4a 
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tft Graphs on te/t: a is negative fn Graphs on right: n is positive 

The ntoMimunf value ofax^-^bx-kC mmtmum value of ax'^’^bx^C 

is 4nt^ where x A is where Xs - 1 

4a 

Fio. 43. 

This characccrLstic curve y =ax^ +bx +c Is called a parabola. 
For another method of finding the maximum or minimum 
value of a quadratic cxpre.ssion, see Ex. 28, p. 80. 
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Ex. (i) What conditions must a, b, c satlfft/ in order that 
the maximum value of ax' + bx^c may be negative when x is 
positive. 

(ii) Find the maximum and minimum values of 4xHas 

X 

this expression an absolutely greatest or absolutely least finite 
value ? 


(i) Let 
Then 


y = ax^ + bx -rC. 


y = a 



4ac - 
^ 4a 




As y i.s to have a maximum value, a must be negative. 
Theref<*re. one condition is : a is negative. 

Again, thi.s eonciition being satisfied, the maximum value 

1/ (I). As this maximum 


value i.s to be negative and the denominator. 4a. is negative, 
therefore the numerator, 4ar -must be positive. 

Therefore, another condition is : 


6“<4ac. 

Finally, the maximum value of y occurs when x = - and 

this \alue of x is to be positive. Therefore, since a is negative, 
b must be j)nsitive. ® 

Therefore, another eemdition is : b is positive. 

IhuR, there are three conditions whicli a, b, c must satisfy, 

V17. :— 


a negative. 
b fiositive. 
b-<i4ac. 


The graphs in 
vhich of tliern 
sifk'red. 


Fig. 4,3 .should la* studied in order to discover 
ef»rrt'«ponds to the particular case just con- 


(ii) Again, let 
Then 

Since .r is real, 




- xy -f 0 0. 


»/--144>0, 


(.V-lil)(»/-12)>0. 


i.(. 
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Therefore y is either greater than 12 or less than — 12. 

The graph of t/»=4x+9'x is obtained by first drawing the 
graphs of =4x and y.^ —9/x, shewn by the lines in Fig. 44. 

Then, for any value of x, it is clear that y^ +//2 is the ordin¬ 
ate of the graph of t/=4x-i-9/x corresponding to the same 
value of X. The resultant graph is represented by tlie thick 
line in Fig. 44 and shews that 12 is a minimum value, 
while —12 is a maximum value. 



The graph also shews that the expression has no absolute 
maximum or absolute minimum values, for when x is nogativ'c 
and approaches zero, y is negative and approaches an inlinitely 
great negative value. When x is positive and approac’ho.s 
zero, y is positive and approaches an infinitely great positive 
value. Further, x and y approach infinite values at the same 
time. 
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EXERCISES VT. 

1. Find the coordinates of the centre and the radii of the 
circles of which the equations are : 

(i) x*+y*-4a: = 0; 

(ii) ** + y* + 2a;-4y-4 = 0; 

(iii) «* + 2/*-a;+3/ = 0. 

2- Find the values of o, 6 and c so that the graph of 

2 /= aa:* + 5* + c 
may pass through the points given by 

x=l,y = 2i x = 2,y=3i ar = 3,y = 5. 

Draw the graph and find the minimum value of y. [L.U.] 

3. The cost C of a ship's voyage depends on the speed a, being 
given by the formula 

c=l?5oo+,.. 

a 

Pl^ the relation between C and a, and determine the value of s 
for which C is as small as possible. [L.U.] 

considering the intersections of the graphs of y = a:* and 

shew that the equation x* —4x + 2 = 0 has two positive 

roots and one negative root. By detailed plotting in the neigh¬ 
bourhood of the intersection which gives the greater of the two 
positive roots, determine this root to one place of decimals. 

[L.U.] 

5. Draw graphs of and ^(23 — 4x — 4a:*). Use these graphs 

to obtain (to two significant figures in each case) the roots of the 
equation 8 - 23^2 -h 4x3 + 4x* = 0. [L.U.] 

6. Draw the graphs of y = 3x*-6a:-2 and xy = - 16 between 

X-2 and + 3, using the same axes for both. 

From the first graph determine the minimum value of 

3x* - 6x - 2 

and the roots of aTa-6x-2 = 0. From the two graphs find a 

Do the j^aphs shew that there is no other real root ? How 
coulu this b© tested algebraically ? 

7. Trace the two graphs 9y = 2x* and t/(x-3) = l with the 
same axes; approximate graphicallv to a real root of 2x®(x - 3) = 9. 

[L.U.] 
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8 . Find the roots of the equation x* — 4j:^ + 5x^ -9 = 0 by 
drawing the graphs of a:* + y* = 9 and y = (a; — 1 )* - 1. 

9. To manufacture N like tools costs £(8000 + The 

connection between the selling price of each tool and the probable 
number of sales is given by the following table : 


Selling Price 

2 /. 

V- 

“/■ 

‘V- 

6/6 

No. Sold • 

' 160000 

i 

130000 ' 

90000 

62500 

' 40000 


Calculate the estimated gross profit in each case, and by means 
of a graph find the price which would probably give the greatest 
gross profit. ^ [L.U.] 

10. Shew that the function ^ ~ ^ has no value between 

X ^ o 

1 and 5 for real values of x, and draw a rough graph of the function. 

[L.U.] 

11. Find the condition that the roots of a.T* +6x + c = 0 may be 
(1) real, (2) rational. (3) equal. Shew that, for all real values of 

X, the expression ^ 2 x^ 4 between 3 and [L.U.] 

12. Find approximately tlio roots of the equation .r® - 20x + 9 = 0. 


1 2 

13. Draw the graphs of y = x + —j. and thus find 

approximately the roots of the equation x* — x + 2 = 0 . 

14. By drawing the graphs of y = x^ + ^ and y = ^-l. solve 
the equation x* + x* — 3x + 1 = 0, 

15. Solve the equation (x* + 2x)* + x» = 4 by drawing the 
graphs of y = x* + 2x and x* + y’ = 4, 

16. Shew that the roots of x® + px + 7 = 0 are the abscissae of 
the points of intoi-section (other than the origin) of the graphs of 

y = X* and X* + y* + yx + (p - 1 )y * 0 . 

Hence solve the following equations : 

(a) x3-3x + 4 = 0; ('d .r’+3x + 4=0: (r) 2x3 - 5x + 1 = 0. 

17. Show that the function —- cannot lie between 5 f 2^'6 

and 5 - 2 ^/ 6 , and draw a rough giopb. 

18. Shew that there are two values between which 

(2x_- I)(2x + r^) 

(2x-3) 

cannot lie, and find tlieni. Draw a rough grapli of the function. 
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19. Draw a rough graph of and shew that this function 

must lie between — and 

20. Draw a rough graph of - 3 -—and shew that it must lie 
between two values. ^\T)at are these values ? 

21 . Shew that the following functions can take all values, and 
draw a rough graph of each ; 


(a) 


(2x -l)(x -2) 
x — 1 


(6) 


(x+mx-2) 

x(x + 3) ' 


(c) 


(x-4)(x + 2) 
(x+l)(a;- 6 ) 


22. Find approximately all the roots of x* + 3x* - 4x - 6 = 0 bv 
considering the intersections of the graphs of the functioi^ 

x-> + 3xand4+| fL.U.] 

3 x -^4 values of x the value of the expression 

t*+T outside certain limits, and 6 nd these limits. 

Illustrate by a rough graph of the function. [L.t7.] 

24. Prove that, x being positive, the least value of (x* + o*)/x 

A vessel makes a round trip in which part of the expenses vary 

remainder as the velocity. WTien the voyage 
takes 15 the cost of the trip is £549 : when it takes 27 days 
the cost is £585. Find the least cost of a trip and its duration. 

[L.U.] 

th"t ^ 

is satisfied, shew that x^ + ax^ + bx + c is 
identically equal to (x^ + c) {x-q + x{qa - c) + q^) jq^, [L.U.] 

- 1 anc"t =;= 

drawing, state where they meet, and verify vour 

tLo -nua.ion reaultm? from 

LL.. L-.J 

surfl'pJilf oTo"'"® "" rectangular block is 240 cubic inches, its 

F S two of its edges is 14 in. 

rind Its dimensions, ® [LU ] 


28. \\rite down the condition that ax^+bx+c=u should give 

real \ aluos for x, and thus obtain the conditions for a maximum or 
minimum value of ox* + 6 x +c (see page 74 ). maxunum or 
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29. If the quadratic function ax^ + hx-^c has the values 2. 3, 1 
when X is 1, 2, 3 respectively, find the values of a, b, c, and draw 
a graph of the function from 2 r =»0 to x = 4. 

Shew that is the greatest value of the function. [S.W.] 

30. What conditions must a, b and c satisfy so that the graph 
of a.T*+ftx + c may have a positive maximum ordinate for a 
negative value of x ? Find the maximum and minimum values 
of 7x + 4/x. 

Has the expression an absolutely greatest or absolutely least 
finite value ? [L.U.] 


31. Explain the difference between an equation and an identity. 
If (x- 2 )*(ax* +6x + c)s=3x*-x*- 36x* + 60x - 16, find a, b and c. 
and with these values find A and D, a. and so that 


1 ^ 
ax* +bx + c x-a. x - fi 

Solve the equation 3x* — x* — 36x* 4-60x — 16 = 0. [h.U.] 

32. If flt. /? be the roots of the equation ax» + 6x + c = 0, prove 
thnt + -bfn, ri./3^c/a. 

Find the condition that the roots of the equation may bo in 
the ratio 3 : 2, and find the equation whose roots are halves of 
the roots of the given equation. [nuriiam.j 


33. Shew that the expre-ssion no values between 

- 1 and 7 for real values of x. Sketch roughly the graph of the 
expression. (L.U.J 

34. Express the sum and product of the roots of the equation 
a.r* +bx +c = 0 in terms of the coefficients. 

If a is determined so that x + to 3- /3 wlion x = .'j-4 1, 

fin<l the other value of x which make.s the expression take this 
value. [L.L.J 


35. Find tlio maximum 
expression 


and minimum 
a-» - 3x + 4 



values, if any, of the 


X 


[Man.] 
* - 8x + 22 


Sketch the graph of this oxpre.ssion. 

36. Prove that for real values of r the expression — 2^-3 
must be greater than 1 or less than — 6. 

If X may only be given values between + 1 and - 1, prove that 
the value of the expression must lie between - 15 and “ ^ 
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37. If CL and are the roots of the equation ax* + bx + c = 0, 
find the value of a.* — in terms of a, b and c. 


Shew that 


x* + 4x-S 
x-2 


cannot Iiave values between 4 find 12 if 


X be real. Draw a graph of this function, and by means of it 
obtain an approximate solution of the equation + 6 = 0. 

[Durham.] 

38. Solve the equations 

(i) (x+3)» = (2x-3)*(3-x); 

(ii) x« + t/* + 2x-2y-8 = 0, 

3x + y = 6. 

Verify the solution of (ii) graphically. [Durham.] 

39. In a hemi^herical vessel of radius 4 ft., the volume V 
cubic ft. of water in the vessel when the water is D ft. deep is given 

by the formula V = Tr^4D* —Plot V against D on squared 

paper, and hence find as accurately as you can the depth of water 
in the vessel when it contains half the greatest quantity it will 

[L.U.] 

40. Find the limits between which the fraction 


x*+7x+ 16 


X* ~ 5x + 16 

must lie if x is real. 

Give a rough graph of the fraction for values of x between — 10 
and +10. [L.U.] 



CHAPTER IV. 


SURDS. INDICES AND LOGARITHMS. 

LAWS OTHER THAN LINEAR. 

Rational and Irrational Numbers. A number which can be 
expressed in the form pjq, where p and q are positive or negative 
integers, is called a rational number; e.g. -2, v''lbO are 
rational numbers. 

But numbers like J2, r, which cannot be expressed in the 
form pjq arc called irrational numbers. 

A surd is an irrational number of the form where a is 
not a perfect power of a rational number ; e.g. ^ 7, 
t/)’V tire surds. 

Irrational numbers can be shewn to obey the fundamental 
laws of Algebra. The laws of special importance for work 
with surds are : 

;/a . ;'6 = = c/cya) =";/a =:yu'a)- 

Ex. 1. Simplify 

s/21x^3, V12-2^/8+2^/18-3^/3, (3^/2-4^/3) (v/2+^^3). 

We have ^^21 x ^/3 =^3 x ^'7 x 
s/12 -2,,/8+2^/18 -373=2^3 -472+672-373=2^/2-^/3. 

(3 72 - 4 73) (s/2 + 73) = 6 - 4 76 + 3 76 - 12 = - 76 - 6. 

Ex. 2. Express with rational denominators 

3 5 X , c 

75* 77 T 72 ’ Ty sja-jb- 

3_ _ 3 s/5 _ ^v/5 

75 ~ 75 X s''5 5 

s.t 


We have 
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5(^7-v/2) 


X Jy arjy 


5U7-J2) 

7-2 


-v/7-s/2. 


X 

7y 


Jy X x/y y 

c {Ja + Jb) 


Ja - ^/6 {Ja - Jb) {Ja + Jb) 

_ c iJa + ^/6) 

~ a —6 

Ex. 3. square roots of 8 +2^/15 and 12 —^140. 

Let N/8T27T5=7x+Vy. 

Squaring both sides, 

8 +2^/15 = a: + 2 / + 2s/a:7. 

Now, if numbers x, y can be found such that 

ar+2/ = 8 ^ 

= 15,J . 


and 


^y 


( 1 ) 


the problem of finding the square root has been solved. 

Equations (1) can be solved in the usual way as simultaneous 
equations, but in practice inspection is often sufficient. 

Evidently 3 and 5 are two numbers whose sum is 8 and 
product is 15 ; 

s/8+2^15 =,./5+y3. 


Again, let v^l2 - v‘140 =v/.t -^/y. 

Squaring, 12-^/140=a:+y -2‘Jxy. 

Hence x and y have to be so chosen that 

x+^ = l2, ^ 

2s^xy = ^n4oJ . 

Now sa40=V4 X 35 =2^/35. 

Therefore,from (1), a: + y = 12 and xy = 35, whence x = 7, y = 5; 

/. V12-V140=^/7-^/5. 


( 1 ) 
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Ex. 4. Solve the equation 

s/x + 2 + s/4x + 1 =Jl2x + 1. [L.U.] 

Squaring both sides, 

5a:+3+2v/(i + 2)(‘la: + l)=12r + l ; 

27(a: + 2)(4x + 1) =7 j:-2. 

Squaring again, 4(4x* +9x +2) =49x“ - 28x + 4 ; 

33x2-64x-4=0; .(1) 

(33x+2)(x-2)=0; 

x=2 or -.j-j. 

Verification. Using x =2, the left-hand side of the equation 
becomes s/4 +v^9, i.e. 5, and the right-hand side is also 5. 

Using x=» -2/33, the left-hand side of the equation becomes 

whereas the right-hand side is 3/\'33. 

the only .solution satisfying the given equation is x = 2. 

Note that both roots of (1) do not necessarily satisfy the 
original equation. It can easily be shown that (1) would have 
been obtained by the same process of squaring, if the original 
equation had been 

-s/IxTl *s/l2x-hl, 
and it is this equation that x ~ 3*5 satisfies. 

Ex. 5. Solve the equation 

x2 - 3x + 12 - 5Vx2 - 3x + 6 =0. 

Let s/x2-3x+ 6=y. Then x^ - 3x-t-6 =»/% and the equa¬ 
tion may be written 

y2 4.0-5y=0; 

/. (</-3)(y-2)=0; 
y=3 or 2. 
x2-3x+6=4; 
x2-3x+2=0; 

(x-l)(x-2)=0 ; 
x = l or 2. 


I. Ify=2, 
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U. If 2 / = 3, x^-3x + 6=9; 

x^-3x-3=0 ; 


All these 
equation. 


. _ 3±v^9 + 12 
• • 2 ' 

. ^ 3+^21 3-J21 

,, X 2 or ^-. 

solutions will be found to satisfy the given 


Ex. 6. Which ts the greatest and which the least ofyJ2, ^3, ^5? 
We have = ^2^ = ^8, 

and 4/3=4/32 = 4/9; 

/. 4^3 is the greatest and ^5 is the least. 


Ex. 7. Simplify 

- ^ 1 _ 1 

n/34-V931 n/ 14+^171 ^22-^476* 
Let n/34 -^931 =Jx~Jy, where a:>y. 

Then, as in Ex. 3, a:+y = 34, . 

4xy = 931. 

Squaring (1) and subtracting (2), 

a:2-2xy +2/2 = 1156-931 ; 

(r-j/)2 = 225; 

^-y = 15, since ar>y. 
Using (1), we have a: = 4®-, y-^ ; 

s/3'4 -V931 = - W ■ 

In the same way Vl4+^/171 =^/J,o +^/» 

and n/2‘^ ^/475 = ^/=/ - 

The given expression is, therefore, 

,_1_ 1 

/i5 /^^4. ^ ^ /19 

^2- V 2 V 2 -"72 72 ~V^ 


( 1 ) 

( 2 ) 
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Rationalising each denominator, we obtain 





'1 J19\ 

.J2 ■" J 

h 

1 

3 

s/2 

5 .^19 

J2 J2 




49 19 

19 

9 

25 19 ’ 




2 2 

2 ■ 

‘2 

2 2 

that is 

151 

Kj-2. 

^/19\ 1 

v^2)'^5 

A^19 

Vs/2 

v/2j 

1/5 /19 

Z\J2 ' ^/2 

that is 



7^/2 3^2 

15 10 

5,/2 

6 

or 

2J2 

' 3 ' 


Ex. 8. // s/a±Jb±^/c =0, -prove that 

+ 6® + c* - 2ab - 2bc - 2ca = 0. 

We hare Ja = ^s/c. 

Squaring, a + 6 ± 2 Jab = c ; 

a +b ‘^2Jab. 

Squaring again, + 6* + c* + 2ab - 2bc - 2ca = 4ab ; 

a*+6*+c* - 2a6-26c-2ca =0. 


EXERCISES VII. 

1. Simplify 2.yi8, 3^/12, 5M6. ^'250. 

2. Simplify (2^/7 - >/5)(3V" + (2^3 - s/6)(2V2 + 1). 

3. Simplify 

2^/24 + ^54 - 2^'96 + S^'G. 2s'75 - J141 + ^/50 + 2v'12 - ^/IS. 

4. Which is the greater of eacli of the following jjairs of surds f 

4^7. 6^/3 ; 5;'2. 3.^/9 ; 34'3, ^15. 

5. Express with rational denominators 

2^/3-3^/2 3^/5 + 4^/2 1 1 r + Jd 

2jQ + ii ' 3s'2 + 2s'5’ v6-n' 3 + «./2’ a + *^6’ 


6 . Simplify — 


+ 


3 ^'2 


+ 


^3 +v'C v'6-v/2 s'3-s'2 



Find the square root of 

7 + 2s/10, 49 + 20^'0, 9 + s/77, 14+^/171, 22-v'475. 
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8. Solve the equations and test the solutions as in Ex. 4, p. 86. 

•y®T2 - -Jx^Z - - 20, 

>/3xTI + ^2^ + 3 = 

^/2x + 3-2^/4^ = •yl0-3x, 

n/x +p + \^x + q = 

9. Solve the equations and test the solutions. 

x*-9x + 29-6\/x»-9x + 23 = 0, 

»• - a; — 9>/x*-x + 10 + 30 = 0» 

2x* - 4x + Vx> - 2x - 4 = 9. 

10. Solve the equation >/x+2 - a/2x + 6 +1-0. [I.M.E.] 

11. If sfP + + JR = 0, prove that 

= 2(QR + i?P + PQ). 

But if P^ + Q* + R*-2QR-2RP-2PQ = Q, 
then >sJP±‘JQ±slR = 0, [L.U.] 

12. If a —p + •>j2p* + 6, hnd possible values for p if o = 9’6 
and 6=100. 

If a = hb, find the greatest and least possible values of k tliat p 
may have a real value. [L.U.] 

13. Simplify and express with rational denominators where 
necessary r 

(a) U/a-2V6)(V56,. (6, (Vf - V^)(^). 

(c) Vx* + x*y »-h + y*, (d) y + ^/x - y 

^/x +y — >/x —y 

14. Solve the equation 

[L.U.] 

15. Solve the equation 

Vx + 1 + \f2x + 6 = 3n/3x - i. 

Test all the values you find for this equation, and explain why 
they are not all solutions. [L.U*] 

16. Prove that if a+^p=:b + ^/q, where a, 6, p, q are rational 
numbers, and g aro not perfect squares, then 

p = 
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Find in its simplest form the mean proportional between 

2v'7 + 3s/3 and - -^3. [S.W.] 

IV. How can we rationalise the denominator of the fraction 

1 , 
a + ^'b + s,/c 

Find the numerical value of this fraction to three decimal 
places when a = 2, 6 = 3, c = 5. [S.W.] 

18. Solve the equation i/* - Ifh/* + 1 =0. 


The Laws of Indices. The fundamental law is 

a»n y Qn —am+n .J 

This is intelligible when m and n are positive integers. 

By assuming I. to hold generally whatever tlie values of 

p 

m and n may be, meanings may be assigned to u”, and a“", 
where p, q and n arc positive integers as follows : 


Ex. 1. Firul the meaning of a®. 

We have a"* x a" asa”''*'" alwaj's. 

Putting m =*0, we have 

a* X a" =a*+" 

So that is such that if it is multiplied by a", the result is 
still a"; 

a" = l. 

This is true if a is any number. 

Thus 10'' = !, (-2)'’ = 1, ('^y=l. 

p 

Ex. 2. Find the meaning of a u'hcre p and q are positive 
integers. 

We have a*"» = always ; 

* a”*' X X =a”*i+”’^ x a”^‘ = 0 ”'*'^' 


and so on. 

Clearly a”** x a”** x a^ ...tog 


factors = •• to q terms. 
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Let TWi = 7712 = rTlg =... = “• 

n f ~ t ^+^+...toflterm8 

Then x a* x ... to g' factors = a* * 

=a«l 



2 

Taking the g“* root of each side, a® —^a^. 

Thus 

105=^/10», (-2)*=^(-2)S ( - i)* = ^'{ - J)‘, 

and conversely. 


Ex. 3. Find the meaning of a“" when n is -positive. 

We have a"* x a" always. 

Put m= - 71, then a“" x a" = a“"+" = a® = 1; 

a“” = l/a'*. 


Thus 


(2)“^ = —= — 

^ ^ oi n/2’ 




a:' 


‘yo.-’’ 


and conversely. 

Other important laws of indices in constant use are ; 

(a”’)'* = 0 "*".11. 

and (nfe)" =a"&''.III. 

Although Law I. has been used to find the meanings of 
fractional and negative indices, it is important to notice that 
such meanings also follow from Law II, 

For example, using Law’ II., (a^)-3 should be (a)“^. 

Now, by the preceding examples, we have 


(ai)-^ = 


1 


= —. —a 


(a^)® xa^ y<7^ a- 


4 
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Ex. 4. Simplify 

Using the index laws, the expression is 

X p^q-^x^ -=r x^p^q -^; 

that is, p^q“^x^-^ x^p^q~^ 

that is. 


pq 


p^q-^ 


or 


P 




Ex. 5. If x^ xx^=x*‘'*^ for all valuers of a, t and x, deduce 
meanings for ar'"^ and (x*"^)®. 

Write in symbols the result of the folloudng operations on 
X and y ; multiply x by the cube root of y and divide the product 
by the sum of the fourth powers of the cube roots of x and y, 
diminished by the product of the cube roots of the squares of 
X and y. 

Multiply the numerator and denominator by the. sum of (he 
cube roots of the squares of x and y and simplify the result, 
expressing it in words. Obtain the value of the fraction when 
x=8//. [L.U.] 

Since x« X X* =x^*^ for all values of a and b, 

x'"^ xx‘’ xx*'' X ... to 10 factors =x‘^+‘''+- 

= x‘»; 

therefore, taking the 10“* root of each side, 

x’'' = '.C/x". 

Again (x”)® =x‘' x x'^ x x'" 

= x®* 

ftl 

= 

The first operation is expressed s^’inbolically as 

XX ^ty or xyK 

This has to be divided by 

ii/x)* + i^y)* - X W 
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The result of this operation is 


art/ 





The sum of the cube roots of the squares of x and y is x^ 
Multiplying numerator and denominator of (1) by this, 
we have 

ary*(a:* +y^) 

{z^ - ar^y^ + y^) (x^ + y^) 



4 I 


ary 


z^+y^ 


or 


x^y^ + zy 

ar- + y* 


In words this is, add the product of x and y to the product of 
the cube root of y and the cube root of x to the power of 6, 
and divide the sum by the sum of the squares of x and y. 

When X = 8y, we have x^ = (8y)^ = 8^y^ 

= 2®y*. 

The expression becomes 


32y* + 8y2 . 40 8 

64y2 + y2 ’ 65 13* 


Ex. 6. Divide ^/z^ + ^/y* - + 2^xy by */x + ^/y - ^z. 

Using indices, the dividend =x* +y* - 2 ^ + 2x^y* 

= (x^ +y^)“ — 2^ 

= (x^ + y* + 2 ^) {x* + y* - ), 

The divisor is x^ + y^ - 2 ^ ; 

the quotient is x^ +y^ + 2 ^. 

Ex. 7. Find the square root of 

x^ + 6xi +7x^+3 +x"^ - 2x’* - 6x* -4x^ - 6x^. 
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Arranging in descending powers of x and finding the square 
root in the ordinary way, the work is shown as follows: 

a:* - 2x^ +x" - 1 


■j.* _ + Qx^ - + 7.C* - 6x* -i- 3 - 2x ^ + u.“* 


A 

.r' 


2x® - 2xi 


\ 


- 4x* + 6.V' 

- 4x* + 


2x* -4x^ +x^ 


2x^ -6x^ +7x* 

2 x^ - 4 x® + X* 


2x® - 4x* -r 2x^ - 1 


2x* T 6x^ - 6x’ + 3 
2x^ + 4x^ - 2x' + 1 


2x* -4x^ +2x^-2 +x"* 


2xt 

2x^ 


4x^ +2 
4x^ + 2 




-zx 


hx 


2x"' 


-I 


The square root is 


-2x* +x^ 


-1 +x 


,-i 


EXERCISES VIII. 


1 . 


Simplify and express with positive indices 
aSxa-i, axa'^xa'i. 4a5-2a-S. ^xhj-^-^Gx'h 



2. Simplify and cxpre.ss with positive indices 

a^<y~z) 

(p2 - r/*)l (p-«/)*</»+9)"^ • [uvli-'j 


3. Simplify and express with positive indices 
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4. Es^and the foUowing and arrange each result in descending 

jPovT0rs Ox Qc • ® 

(3x5 + 2) (3x5 - 2 x“5). (x« - x-“)*, (x + 1 + ar')®, 

(xl + yi) (x5 + y5)(x5 - yl), (x5 + 2ixS + 4 !) (x? - 25). 

5. Multiply al + 5* + c4 by o5 + 65 + c* - a565 - 65c5 - c5o5. 

6. SimpUfy (a^+ 65 + c5)(a5-6*+ c5)(a5 + 65-c5)(65 + c5-o5). 

7* Write do^m the values of 

g- I gt + 4 - 

a^-l’ ‘ 

8. Divide p5-p5ff+p(j-?- 2 ^ 558 + g4 by -pgi+p^q-qK 

9. Divide 

% 

aS - 5a265 + 10ai65- 10a6 + 5ah^ -b* by a- 2aib^ + 6^. 

10. Find the square roots of 


4a + 5+a-i- 12N''a + 6a~5, 

4x3y-a - 12xy-» + 25 - 24x-iy + 16x“V» 
4x5y-5 + I2x5y-1 + 29 + 30x~iyi + 25x-5y5. 

11 . Express in its simplest form 



12. Express the following with rational denominators : 

13. ( 1 ) Find the square root of 


(^ + I )2(x + 2)3 + (X + 2)S(2x + 3)3 + (2x + 3)3(x + 1 )*. 
(2) Simplify the expression 


s^abH* 

14. If x-=^ = a'’V^ and 
between x, z and a only. 


X \^6->c»-i-a65c5. [I.C.E.] 

2/* ~ find the simplest relation 

[i,aE.3 
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15. Starting from tlje fundamental index law for positive 
integral indices, namely x x" = shew how to find meanings 

for negative and fractional indices. Illustrate by finding mean¬ 
ings for x^, X® and x“®. 

Kxtract the square root of 

x^ — 4x^ -I- lOx — 12x^ + 9x*. (L.U.] 


Common Logarithms. If x is a positive number, the 
common logarithm of x (wTitten log x) is the power to which 
10 is raised to produce x, t.e. 

10Jo«x=x. 

Similarly, if y is a positive number, 

10>o8t'=y. 

And 10>o8^‘'=xy 

= 10 i®** X lO*®**/ 

_ 10 (By the laws of indices.) 

logxy = logX + logy.(i) 

Again, 

_ 1 ^’°“ ^ 

“ 10 •OKI' 

^ jQ io»x-iogv. (By the laws of indices ) 

log^=logx-Iogy.(n) 

Also, if n is any number, 

^(lOloBxjn 

— 10"*®8*. (By the laws of indicc.s.) 

logx" = 71 log..(ib) 

A detailed introduction to the use of logarithms will be 
found in the authors’ Practical Mathtmalics for 1 cchnicul 
Students, Pt. I., Ch. VH. 
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A logarithm consists of two parts : the decimal part, or 
mantissa; the integral part, or characteristic. The tables give 
the mantissae; the characteristics are written down by 
inspection. 

Study the following: 


Number 

Which roay be written. 

I The logarithm Is 

1 

The most coDTeolent 
form for the 
logarithm is 

490700 

4-907 X 10» 

0-6908 + 5 

5*6908 

4907 

4-907 X 10» 

0-6908 + 3 

3-6908 

49-07 

4-907 X 10' 

0-6908+1 

1-6908 

0-4907 

4-907 X 10-' 

0-6908 - 1 

1-6908 

0-04907 

4-907 X 10-* 

0-6908-2 

2-6908 

0-0004907 

4-907 X 10-* 

' 0-6908-4 

4-6908 

etc. 

etc. 

etc. j 

etc. 


Logarithm of 
number. 

Significant figures 
of number. 

1 

Result as number between 

1 and 10 multiplied by 
power of 10. 

AHernative 
form of 
result. 

7-2576 



* 

1-809 X 10’ 

18090000 

4-2576 




1-809 X 10« 

18090 

1-2576 




1-809 X 10' 

18-09 

0-2576 


1809 


1-809 X 10® 

1-809 

1-2576 




1-809 X 10-' 

0-1809 

3-2576 




1-809 X 10-» 

0-001809 

etc. 

. 



etc. 

etc. 


Tlie characteristic of the logarithm of a number N is 
evidently found as follows : 

If ^^>1, the characteristic is positive, and is one less than 
the number of digits before the decimal point. 

If -^<1, the characteristic is negative, and is numerically 
one more than the number of zeros between the decimal 
point and the first significant figure. 

iV.R.—The mantissa is always positive. 

After using 4-figure tables, the result cannot be relied on as 
accurate beyond 3 significant figures. 
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Ex. 1. 89-08 X 0 0003771. 


Approximate result is 100 x0 0004 or 0 04. 


log 89-08 =1-9498 

log 0-0003771 =4-5764 

Adding, we get 

log product = 2-5262 
product =0 0336 


The whole-number part of the 
sum of the logarithms is 1 -4 + 1 
(carried!, t.e -2: the answer 
therefore lies between 0 01 and 
0 - 1 . 


Ex. 2. Evahiate 3771-i-8-987. 


Result is, roughly 

log 3771 =3-5764 
log 8-987 =0-9536 

Subtracting, we get 

log quotient = 2-6228 
quotient =420. 


4000/10, t.e. 400. 

The whole-number part of the 
logarithm is hero 2. Therefor© 
the quotient required lies be- 
tw66n 100 and 1000. 


Ex. 3. Eva/uafe 4 001-r778-3. 

Result = 4/800, i.c. or 0 005. 

Iog4001 =0-6022 
log 778-3 =2-8913 

Subtracting, we get 

log quotient =3-7109 
quotient =000514. 


Ex. 4. Evaluate 0 08724 x 36-85^791-4. 

Result = 0-09x37 4-800. i.e. 3-33-^800=^0 004. 

log 0 08724 =2-9407 
log 36-85 =1-5664 

log product =0-5071 
log 791-4 =2-8984 

log result = 3-6087 
Result =0-00406. 


Ex. 5. Evaluate (31-17)^. 

Results (30)3 or 27000. 

We have log (31-17)3=3 x (1-4938) =4-4814 =log 30330; 
/. (31-17)3=30300. 
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Ex. 6. Find the values of 


72407, 72-407, 70-2407 and 70-0002407. 


Number. 

Logarithm. 

Half the 
logarithm. | 

Square root 
of numbers. 

2407 

3-3814 

1-6907 

49-1 

2-407 

0-3814 

0-1907 

1-65 

0-2407 

1-3814 

•1-6907 

0-491 

0-0002407 

4-3814 

2-1907 

0*0166 


Ex. 7. Evaluate (O OSOOS)*"^. 

The result is approximately (0*1)® or 0 01. 
log 008005 ^2*9034 


and 1-7 X 2-9034 = 1-7 X 0-9034+ 1-7 x2 

= 0-9034 + 0-6324 - 3-4. 

Here we evaluate 1 times 0-9034 plus 0-7 times 0-9034 plus 
1 -7 times - 2, obtaining 1 -5358 - 3-4; 

log result = 2-1358 = log (0-01368); 

.-. result = 0 0137. 

Ex. 8. Compute 97-43 h-(0-3524 x 6-321)”*. 

Result is approximately the same as 

100-r(0-4x6)», 
i.e, 100^(2-4)®, 

= 100-^-10 or 10. 

log result = 1-9887 -2-56(1-5470 +0*8008) 

= 1-9887-2-56x0-3478 
= 1-9887 -0-8903 
= 1-0984; 
result = 12-5. 


8.^6 

1739 

gQ8 

b903 


Ex. 9. Evaluate (0 002371)->« 

log result = - 1 *47 X k)g 0 002371 
= -1-47x3-3749 
= 4-41 -1-47 xO-3749 
= 4-41 -0-5511 
= 3-8589; 
result = 7230. 


147 

3740 

1500 

gPg 

5511 


^^jWe.—J(I-3814) = i(2+1-3814) 

= 140-6907 
= 1-6907, 
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EXERCISES IX. 

1. Using logarithms, find the value of 


(i) 1-234 X 6-278 ; 

(iii) 5-678-r 1*879 ; 

(v) 2-821 X 0-699-i-24-3. 


(ii) 0-0827 X 0 008362 ; 
(iv) 0-6287-;-0-8274 ; 


2. Using logarithms, find the value of 
9-75 X 10-3 X 9-2 . 


(d) (2-354)* - (2-351 )*+!• 


(6) v' 7-123 ; (c) (7-6)'; 


3. Compute, using logarithms, 

^2-607 and 26-07“*. 

4. Compute, using logarithms. 


V84 05 X 0-1357-;- 1-16J. 


[B.E.] 


LB.E.] 


5. Extract tlie square root of 17840, 1-784, 0 0001<84. [B.E.] 

6. What is the 2 power of 1-62 ? i.e. raise 1-62 to tlie powyr 
of 


[B.E.] 


7. Compute, using logarithms, __ 

,^12-13 X 5-62T and ■3'l8-92^2-763. 

8. Compute, using logarithms, 

-s/8T05^ 22-67 ^ 8-967. [B.E.] 

9. Using logarithms, find the cube root of 8782-r3-152. [B.E.J 

10. Compute 

30-50-^4-105, 0-03056x 0-4105, (4 1051‘'-«, (0 04105)'**. 

Tho answers must be right to three significant figures. 

Why do wo multiply log a by b to obtain the logarithm ^ 

11 Compute 2-307'>« and 23-07->*^, tlie answers to consist of 
“S:'rS:.d‘£:Pth.ns to obtain the logar.th.n of a prodn^ , 

12. Compute, using logarithnas, 

*/37-24, V^'724, 372-4***, 0-3724'***. [B.E.] 
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13. Evaluate ^2-364 x 1-607 and (32*15)*». 

14. Find, asing logarithms, the value of 

. , 2-32 X 1-27 X (0-642)* . 

(i) ^l--34: (u) (0-913)*; 

(iu) (2-124)-^“', 

15. Find the value of x from the following: 




. /(0-25)*x 10-14x0-308 
> 250x0-000414 


16. Using logarithms, compute 

(1*342 X 0-017314-0 0274)'>-*i^ 

Explain why we multiply a logarithm by 3 when we wish 
the cube of a number. [B.E.J 

17. Compute, using logarithms, 

^/0•2354 X 16-07, (32-15)“'“, (32-15)"'"“. 

Explain why we add logarithms when we wish to multi^y 
numbers. 


Illustrations of the Use of Common Logarithms. It should 
now be easy to write formulae in logarithmic form, that is, in 
a form adapted for logarithmic calculation. The only opera¬ 
tions which can be carried out by logarithms are those of j 
multiplication, division, involution and evolution (t.e. taking j 
roots and raising to powers). The operations of addition and 

., o +t» 

subtraction cannot be performed in this w-ay. Thus, if 

has to be evaluated, the sum of a and b must be found first 
and the logarithm of c subtracted from the logarithm of this 
sura to obtain the logarithm of the expression. 

Ex. 1. Evaluate when ais 3*712 and b ts 0*2178 

for ike following values of x: 5, 6. 7, 8, 9, 10. 

Each term of the expression 3-712x*'^4-0'2178x“® must be 
calculated by the use of logarithms and the results added. 

It will be convenient to make a table giving the values of x, 
log X, 1-46 log X and 2-5 log x. i 
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loc^ 

1*46 log z 

2*5 log z 

c 

0-6990 

1*46 

4194 

1*020^4 

0*6990 

2*5 

1 3980 1-7475 

?^49.S0 

1*74750 

6 

0-7782 

0-7782 

1*46 

778> 1 • 1 o AO 

4069 

1*130)7 

0*778*2 

2-5 

'11^0 

1 -94650 

7 

0-8451 

0*84 :»l 

1*46 

8461 1 

3as04 ^ 

5071 

1*23385 

0*5461 

2 6 

2-1128 

2*11276 

8 

1 

0-9031 

0*9031 

1*46 

5419 

1'3)553 

0 9031 

2 5 

2-2678 

45166 

2*25775 

9 

0-9542 

0*9542 

1*4C 

5725 

1 *39313 

0-9642 

2*5 

2-3856 

4m to 

2*38550 

10 

1 

1-46 

2-5 


Adding 0-5696, i.e. log 3-712 to each number in column 3, 
and 1-3381, i.e. log 0-2178 to each number in column 4, 

the following table is obtained : ___ 


X 

--o 

log lAt term 

log 2n<J term 

IM term 
^3 7l2r* 4« 

2nil U*rm 

^02l78r-S 

V 

5 

i-snoi 

1 0856 

38-9 

12-2 

51-1 

700 

91-8 

116-7 

144-7 

175-9 

6 

7 

8 

9 

10 

1-7058 

1-8035 

1-8881 

1- 9627 

2- 0290 

1-2836 

1-4509 

1-5959 

1-7236 

1-8381 

60-8 

63-6 

77-3 

91-8 

107 0 

19-2 

28 2 

39-4 

52-9 

68-9 
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Ex. 2. In any class of turbinsy if P is the power of the water¬ 
fall and H the height of the fall and n the rate of revolution, then 
it is known that for any particular class of turbines of all sizeSy 

In the list of a particular maker I take a turbine at random 
for a fall of 6 feet, 100 horse-power, 60 revolutions per minute. 
By means of this I find I can calculate n for all the other turbines 
of the list. Find n for a fall of 20 feet and 75 horse-power. [B.E.j 

Since n oc we may write 

n = k. H''®’P“®’, where k does not vary. 


Now, when P = 6, P = 10O, n-50; 

50 = fc.G‘'“100-“^ .(1) 

We have to find n when H =20 and P = 75. 

Hence n = k. 20*^5-<' ’.(2) 

T^• j- /ov u /TV n 20*'^75’°* 

Dmdmg (2) by (1). 

Taking logarithms, 


log n - log 50 = 1 -25 log 20 - 0-5 log 75 - [1 -25 log 6 - 0*5 log 1001 

i.e. log n - 1 -6990 = 1 -25 (log 20 - log 6) - 0-5 (log 75 - log 100) 

= 1-25(1-3010 -0-7782) -0-5(l-8751 -2) 

= 1-25(0-5228)-0-5(2+ 1-8751) 

= 0-5228 +0-1307 -(T-9376) 

= 0-6535 - 1-9376 
= 0-7159; 

log n =0-7159 +1-6990 = 2-4149 =log259-9; 
n = 260 approximately. 

Ex. 3. What is the idea on which compound interest is 
calculated ? Explain, as if to a beginner, how it is that 

where P is the money lent, and A is what it amounts to in n years 
at r per cent, per annum. 

If A is 130, arid P is 100, and n is 7, find r. 
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r per cent, per annum means that .£100 amounts to £(100 + r) 
in 1 year, i.e. that £l amounts to £^1 ^ year; 

£P amounts to £P^1 + i*' I j'ear. 


This amount earns interest at the rate of r % per annum 
for the second year. 

lUo) arao""*® + lUu/ { ' + luO/ 

i.e. £P amounts at compound interest to £^^1 + in2years. 


£P(l 


Now £P(^1 + earns interest at r% per annxim for the 

third year, and amounts at the end of the third year to 




^ ^1 H- — V 

looJ^ 


/ T 

£P amounts at compound interest to £P( 1 + 


3 years. 

Hence we have 


100 / 


Principal i 

£P 

Amount at end of 1 year 

Too) 

„ „ 2 years 

1 ‘^(‘+ 15 - 0 / 



and generally ,, n „ 

1 “’(‘+ 100 ) 


If .4 is 130, P = 100 and n =7, we have 

130 = 100(1 +^)’; 
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log 130 =log 100+7log^l + ; 

2U39=2-0+7log(l-.j^); 



01139 

i 



1 039; 


00163; 


100 


— 0039 or 



Ex. 4. If /' = E/7r2-^4L2 and I^bt^-\2 \ if E = 3xl0’, 
IT =3142. L=62, b='2, F. [B.E.] 

log F = log E + log / -f- 2 log r - log 4-2 log L 
and log 7 = log 6+3 log t - log 12. 

Substituting for log / in the first expression, we have 
log F = log E - log 6 + 3 log t - log 12-^2 log - log 4-2 log L 
= 7-4771 +0-3010+ 3(f-6y90) - 1-0792 

•^2(0-4972) -0-6021 -2(1-7924) 

= 7-4771 - 1-0792 

-r 0-3010 -0-6021 
+ r-0070 - 3-5848 
-‘•f)-9!)44 


= 7-8695 -5-2661. i.e. 2 6034; 

F 401. 

Ex. >. Borau^r of a rcntrifugal forcf due to want of balance 
nf ij irhf'fl. fhf'. .<trr.s.-t y in a certain shaft when rotating n times 
P'^r Sfcond is 

_0-026«2 
■■ 1 - 0 - 0127 ) 2 

11 hat is thp critical spord—that is. the speed for trhich y 
becomes iiidrjinitdii great ? For speeds 20 per cent, less and 
more than the critical spred, Jind the stresses. 

The smaller the divi.sor. the larger is the quotient. The 
quotient becomes indefinitely great when the divisor is in¬ 
definitely small. 
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The critical speed is the speed which makes y indefinitely 
great, and this occurs when 1 -0'0127i^ is indefinitely small. 

The critical speed therefore occurs when 

1 - 0-012712 = 0 , 
i.e. when 0 012n2 = l, 

or when logO-012 + 2logn =0, 

i.e. when 2-0792 = - 2 log n, 

i.c. when 2-0 0792 = 2 log n ; 

log 7i = 1 - 0-0390 
= 0-9004 ; 
n:^9-128. 

The critical speed therefore occurs when the shaft makes 
about 9-13 revolutions per second. 

20% more than 9-128 is x 9-128=10-95, 

20 less than 9-128 is .Vj x 9-128=7-302. 

Calculating 0-012 x ti* for these values of n, we l>ave 


n 

logn 

log 0-012 

2 log 71 

log 0-012 + 2 log 7i 

1 

Rc.sult 

10-95 

\ 1-0396 

1 

2-0792 

2-0702 

0-1584 

1-440 

7-302 

0-8634 

2-0792 

1-7268 

1-8060 

0-6397 


For speeds 20 % greater than critical speed, 

0 020 X (10-95)2 
^“r^0“bl2 x (10-95)2 

0-020 X (10-95)2 
-0-440 

Hence we have a reversed stress, - y, of magnitude given by 

0-020 X (10-95)2-0-4*10. 

log 0-026 =2-4150 
log (10-95)2 =2-0792 

0-4942 

log 0-440 = 

log{-y) =0-8507 
-y = 7 09. 
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For speeds 20% less than the critical speed, 

0 026 X (7-302)2 
^ 1-0012(7-302)2 

0 026 X (7-302)2 
0-3603 

log 0-026 =2-4150 
log (7-302)2 = 1-7268 

0-1418 
log 0-3603 = 1-5567 
log 2 /=0-5851 

/. 2/= 3-85. 


EXERCISES X. 

1. If x(/2'® = 350, 6nd a: if 1 /= ] 2. 

2. If 100, find y if r is 8. 


[B.E.] 

[B.E.] 


3. Tlie wheel of a carriage is 4 ft. diameter. How manv 

revolutions does it make per mile ? [B.E.*] 

4. If pu‘* = constant, and p = 21*4 when v=10-8, 6nd « when 

[T.C.E.] 

5. Solve the equation (1-25)*= 5-372, and evaluate + 

when 0 = 53-72 and 6 = 36 37. [I.M.E.] 

6. (i) Find, as accurately as the logarithm tables permit, the 
value of the seventh root of 5*18643. 

(ii) Find, to two places of decimals, the value of in the 

T,:T 3 = 5:2 when d = 3-I416 and 
e = 2-.183. [I.C.E.] 

t = means of logaritluns, when a = 37-35 and 

(i) + (ii) (jib; [I.M.E.] 

8. If pi* is coiptant; and if p = 1 when v= 1, 6nd for what 

X Q^i following values of k : 0*8, 

0*9, ro, ri. Tabxilote your answers. [B,E.] 

9. If^ = F^l+^^ ,find-4 whenP = 200,r = 4,n=12. [B.E.] 
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10. j/=aa;* + 6x®. When x=l, i/ = 4*3, and when x = 2, i/=30. 

Find a and 6. W'hat is y when x= 1-5 ? (B.E.) 

11. If y — ax^ — bx^, if y = 5-82 when x is 0*51, and if y is 32-10 

when X is 0*98, find a and 6. [B.E.] 

12. The electrical resistance of a wire /? oc I/d^, where / is lentrth 

and d is diameter. Its weight 11’* Shew that the resistance 

of a wire i?oc Wjd*. 

If a pound of wire, diameter rf = 0-06 in., lias a resistance of 
2*25 ohm, what is the resistance of a pound of wire of the same 
material, the diameter being 0-01 in. ? [13.K.J 

13. A disc varies in thickness, so that when running at a certain 
speed the radial and hoop stre.sscs may he the same, and constant 
everywhere. The thickness x at the radius r is such that 

ar* = log 

" . 1 - 

If a is 0-04 and x, is 0-3, find r for the following values of x : 

0-2. 01, 0-05, 

and rlraw a section of the disc. The logaritlims arc common 
logarithms. [B.E.J 

14. If u is usefulness of flywheels, 

if d is the linear size (.say <liamotei ) and n the .speed. W'e assume 
all flywheolH to bo similar in .«hape. I wish to have the usefulness 
one jiundrcd times as great, tin.* speed being trebletl ; whnt is tlio 
ratio of the new diameter to the old one ? [B.E.) 


where e = 2-718; if 0 = 03 and ^=2-8.'i; and if x-y = u.">0. 
findx. [BB-] 

16. If 0 = O-87r, /i = 0'3 and if (n - mlF = 33000P ; if 

P = 30and V = 2.'50. find n. (Note e = 2-7 18 : 7r-3-142.) [B.E.] 

17. Because of a centrifugal force due to want of balniico of a 
wheel, the stress in o certain shaft when rotating n times jier 
second is 

O-Orwi* 

1 -0*0 In-' 

Calculate and tabulate y for the following valuo.s of n : 

0, 50, 90, 9.5, 105. 110, 200. 1000. 

Wbat is the critical speed, i.e. the speed at which y becomes 
indefinitely great ? [B.E.J 
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18. If / = 6931^ and s= 6931^3 |log x 2*303, 

find 5 and e when r, =2000, t =1500, w= 12*63 and d = 3*27. 

19. Evaluate - -when r= 1*75 and s = (a) 0*95, (6) 1*15. 

6 ’ — 1 

20. If Q = Jj*y 2 r 76 (/ij> ’-Ai* ®), find <? when 7 = 32*2, A, = 1*42, 
^ 3 = 1*50 and 6 = 0*084. 

21. The area of a triangle is given by the formula 

A = •*' a)(s - 6)(fi-c)}, where 2^ = a + 6 + c. 

What is the area of a triangle whoso sides a, b and c are 11*37, 
28*42 and 22*31 ft. ? 


22. * If a Sa\'incs Certificate costs 16/-, and is w*orth 26/- in 
10 years’ time, what ntte per cent, per annum compound interest 
is this ofiuivaicnt to ? 

23. In how many years will a sum of money double itself at 
5'’o compound interest ? 

24. A man borrows a sum of money and repays it by paving 
£100 at the end of tlio first year an<l £200 at the eml of the second 
year. Allowinu compoun<l interest at 4“^ per annum, what was 
the sum lie borrowed ? 


25. A man borrows £1000 and repays it by three equal sums 
at tlu^ en<l of 1, 2 and 3 years. W'hat is the amount of each 
instalment. <*ompound interest at 4.i‘^o being allowed ? 

26. A man pets compound interest on his money. W’hich 
wouhl l>e fheapor. to pay £.3uu at once, or to pay £U)5 now, £105 
ut tin* <*nd of one \*car, mil £10.5 at the end of tuo years ? 

4 


27. A sum of £.>no is to be repaid by instalments, compound 
interest at beinp rt‘ck<>ncd on wliat is oweel at any time. 

£i iu is paid f)ff (incliuhnp int<*rest) at the <*nd of eneh year, until 
n year eomes when a .sum les.s than £1.50 pays off the debt. What 
is t his sufii 'i 


28. In how many years will £.500 amount to £S00 (a! 5°^ per 

annum, intc'i-est liejn;^ udd«“d to the capital quarterly ? [L.l’.] 

29. A iaaniiUietun>r <*nn buy for £I(i0o a machine which would 

probably Utst .S years uiul he rt'plaeeablo for another £1000. For 
£16iH) he can buy a hettc'r mac-hijie which would jirobably last 
16 years. If ho can inye.st moru'y at 6.\“', which machine had 
ho better buy ? “ [L.U.] 


• Furtlicr cxen isos similar to Kxs. 22-29 will bo found on p. 260. 
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Logaritlmis to the base a. Let a be any positive number. 
Then, if a and M are numbers which are so related that 
o* = M, X is called the logarithm of M to base a, or, briefly, 
log^M. 

Thus a* = 3/ and .T^Iog^J/ are merely two waj’s of saying 
the same thing, and further 

3/ = 

(read M is identically a to the power of loga3/). 

The chief properties of logarithms are : 


For let 
Then 


i.e. 

or 


log* MN = log* M + log*N. 

loga3/=a: and IogaiV=y. 
a* =5 3/ and ay=N\ . 
a=^*y=MN, 

X + y = loga 3/iY 

logo 3/ + logo A’ =loga3/A’. 




= log*M -log.N. 


For, from (1), 

i.e. 

i.e. 

or 


a* _M 
ay N' 

3/ 

a 3^’ 
x-y = logo Y 
log„ = logo - logo A7. 




logoM** =p log*M. 
Let logo 3/ =x. 

Then a* * 3/ ; 

(a*)P = 3/*'; 

a«’ = 3/P, 

i.e. arp = loga3/*’ 

or P loga3/ = loga^l/^. 
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Let 


logbM =log.M/log» b. 

log6 31 = x; 

loga6*=loga3/, 
a:loga6 = Ioga3/; 

X = loga3f/logab 
or logft J/ = logoJ/^ogo6. 

This formula can also be written loga 6 x log* 31 = log« M, 


t.e. 


7 : 


1 


= -(logaa; -logay), using II. 


Ex. 2. Calculate loggS to three decimal places. 
From the tables, logj^o =0-6990, 

Iogio3 =0-4771. 

Using IV., log35=!-2S!£i£„0:^^,.4e.; 

Iog,o3 0-4771^*^®®- 

Ex. 3. Sh^w that l"8i«oS!^) = _io„ * 

Iog,,(Iog.i) 

log7,a=x; 

i 

a =6* and b=a^; 

log,6 = -. 

(Iog/,a) _ Icg.,ar log^a- 
logt (logaft) II- 

^ log>,3 -,/logoff 
- log<,a: 

^_1_ 

-log<,a 

= -loga6, using IV. 


, using IV., 
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Ex. 4. Explain the advantage of common logarithms, that is 
logarithms to base 10. 

Let X, y be two numbers having the same digits, i.e. 


a: = 10^ . y, where ^ is an integer.(1) 

Taking logarithms of both sides of (1) to base 10, 

logical =P+log,o!/.( 2 ) 

Taking logarithms of both sides of (1) to base a, 

log« x=p logo 10 + log^ y .(3) 


Equation (2) shews that the common logarithms of x and y 
differ only by an integer, i.e. they have the same decimal 
part, or mantissa. Hence tables of common logarithms need 
only give the logarithms of numbers from 1 to 10. 

Equation (3) shews that the logarithms of x and y to base a 
do not differ by an integer. Thus if a table of logarithms to 
ba.se a were given, the logarithms of all numbers woultl have 
to be shewn. 


Ex. Compare logjO o, logjo and logjSO ivitk log,„0-5, logj^S, 
log,„50. 

I AR 1 A-/I o I *0000 0-3010. 

log30-5=log,„0-o/log,„3=^^-..j = -0-C31. 


log35= 1'4G5, as in Ex. 2 above. 

1 *^ 0^10 

]og350= log,,,50/log,„3 ^ 3*50]. 


^Vho^c•as logjyO-5 « 1 -0990 ; 

=00990; 
log,o50 = 1-0990. 


EXERCISES XI. 

1. Use indices to express the following statements ; 

Iog39 = 2, log,1=0, -4. 

2. Witliout using tables, find the vnlue.s of 

Jogj8. logjfi), log5(0-04). 






[B.U.] 
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Use the tables to find the approximate values of 
logj6, log3]-2, logs 10, log, 3-7, log.0-37. (;e = 2-718.] 

4. Prove that log^y . log,a:= I, \o^y, log,^ . log,a:= 1. 

5. If log^(p + ,y) = log„p_log,g, shew that p(l 

6. Solve the equations : 

(i) 2^-- = S0; (jjj 4*. 7*+i_ • 

(iii) 5^—3.5* + 2 = 0; (iv) 5®* — 6*+» + 6 = 0 ; 

(v) e* + e-* = 6‘2, where e = 2*718. 

7. With the help of tables, find the values of 

(i) (51-89r? + C0-05189)^; (ii) log,7*914. 

8. Prove that log a”*s=m log a 
If x^ + y> = 6xy, prove that 2 log (x + y) = log x + log y + 3 log 2. 

the bafeT'lVpro‘.e\“ " "“-befx 

Calculate from your tables the value of 

(00I3)=«^(0187)«-«. [B.U.J 

10. .Solve the equation 

2 1og.r = Iog(5r-6). 

Calc\ilate from your tables the value of 

(Oi l )” + (l*32)''-« 

(2-3)O'*+{0^4)*«' 

11. Calcxdate the values of 

(2S-7)»™ (2'57r.. 

Proro“';.!at‘'‘ f-otion. and why 7 ’ 

sigSSnt fi,ro?or" (0-00284)-i to three 

[S.W.] 

Examples 13 to 27 are from papers set at the Inter. B.Sc. [L.U.] 

anj;nn^^?lT: ^aZe^L? 

values 
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14. The volume of a double convex lens whose faces are equally 
curved to a radius R is j7rA(3r* + A*), where 2r is the aperture 
(diameter of rim) and h (the semi-thickness) is equal to 

R - jR^~r^. 

How many lenses of 3 in. aperture, the radii of curvature of whoso 
faces are 9'326 in., can be made out of a cubic foot of gla.ss, allowing 
10')o for waste of material in manufacture ? (:r = 3'142.) 

15. A rectangular block of length h ft. has square en<ls. 
Shew that if its total superficial area is S sq. ft. and its \’oluine Ls V 
cubic ft., 

(2r-A5)*= 16^j=»r. 

Find the v'olurne when the length is 3 ft. and the total super¬ 
ficial area is 10 sq. ft. 

16. Solve the equation e’-~e-^ — 2. 

17. By giving x positive integral values up to 10. calculate the 
corresponding values of y when O-Jy = 1 - (O'O)-*, and plot a gra})h. 
Shew that y can never exceed 10, and find the least integral value 
of r so that y may exceed 9-998. 

18. Tf then y = x-. 

Express these in logarithmic form, and deduce tl>e relation 
between log,.v and log^x. 

Calculate the values of ___ 

Y oa-llb ' 

when a = 0-6054 and 6 = 0-5027. 


19. Solve 4'-6x2*-2 = 0. 

If y^a + bx” is satisfied by the values 


X 1 

2 

4 

8 

y 

10 

15 

27 


shew thatn = 


log 2-4 
log 2 ’ 


and deduce the values of a and 6. 


20. Define the logarithm of a number, and explain shortly the 
advantage of base 10. Prove that 


logio(log«lfl) 

log. (log,oC) 


-logioe. 


Find the value of log, (log. 1738). 
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21. Shew how you can find a meaning for o? and o® and 

prove that loga6xlog»c = log,c. * ^ 

and log„7S4 = 2-37, calculate the values of 

“ Sivan baae, and prove 

The tension of a rope wound round a rough cylinder increases 
with the angle «9) turned through in the ratio j, wher?^!f1^ 

fnrTiT' Find the least value of ^ nec^ry 

for the tension to increase more than a thousandfold for each 
complete turn. (For one complete turn ^=6'283.) 

23. Calculate the values of 

(i) (1*936)^ X (0 03625)* ; (ii) (0 1936)* - (0-3625)*. 

A quantity X is knou-n to varj'as ^ 3 : if x= 1 in. when i = 21 ft., 

/ r3?fl!"6 ; 4V3Tm r;i"d ^^^32^^! ^ 

24. What is meant by the “ base " of a system of logarithms ? 
HaMng given the logarithm of a number to base 10, how is the 
logantlun to base 2-718 found ? 

Evaluate T^=0og. - 1-882), 

where e = 2-718, x= 12-37, y = 0 0788. 

25. Explain how- to find a meaning for a®, at and a-". 

^ = - 2 -V 18 , 

%^'Pr- ra!:r™ *: 

y —.i8/00, and when ar= 14-8 i/— 07400 u ^3 ^.1 

mio tables the values of u ami ^7 loganth- 

( 1 ) 0-009876--’■3, (ii) 0-03765 log. (log„ 9876), where e = 2-718. 
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The Determination of Laws other than Linear. When two 
sets of experimenta.1 numbers are plotted, the resulting graph 
may not be linear. In these circumstances, certain modifica¬ 
tions of the observed numbers are plotted, with the view of 
obtaining a straight-line graph. Theoretical considerations 
generally give some indication of the necessary modification, 
and the general method of treatment is deferred. 

A fuller treatment of this important subject will be found 
in the authors’ Practical Mathematics for Technical Studeyits 
Pt. II., Ch. V. 

Ex. 1. In the following numbers there is reason to suspect 
that there is a simple connection between y and the reciprocal 
of X. Test this, and find the law if possible. 



O I 2,3 4 6 

Vafnes of v ^ f division « 0*5 

Fig. 45. 


Note X increases and y diminishes. Evaluating the 
reciprocals of a; : l/a:=5, 4, 2 5, 1-25, 1, 0 067, 0 5. 

Note that y and 1/x decrease together. 
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The plotted values of y and l/x, indicated by circles, are 
shewn m Fig. 45. A black thread gives the straight line drawn, 
wnich shews that there is a linear connection between y and 

l/x, say P=a + b.~. 

X 

The intercept on the axis of y is 0-65, as shewn by OA 
Therefore a =0*65. 


AtP, l/x = l. y = 2-6. 

At l/x=5'5, y = ll-4; 


• • 


6 = 


A?/ 


1 1 - 4 - 2-6 
6-5-1 4-5^^ 


A(l/x) 

Hence the law connecting y and x is approximately 

A CK 1*96 
y=0-65 + 


X 


In Fig. 45 the curved line obtained by plotting y and x is 
given for comparison. 


Ex. 2. There js reason to suppose that in the foUowina 
^penmental there is a simple linear connection between 

log p and log h. Test if this is so, and find the law of connection. 


h 

5 

15 

1 

1 25 

36 

50 

p 

13 

' 20 

24 

27 

31 


Tabulating logarithms to four significant figures, we have 


log* 1 

0-700 

M7fi 

1 1-398 

1-544 

1 

1-700 

logp 1 

1 1-114 

1-301 

1-380 

! 1-431 

1-491 


Fig. 46 shews the graph obtained by the black thread. 

AtP, logA = 0-6o, log 7 ) = l*l. 

At P, logA = l-7, logp = l-5. 

Therefore, assuming the law is log p=a+b log h, 

0-4 

A(logA) 1-7-0-65 1-05^^'^' 
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Hence, to find ‘a,’ we have from the point Q, using the 
equation 

logp — a +6 log h, 

1-5 = 0 +0-38 X 1-7 ; 
o = 1-5—0-65 or 0-85. 

Hence ^ogp = 0-85 +0-38 log A. 



Valu%M of tog. h ^ 1 iiht$ioo » O'lO 
FlO. 40. 


Note, since 0 85 = log 7 08, this equation may be put in the 
form 

log p — log 7*08 + log 
x.e. logp = log (7 08 X A®*'), 

and therefore p ^ . 
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EXERCISES XII. 

1. The following numbers are thought to follow a law like 

y=ax^ + b'. 


y 1 68 2-26 2-43 | 3-IS j 3-52 | 4-72 | 6-2 


0-5 1-2 1-5 


2-2 2-8 


6-20 

3*4 


Test if this is so. and find the law connecting y and x. 

2. The foUowing numbers are thought to foUow a law like 


y«a + - : 

X 


y 

3-45 1 

3-24 1 

317 

309 

' 3 03 

3-00 

2*98 

2-97 1 

2-96 

X 

rjy^^ 

2-2 

.A- .1 • 

3-4 

4-1 

5-6 

7-2 

9*0 

10*5 

11*0 

120 


Test if this is so, and find the most probable values of a and 6. 

V to drive a certain vessel at 

the form’ supposed to be connected by an equation of 

H = a+kV\ 

vauTcs^of : and'i ‘Ws U so, and find the best 


H 

290 j 

560 ' 

1040 

1810 

% 

2300 

V 

1 ^ 

7 

’ 9 

11 

12 


- - ~al 


48-7 U7-8 I 47-5 1 46-S | 4S-7 ' 4o-l | 44-0 | 43-6 [ 43-5 
-■ I 1-96 j 2-40 2-98| 3-45|3-96 |797U^^]7^7-97l9.0n 

thc^law ™™e^;ing^'’™nri'°4‘.'^^“*’ '>ance find 
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5. The coefficient of friction, fi, of steel t>Tes on steel rails is 
supposed to be inversely proportional to the speed, V, in miles 
per hour. Test if this is so from the following results obtained by 
Westinghouse and Gallon : 


V 

25 

38 

45 

50 

1 

0-080 

1 

0-051 

0-047 

0-040 


6. The following <lata are taken from the j)rice list of Clyburn’s 
adjustable spanners, where p is the price in shillings oikI a is the 
Size in inches : 


e 

'i 

1 

1.} 

2 j 

2} 


3 

p 

4-5 

' 6 

9-5 

15 

21 

24 5 

28-5 


Try if these numbers obey a law like p = a aiul lind it. 

7. The following data are taken from a table of Whitworth's 
standard watch screws : d is the <liameter in inches, n the number 
of threa<ls per inch. Test if there is a law of the form 

log n = a +b log d, 

and find the best values of a and 6. 


d 

1 0-010 1 

0 020 

0-026 

0-032 ' 

0-040 

0-060 

1 

n \ 

' 250 

180 

150 

120 

100 

80 


Find the number of threads per inch if the diatnetor is 0-015 
inch. 

8. The following data are taken from the wirieig rules of the 
Institution of Kiectrical Kngineers for rubbcr-co\ er“d wires, cross- 
sectional area A sq. in., cxposctl to high external temperatures. 
C is the maximum current in amperes : 


'c "I 

3 2 

5-9 

22-0 

42-0 

1 84-0 

102-0 

A 

0-00181 

0-00407; 

0-0223 

0-050 

i 0- 1 250 

, 0-160 


Test if these numbers obey a law like lofz C = a + h lofz A. nntl 
fin<l the maximum curr<!nt when the cross-sectional ar(?a is 0-007 
8fp in., and the cro-ss-sectional area if the maximum current ia 
68 amj>cres. 
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A 

1 

iV 

i 

5 

f j 

i 

1 

18 

» « a 

16 

14 

12 

11 

^ 10 

9 

8 


n, number of threads 
per inch 


i Xu J mw connecting the pitch p of 

the thread w^th d, the diameter. If so, find it. * ^ 

10* Tlie following data are taken from the Proc^inn^ nf 
Institution of Mechanical Engineers^ ^ ^ 

in ’^“""8 '“‘,"8 gas-engine oil, when o is the velocity 

Fah“il.eT= teniperature in de^ 

^ [' ^'38 6 52 7-95 9-44 11*02 12*85 

^ ^2*0 I 39*,3 I 46-5 52*5 58*4 | 63*2 

find?t! ^^rxhers follow a law like log i = a+ 6 log ti, and 

steim Tri^Th*^™ cormects values of p, the pressure of saturated 
cubic feet. ^ ^ volume of a pound of steam in 

Plot logp with log u, and deduce a fonnula of the form 

log p = a + 6 log M. 

equ.'vJeni’^o approximately 


35 

40 1 

1 45 

11*7 

10*3 

' 9-21 


.. given in the last exercise there is an 

approximate law of the form i = a + 5p. Plot p ^vith the reciprocal 
of ti, and find the best values of a and b. 

13. Shew that the following values of p and v are connected by 
a law of the form pr" = c. and find the probable values of n and c : 



100 

63*2 45*7 

1 

35*8 

28*9 

' 24*3 

20*9 

V 

1 1 

1*5 2 

2*5 

3 

3*5 

4 
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14. It is thought that tho following observed quantities, in 
which there are probably errors of observation, follow a law like 

y = ae*'. 

Test if this is so, and find tlie most probable values of a and b. 


X 

2*30 

310 

4-00 

4-92 

5-91 

! 7-20 

y \ 

t 

33 0 1 

39-1 

50 3 

C7-2 

85-6 

I 1250 


15. It is said that tho following values of «•, the number of 
pounds of steam j)er hour per horso-powor for a perfect corulensing 
engine using tho Rankinc cycle, may be calculated from a formula 


w^a + 


6 

p + 50’ 


where p is the pressure in Ib. per sq. inch, 
best values for a and 6 : 


Test this, and find tho 


P 

50 

55 

! 60 

65 ; 

70 

80 

90 

100 

w 

10-3 

101 

; 9-87 

9*68 

9-52 

9-23 

809 

8-77 


16. See if tho following values of u and p follow a law like 

1 , 

- =a+6p, 

and find tho bo.st values for a and b : 


V 

80 

120 

140 

180 

220 

, 280 

U 

1 

' 

1 

3-67 

3 18 

2-51 

209 

1 

I 65 


17. If // is tho horse-power supplied at ot»o end of a line of pipes 
in a systojn of hydraulic transini.ssion an<l U is tho useful jiower 
delivered at tho other en<l. there is ren.son to suppose that the 
useful power tleliverod per unit power supplied is ronnecte<l l>y a 
linear law with tho srnian; f)f tho power supplied. Test the follow¬ 
ing numbers to see if this is «o, atid fin<l the law : 


II 


U 


100 

150 1 

1 

200 

1 250 

300 

96-5 

138 

^ 172 

190 1 

206 
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experiments in towing a canal boat the foUowing 

Bp“r p^r hiSf 


V 

1*68 1 

2-43 

3*18 

3-60 

403 

p 

; 76 

f 

' 160 1 

’ 240 

320 1 

370 


—-c upuii 9Cjuai 

mate formula connecting P and v. 


[B.E.] 


quantitira are thought to follow a law like 
of n they do so ; 6nd the most probable value 


V 

1 j 

2 

3 

1 

4 

5 

p 

205 

: 114 

80 

1 63 

* 52 


[B.E.3 

two quantities x and y are connected bv an 
equation of the form y = Cx", whore C and n are “^Snts \he 

^aph resulting from plotting values of log x against the corre¬ 
sponding values of logy is a straiglit line. corre 


X 

1 

3 

1 

3-5 1 

4 j 

4-5 

5 

y 

i 6-19 

k 

' 6-79 

7-35 

7-89 

^ 8-40 


ar^b6He*^\^iyf observed values of x and y which 

are oeiie\eci related by such a law. Verifv that this is annmvi 

mately correct, and find the best values fo7f7 afd ^ Tl U.j 

Shew'th'n! H fo-- all real values of m. 

bheu that the senes of obser\-ations 


A 

4 

' 3 

4 

1 

5 

6 

1 

7 

B Ij 

21 *2 

1 

' 14-2 

10-3 1 

8 

6-4 


consistent with an assiuned law of the form 

constant; and show that y = 1-4 approximately. [L.U.] 




CHAPTER V. 

ELEMENTARY TRIGONOMETRY. 


The Circular Functions of an Acute Angle. Lot XOY 
(Fig. 47) be any acute angle. Take any point P on either arm 



FlO. 47. 


of the angle, and let N be the foot of the perpendicular let fall 
from P on the other arm. Evidently, wherever P is taken, 
the angle at O is the .same and the angle at .V is always 90^. 
Therefore the triangle OPX has two, and consequently, all 
three of its angles always of the same magnitudes. Thus, by 
the properties of similar triangles, the triangle OPX has a 
definite shape, so that the ratio of any pair of its side.s is 
independent of the position of P. 

PN may be called the sidr opposite to the angle, 

OS may bo called the side adjacent to the angle. 


and OP is the hypotenuse. 

The sine of the angle A’Ol' is the ratio 

The cosine of the angle XO Y is the ratio 

The tangent of the angle AO Y is the ratio 


side opposite . 

PS 

hypot<-nuse ’ 

op' 

siih; adjacent 

* X SI, 

hypotenuse ’ 

OS 

OP' 

side oppo.site 

J*S 

sjdc adjacent’ 

OS 


1-J3 
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If the angle XO Y contains x degrees and the letters p, 6, A stand 
for side opposite, side adjacent and hypotenuse, respectively, 
these definitions may be written briefly : 


P 

sma: = T, 

ti 


cosa; = 


A’ 


tana: = 


2 

b' 


The sine, cosine and tangent of an angle are circular 
factions of the angle. There are three other circular func* 
tions which are the reciprocals of these, viz. those called the 
cosecant, the secant and the cotangent. 

Thus we have, briefly, 

1 A 
cosec = — =-, 
sin X p 

1 A 

secx = - = r. 

cos a; 6 


cotar = ;- 

tana; p 

Ex. 1. Draw an angle of 35® and find the approximate 
values of tts circular functions by measurement. 

Make the angle XOY equal to 35®. From OY cut off 
OF ^10 cm., and draw PN perpendicular to OX. 

By measurement P.V = 5-74 cm., O.V=819 cm. (Fig 48) 



sin 35® = 


P*V_5-74 
OP 10 


cos 35® = 


tan 35® = 


cosec 35® = 


sec 35® = 


cot 35® = 


OX 

8-19 

OP 

10 

PX 

5-74 

OX 

8-19 

OP 

10 

PX 

5-74 

OP 

10 

ox 

8-19 

ox 

8-19 

PX 

5-74 


= 0-574, 
= 0-819, 
= 0-70, 

= 1-74, 

= 1 - 22 , 

= 1-43. 


Ex. 2. Find the circular furictions of 45 ®. 

Make the angle .YO J eq ual to 45 ». Take any point P on 0 r 
and draw P2\ perpendicular to OX 

Clearly the angle NPO is 45® and OX = NP= a, say (Fig. 49). 
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Then OP=^J{a^+a-} 


sin 45® = 


PN \ . - 

OP“^’ 

OP 


cosec45®=^=v/2, sec45° = =^2, cot45 


ON 

OP 

OP 

ON 




PN 

'ON 

ON 

PN 



Fio. 49. 


Ex. 3. Find the circular functions of 30® and 60®. 

Make XO F =(X)®. Take any point P on OX and draw PN 

perpendicular to OF. , . . 

In NF take a point Q so that NQ=0^ and join PQ. 
Clearly the triangle POQ is equilateral (lig- 50). 

Let each side equal 2a._ 

Then ON = a and PN = -J 4a* — a* = a ,.^3 ; 



O <» N Q Y 


Fio. 50. 


From the figure, the angle OPN —30® ; 

. „ side opposite ON _ 1 . 

.. sinSO = hypotenuse ~OP 2’ 

side adjacent PN ^ 
^TSl^cdenuse ~OP~2' ' 

* ono side opposite _0*Y _ 1 . 

= side adjacent'/^V ' 


cos 30 ® = 


cosec 30° = 2. 


sec 30® = - Ml 


cot 30® =s'3 
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Ex. 4. Construct an angle whose sine is 0*7. 

Draw a line NP, 7 cm. long, and through N draw a line 
NX perpendicular to PN. With P as centre and 10 cm. 
radius describe an arc cutting NX in O (Fig. 51). 



Fia. 51. 


Then clearly PON is an angle whose sine is 0’7. 
By measurement PON = 44-5® approximately. 


Fundamental Relations between the Circular Fimctions. 
From the relations on p. 124, we have, evidently, 


0 A ’ A cos a: 


( 1 ) 


and cota:=*=?^?==^ 

p A ' A sin X . 

Again, in Fig. 47, using Pythagoras’ Theorem, we have 


ON^ + NP^ = OP2. 

Dividing by OP-, (ON/OP)2 + (NP/OP)2 = l, 

i.e. (sin x-)= + (cos x)2 = 1. 

This is ^\Titten as sin*x + cos® x = 1.(3) 

Dividing by ON\ 1 +(xVP/OiV)2 = (OP/ON)*; 

j.e. 1 +(tan.r)* = (secx)*, 

or I + tan* x ~ sec* x.(4) 

Finally, dividing by NP-, 

(ONjNP)^ + 1 = (OP/NP)^ : 
i c. (cot x)* 4- 1 = (cosec x)*, 
or 1 + cot* X = cosec* .r.(5) 


Relations (1) (2), (3), (4) and (5) are very important. The 
proot given is for acute angles, but onp. 155 it is shewn that 
these relations are always true. 
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Ex. 1. Prove the identity 

(1 +COS x)^ + (1 +sin x)“ =2{sin X + cos x) + 3. 

The left-hand side is 1 4- 2 cos x + cos^ x -j-1 -i- 2 sin x -t- sin- x, 
i.e. 3 4-2 cos X2 sin X, since cos^ x 4- sin^ x = 1. 

i.e. 3 -H 2 (sin x 4- cos x). 


Ex. 2. Shew that 


tan 


sin 


— 2 cot 0. 


sec — 1 I 

On multiplying numerator and denominator by cos d, 

tan H _ sin d 
sec tf 1 - cos y' 

Therefore the left-liand side is 


t.c. 


I.e. 


I.e. 


•• «r * 1 1 

Ll - cos l4-COS(^J’ 

. ,.r 2 cost# 1 

Ll - cos- 


sin 

2 sin 0 co.s 0 
0 

2 cos t# 
sin 0 ' 


, since sin^ y = 1 - cos^ <#, 


i.e. 2cott#. 

Ex. 3. If tanx^j>lq, find sinx and cosx, assuming x is a 
positive acute angle. 

Fig. 52 shews an angle x^ whose tan¬ 
gent is piq. 

Since, by Pytliagoras’s Theorem, > 

OA=s.>P~+T> 

— and co.s x = 



sin X = - 

N 2>~ 4- 


</r + 
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Ex. 4. Express sin -.4 in terms of sec A. 

Draw any right-angled triangle OPQ (Fig. 53). 

Call the hypotenuse sec A, and let 
0^ = 1, so that the angle POQ repre¬ 
sents the angle A. 

By Pythagoras’s Theorem, 


and 


PQ = Jsq(PA - 1 , 


• PQ 

sm.4=gp; 


sin A = 


s/sec^A — 1 
sec A 



FlQ. 53. 


EXERCISES XIII. 

1. Find, by drawing, the approximate values of the circular 
functions of 28*. 57®, 72® and 80 . 

2. Construct the angle whose sine is 0-25, 0-5, 0 75 ; 

the angle whoso cosine is 0*3, 0-5, 0-8 ; 
tho angle whose tangent is 0'5, 1*5, 2*0 ; 
the angle whoso secant is 1*5, 2-0 ; 
the angle wliose cosecant is 1-5, 2-5 : 
the angle whose cotangent is O’5, 1*4, 2*0. 

3. Given sinA=J, calculate sec A and tan A to two decinial 
places. Use your results to find by how much sec^A differs from 
l+tan^A. 

4. If sin T = 0’5, find the value of 1-f-tan*x and ot 1—cos*aj. 

5. If sin 0 * find sec tan 0 and cot 0. 

6. If j: = a cos 0 and ^ = 6 sin 0, shew that ^ = 1. 

a* 6* 

7. If X = a sec <f) and >/ = b tan shew that ^ = 1. 

a* 0" 

8. If cosec A = X, find sin A, cos A, tan A, sec A and cot A. 

9. If cot A !=y, find .sinA, cosA, secA, cosecA and tanA. 


vScc’A^ 
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10. Prove the following identities : 


(i) sec*a; — cosec*x = tan®x — cot*x; 

(u) (1 + tan B)® + (1 — tan B)* = 2sec*S ; 


(hi) 


1—2 sin®xcos*x 
sin®xcos*x 


= tan® X + cot* X ; 


(iv) (tani/ + sec»/)® = j— 

(v) (tan*x + tanx+ 1)(1 - cot x + cot*x) = tan® x + 1 +cot®x. 


11. Simplify: 

(i) (sin A + cos A)‘ + (sin A — cos A )* ; 

.... (1+tanx)®-+-(l -tanx)*, 

(n) -^sec^x 

(iii) (1 + tan*B) cos*Z? + tan*Z? ; 

(iv) tanx(l -cot®x) + cotx( 1 -tan®x). 


12. Shew that 

sin 6/+ 2 sin = tan ^ 

1 + cos 0 + cos‘-ty — sin® 6^ 

13. Provo that cosoc«0(l - cos*^) - 2 cot*0= 1, and that 

H-8in.4-co s^ 1 + sin .1 J^cos .4 ^ ^ cosec A. 

1 + sin /4 + cos A 1 -f sin A - cos A 


14. If sin find the other circular functions of 6. 

7)® + V* 

15. If X is le.ss than OO®, .show that sin x + cos x is greater than 1. 

16. The altitude of an ^ B 

equilateral triangle is p- 
Calculate the lengths of 
the sides. 

17. The radius of the 
base of a cone 3 ft. high 
is 1 ft. 3 in. Calculate 
the vertical angle of the 
cone, using Tables. 

18. The triangles in 
Fig. 54 are right angled 
at B. One side of each is 

X inches long and one angle contains os shewn 
lengths of the other two si<les of each triangle in Ujnns of x and B* 



B 


54. 


Kxpress the 
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Simple Applications. The angle which a line joining a distant 
object to a point makes with its projection® on a horizontal 
plane through that point is called the angle of elevation if the 
object is above the point. If the object is below the point, thk 
angle is called the angle of depression. 


Ex. 1. When the angle of elevation of the sun is 50®, what is 
Ike length of the shadow cast by a 10 ft. pole ? 


Let the length of the shadow be x ft. 
Using Fig. 55, 

tan 50® = 10/x; 

.r = 10/tan 50® = 10 cot 50®. 

From a 4-figure table of natural co¬ 
tangents (or tangents), 

cot50®(or tan40®) =0-8391; 



x = 8'39. 


FlO. 55. 


N.B .—After using 4-figure tables, the result cannot be 
relied on as accurate beyond three significant figures. 


Ex. 2. A boat, known to be 220 ft. from the foot of a cliff, is 
observed at an angle of depression of 25® 8' from the top of the 
cliff. Find the height of the cliff. 

If B shews the position of the boat, 
the angle CBO (Fig. 66) is evidently 
equal to the angle marked as the 
angle of depression. 

Let h ft. be the height of the cliff. 

Then evidently 

A =220 tan 25® 8'. 

From the tables, 

tan 25® 8'=0-4691 ; 

A =220x0-4691 ; 
log A =2-3424-fT -6713 

= 2-0137 ; 

A = 103. 



* See p. 139. 
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HEIGHTS AND DISTANCES 



Ex. 3. A ship Stearns 10 miles from A to B in a direction 
23^ North of East, and then for 20 miles from B to C in a 
direction 51® North of East. In u'hat direction should the ship 
steam to go direct from A to C, and what 
would be the length of its course then? 

From Fig. 57, 

AA = 10cos23®= 9 205.(1) 

i?iY = 10sin23® = 3 907.(2) 

BP =20 cos 51 “ = 12-586.(3) 

CP=20sin51° = 15-542.(4) 

From (1) and (3), AQ = 21 -791. 

From (2) and (4), CQ = 19'449 ; 

1 Q-J-IO 

tan CAQ=^^-^ =0-8926, using logarithms ; 

the angle CAQ =41° 45', from the tables. 

the ship must steam 41° 45' North of East to go direct 
from A to C. This direction can be written E4F 45' N. 

Again, sec =21-79 x 1-341 ; 

AC’=29-2 miles, using logarithms. 

Ex. 4. The angles of elevation of a mountain peak, taken 
from tivo points due West of it and 150 yards apart, are 33® 31' 
and 36® 55'. Find the height 
of the mountain infect. 

Let h feet be the height of 
the mountain (Fig. 58). 

Using the figure, we have 

a; + 450 


cot 33® 31' = 


cot 36® 55' = 


X 

h’ 



A(cot33®3r -cot36®55')=(a;+450) ~x, 
i.e. A(1-''*998- 1-3311) = 450 ; 

.. h = 


0-1787 


The mountain is about 2520 feet high. 
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Ex. 5. Shew that the area of any triangle is one half the 
•product of two sides multiplied by the sine of the included angle. 

Let ABC be any triangle 
(Fig. 59). 

The side opposite .4, viz. BCy 
is generally denoted by a. 

Similarly CA is b and AB is c. 

Let p be the perpendicular 
from B to AC. 

Then, 

area of ABC — \b.p 

= \b .resinC. 

Similarly the area can be proved equal to i6c 8in.d. 

So far the circular functions of obtuse angles have not been 
defined, but in Ch. XL, p. 325, this formula will be found 
quite general, so that the area of the triangle ABC is also 
equal to \ac sin B. 



Ex. 6 . Shew that the length of any side of a triangle divided 
by the sine of the opposite angle is equal to the diameter of the 
circumscribing circle. 

Let ABC be any triangle (Fig. 60) and R the radius of its 
circumscribing circle, centre O. 

Produce CO to meet the circumference again in D. 

Then CDB = CAB, being in the — c 

same segment, and CBD is a right \ 

angle, being the angle in a semicircle ; ''“s \ 

= sin CDB ; 

a = 272sin.<4 \ / 


sin A 


= 2R. 



FlO. 60. 


Similarl}' 


sin B sin C 


= 2R 


N.B. —The observation about obtuse angles made at the 
end of the last example applies in this case. 
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Ex. 7. Find the area of a regular polygon of 10 side^’i which 
t-s (i) inscribed in, (ii) circumscribed about, a circle of radius 2 ft. 

The angle subtended at the centre of the circle by a side of 


the polygon is 


360® 

10 


or 36® in each case. 


(i) In Fig. 61 (i), the area of the triangle OA ^.42 
lOA I . OA 2 . sin A or . 2^^ sin 36®, by Ex. 5. 



The area of the polygon, S sq. ft., is therefore, 

10 X area <A OA 1 A 2 ; 

^==20-sin 36® 

= 20 X0-5S78 ; 

.9 : 11 - 8 . 

(ii) In Fig. 61 (ii), the area of the triangle OB^B 2 is 

\OP.BJi .2 or \.'1.BJU_, 
and =2 (OP tan 18°) =4 tan 18® ; 

area of triangle O//, B.^ = 4 tan 18® ; 
area of polygon, .9' sq. ft-, is 40 tan 18®; 

/. .9’=40 X 0-324!) ; 

.9 -13 0. 

K 


V.T-\. 
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Ex. 8. In a triangle ABCy if AB —300 feet, CAB = 15'^ \5' 
and CBA =53® 28', find AC and BC. [I.M.E.] 

Since the sum of the three angles of a triangle is 180®, the 
angle .4 Cj5=51® 17'. 

Using the result of Ex. 6, viz. 

a _ 6 _ c 

sin A ~ sin B ~ sin C * 

, b 300 

behave sin 53® 28' sin 51® 17'' 

log b = log 300 + log sin 53 ® 28' - log sin 51 ® 17' 
=2-4771 +T-9050-T-8922 
= 2-4899; 

AC = 309 ft. 

Again, 

a 300 

sin 75® 15'"5in51® 17'' 

log a = log 300 + log sin 75® 15' - log sin 51 ® 17' 

= 2-4771 +1-9854-T-8922 
= 2-5703 ; 

.-. i?C = 372 ft. 


EXERCISES XIV. 

1. A man, wlio is 250 feet from tho base of a tower, sees the 
top of it at an elevation of 21° 32'. What is the height of the 
tower ? 

2. From a ship’s mast, 140 feet above sea level, the angle of 
depression of a buoy is observed to be 34° 30'. How far is the 
buoy from the ship ? 

3. Find the perimeter and area of a regular octagon inscribed 
m a circle of radius 5 in. 

^4. What is the length of a chord which subtends an angle of 
38 27' at the circumference of a circle of radius 3-28 in. ? 

5. A man who is 5 ft. 8 in. high stands 30 feet away from a 
window, the bottom of which is 12 ft. from the ground. If the 
window is 44 ft. high, what angle does it subtend at the man's 
eye ? 
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6. Find the area of a parallclopTram whose sides are 6*7 in., 
7*3 in., and contain an angle of 53^. 

7. Two observers a mile apart, who arc in the vertical plane 
containing a balloon and on the same side of it, find that tlie 
angles of elevation of the balloon are 69^ 15' and 39® 23' resjiec- 
tivoly* How high is the balloon ? 

8. A flagstaff 20 ft. high is erected at the centre of tljo top of 
a circular column of diameter 40 ft. From a point on the ground, 
the top of the column and the top of the flagstaff arc observed at 
elevations of 20® 47' and 21® 30'. Find the height of the cohiinii. 

9. A and B are the vortices of two isosceles triangles on the 
same base. Tho angles at A ^and li are 132® 30' and 75 ’ 4S'. 
Find the length of the base, given that .4 B = 3 inches. (1) \\hcn 
AB are on the same side of the base ; (2) when AB are on opposite 
sides of the base. 

10. A man walks 3 miles from A to B in a directioi^ 23® North 
of Fast ; 2 miles from B to C in a <lircct on 50® North of Fast ; 
and then 2*5 miles from C to D in a tiirection 20® W est of North. 
Find the bearing of D from A and tho distance AD. 

11. A ship is steaming on a course 22® South of West. At a 
certain in.stant it is 10 miles <luo North of a lighthouse. After 
steaming 10 miles n second lighthouse is observed to be due Nortlo¬ 
west. After steaming another two miles the second lighfliouse is 
observed to be due North of the ship. How far apart are the light¬ 
houses, an<l NS hat is the bearing of one as noon from tho otlu^r ? 

12. A regular polygon of 15 sides is inscribed in a circle. Its 
area is 24*5 sep in. Find the radius of tho circle. 

13. Fig, 62 illustrates a well-known constrxiction for fin<hng 
the scmi-circumforonco of a 
<*ir<*le. O is the centre, AOU 
a diameter an<l TIiS tho 
tangent at B. OT is a lino 
at 30® to OB an<l TS is cut 
off equal to three times OB. 

Deduce an expre^ssion for 
AN in terms of the radius 
r, and thus shew that it i.s 
approximately eqtial to the 
Beini-circuinfenuieo of the 
circle. 

14. In a circle of ratlius 5-67 cm., a trianRlo is inscrihecl. two of 
whoso angles aro 37“ 4:r ami 82“ 13'. Find the lengths of its 
sides. 


A 
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15. Two angles of a triangle are 35° 39' and 103° 16', and the 
side between them is 18*7 inches long. Find the radius of tho 
circumscribing circle, 

16. Prove that the area of a triangle is ic*sinA sin B cosec C. 

17. Prove a = b cos C + c cos B. 

18. In the triangle ABC, A<B. If X is the midpoint of AB, 

A 

prove that 2 cot CXB = cot A — cot B. 

19. PQR is a triangle and X is a point in QR such that QPX = d° 

and RPX = <^°. Show that 

QX _ sin R sin $ 

XR ~~ sin Q sin 4>' 

20. Shew that the area of any quadrilateral is one-half the 
product of its diagonals multiplied by tho sine of the angle 
between them. 

21. In a triangle ABC, a = 314 ; 6 = 245 ; A = 62° 17'. Find, 

by calculation, the other side and the other two angles to the 
nearest minute. [T.E.C.] 

22. A surveyor measures a distance up a hill and finds it to be 

473 feet, and also measures the inclination to the horizontal 
12° 33' : he wishes to determine the height of one point above 
the other and also the horizontal projection of the distance. 
Calculate these values. [S.W.] 

23. Tho top of a spire is observed to have an elevation of 56° 

ns seen from the ground, and an elevation of 40° at a point 40 
feet above. Calculate the height of the spire and its horizontal 
distance from the obser\-er : and verify by making a drawing to 
scale on squared paper. [S.W.] 

24. Find expressions for the areas of regular polygons of n sides 
inscribed and circumscribed to a circle of radius a. 

Taking »«= 100. shew that the value of n- lies between 3*139 and 
3-14.3. (sin 3* 36'=0 06279, tan V 48'=0 03143.) 

25. From two consecutive milestones A, B on a straight road 
a distant object C is seen. The 
anglc.s CAB, CBA are 67° 15', 

7.3° 26' respectively. Determine 
tlie distance of C from the nearest 
point of the road. [I.M.E.] 

26. In Fig. 63 find the perpen¬ 
dicular distance of A from the 
lino CX. 


B C 



no. 
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27. Work Exercise 26 when A D = 2a, distance between AD and 
BC=h, angles at A and D are a.**, and the line CX. makes 
with AD. 

28. An aerojilane is observed, first when it is vertically abo\e 
a point Ay next when, one minute later, it is vertically above 13. 
Its first angular elevation, viewed from B, is 20' ; and its distance 
from B is the same in each cose. If ABho 500 yartls, ami level, 
and if the aeroplane travels straight, find its speed in feet per 
second, and the inclination of its line of flight to the horizon. 

(S.W.] 

29. A By BC, CD are straight lines. AB = 200 feet, BC = .‘120 feet 
and CD = 430 feet. If B be N. 20^ E. ot A, C bo S. 40® E. of B. 
and D be S. 25® W. of C, find the distance and bearing of D 
from A. 

30. Find the ra<lii of the circles circnmscribing anti inscribed 
in a regular polygon of n sides, the length of each side being 2a. 

In a regular octagon a circle is inscribed and a second regular 
octagon is in.scribed within it. Prove that the ratio of the rathi 
of the circximscribed circle of the first octagon and the inscribed 
circle of the second is 4 - 2>/2 : 1. [11.U.] 

31. The route from the bottom of tlie shaft of a coal mine to a 

point of the coal face follows three level roatls which arc GOO ynrtls 
N. 25® 12' K., 400 yards N. 42® 3.5' E., and 57 yartls X. 33° E. 
Find liow far N. and how far E. the point of the coal face is from 
the shaft. If the coal rights of tlie mine are limited to a plot of 
land, two sides of which run 1 mile E. an«l 1 mile N. of the sliaft, 
find how much farther the third road can be tak(m. [Man.] 

32. The distance and bearing of B from A are miles on<l 75® 
East of North, of C from B tlioy are 10 miles nmj 20® JOast of 
North, ami of D from A tliey are 2 miles and 40'' West of N<»rtli. 
Calculate the <listanc(;s of C Kn-st and North of D, and deduce 
the distance and hearing of C from D. 

V'erify your restilts by a carefully drawn figure. [L.U.] 

33. The angle stjhtcnded (in a liorizontnl plane) by n cylindrical 

ga.somoter is 150' at a certain jioint ; at a y)ojnt 10 f<*ct furtluT 
away tlie angle sxibtondod is 130®. Find the diameter of the 
gusoinet<*r. [L.U.] 

34. A\’liy arc tables of logarithms of sines, cosines, and tangents 
used in preference to the tables of the trigonometric rutio.s them¬ 
selves in solving triangles ? 

Two observers on tlie same level, one mile ajmrt, observe an 
airshij) when it is vertically over the line (prothiced) joining 
them. I'lio angles of elevation are 23'‘' 12' and 31® 18'. FimI its 
height in feet. (S.W'.j 
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35. A length 150 ft. is measured from ^ to JB, and the angles 
CAB and ABD are each found to be 57® 30' while the angles DAB 
and ABC are each 41® 24'. Calculate the distances AC, AD, CD. 

[S.W.] 

36. A man making for a village wliich lies along a road at right 

angles to that in which he is walking, can keep the church tower 
in view. He observes its direction makes an angle of 57° with the 
road, and after walking another 400 feet along the .same road 
the angle has increased to 60®. Shew that he still has rather 
more than a mile and a half to go to reach it. (Durham.] 

Examples 37-41 are taken from papers set at the Inter. B.Sc. [L.U.] 

37. A man whoso height is h stands at the edge of a cliff and 
observes the angle of depression of an object in the sea to be 
He then steps back away from the object, for a distance d, and 
finds that the object is in a line with his eye and the edge of the 
cliff. Show that the height of the cliff is 

h- cot fi} (d - h cot /3). 

38. A tower AB stands on a hill, which may be taken to be a 
plane inclined at an angle y to the horizon. BCD is the line of 
greatest slope of the hill through the foot of the tower B. The 
angles ACB, ADB are found to be a and (B respectively, and the 
length CD is x ; prove that the height of the tower is 

X sin o sin /3/sin (a - /3) cos y. 

39. Prove tliat the diameter of the circle circumscribing a 
triangle ABC is equal to a/sin A. 

A spire BC stands on a tower CD ; prove that the greatest 
angle which BC subtends at a j)oint in a horizontal lino tlu'ough D 
is the angle BAC, where A is such that the circle BAC touches 
DA. 

Find the height of the tower when that of the spire is 40 ft. and 
the angle BAC is 20’. 

40. From a ship steaming at 10 miles an hour in a direction 
78’ East of North, the bearing of a lighthouse is observed to be 
40’ En.st of North at 10.0 p.m., and to be 35' ^Vest of North at 
11.0 p.m. Find the distance of the lighthouse from the sliip's 
jiath. (Neglect the curvature of the Earth.) 

41. At a point of a .straight road running due N. a tower bears 
ft’ W. of N., and the angle of elevation of its summit is y’. At a 
point a ft. further on, the bearing changes to /3’ of N., and the 
angle of elevation to 

Prove that cot y sin «.= cot </>sin/3 ; also that the height of the 
tower is a tan y sin /3/sin ((3 - a.). 
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Projection. The projection of one line upon another line 
is the intercept between the feet of the perpendiculars let fall 
from the ends of the first line upon the second. 



Thus in Fig. 64 the projection of AB on OX is AC, 

the projection of LM on OA' is XS, 

the projection of DF on OX is GH. 

Evidently, from the definition of the cosine of an angle, 

AC =ABcofiO, jV.'? = Z/.l/cos a and GII = DF cos (3. 

That is. the projection upon OX of a line of length L inclined 
at any angle 0 to OX is L cos 0. 

Ths Projection of a Line on a Plane. The projection of a 
line on a plane is the straight line joining the feet of the 
perpendiculars let fall on the plane from the ends of the line. 
In Fig. 65, ab is the plan of AB, the line in space; that is 



to say, Aa, Bb are each perpendicular to the horizontal plane, 
and ab is the projection of A B on that plane. Similarly a'b' is 
the projection of AB on the vertical plane, and is the elevation 
of the line on that plane. If a line is horizontal, the length of 
its plan is equal to the length of the line. 
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The angle between a line and a plane is the angle between the 
line and its projection on the plane. Thus the inclination of 
AB to the horizontal plane (Fig. 65) is the angle AHa, i.e. 0; 
the inclination of A R to the vertical plane, is the angle BVb\ 
i.e. tf>. The trace of a line on a plane is the point where the 
line meets the plane. Thus the trace of A R on the horizontal 
plane is the point H, the vertical trace of A R is V. 

Angle between two Planes. In Fig. 66, two planes P and 
intersecting in the line LM, are shewn in perspective. LM is 
called the trace of the plane P on the plane Q. Take any 
point H in the line of intersection and draw HA, in the plane P, 



perpendicular to LM \ draw Ha, in the plane Q, also perpen¬ 
dicular to LM. The angle between the planes P and Q is 
defined to be the angle between the lines HA and Ha, i.e. the 
angle 6 in the figure. 

Line of Greatest Slope. A line of greatest slope in a plane 
is perpendicular to a horizontal line in it. Thus, in Fig. 66, 
if 0 is a horizontal plane, LM is a horizontal line and HA is a 
line of greatest slope in the plane P, LHA being 90®. 

The angle between two non-intersecting lines is defined as 
the angle between two lines parallel to them which do intersect. 

The projection of a line AP on another line XY, which does 
not intersect it, equals AB. cos 0, where B is the angle between 
the lines AB, XY. For suppose Q (Fig. 67) is the plane 
through A perpendicular to XF meeting it in C, and P the 
plane through B perpendicular to XY meeting it in B. Then 
the lines AC, BE are each perpendicular to XY, and hence 
CE is the projection of AB on XY. 

Let CD be parallel to AB meeting P in D. Now ACDB i.s a 
plane intersecting two parallel planes P, Q, and hence the 
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traces AC, BD are parallel. Hence ACDB is a parallelogram, 
and theicfore CD —AB. Also the angle DC Y equals the angle 
between AB and XY, i.e. 0. 



Also DE, lying in the ])Iane P, is at right angles to XT. 
Therefore co.s V, 

i.e. CE =AB cos d, 

i.e. the projection of A B on X Y equals A B cos (angle between 
ABa.ndXY). 

Projection of an Area. Let A BCD (Fig. GO) be a rectangle 
in plane P, having the .sides AH, DC along lines of greatest 
slope and the sides AD, BC horizontal. 

ahed is the projection of A BCD on plaice Q. 

Evidently be = BC (since BC is horizontal, and therefore 

parallel to the plane Q) 

and w^iithe projection of AB on Ua 

= A B cos b (by <lcrinition); 

projected area —ah . he 

= ABcose. BC 

= original area x cos 0. 

In general, if B is the angle between two j)lanes, S is an area 
in one plane and S' the projected area on the other plane, it can 
be shown that 

.S” cos 0. 

In wf)rd.s, The area of the projection of a plane figure is equal 
to the area of the figure multiplied by the cosine of the angle of 
inclination of the figure to the plane upon which it is projected. 
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Ex. 1. A tower 200 ft. high is due West of an observer. The 
observer walks 100 yards due South and observes that the angle 
of elevation of the tower is 25®. How far was he from the tower 
originally ? 

A (Fig. 68) denotes the first position of the observer, B his 
second position and D the foot of the tower. Let the top of 
the tower be H. 

Then the angle HDB is 90® ; and the angle HBD is 25®. 


HD 4 . OC 
gj5=tan25 




HD 200 
tan 25® "0-4663 




log HZ> = 2-3010-T-6687 
= 2-6323; 

R£> = 428-8 ft. 
and AB = 300 ft. 

Now BD^ = BA^ + AD^\ 

AD=V{428-82 - 3002} ft. 
= ^/{728-8x 128-8} ft.; 
IogAD = |[2-8626 + 2 1099] 

= 2-4863; 

.42) ==306 ft. 

4 


Ex. 2. A hill 300/i. high is inclined at 30® to the horizontal, 
and a path on the hill is inclined at 10® to a line of greatest 
slope, i ind the inclination of the path to the horizontal and its 
length. 

In Fig. 69, O is the trace of the path on the horizontal 
plane H, OA is a line of greatest slope of the hill, so that 

= 10 ®. 

.1 is the projection of P on OA, so that OAP = ^°\ p, a 
are the projections of /*, .rl on H, and therefore the angles 
PpO, AaO are each 90®. 


HEIGHTS AND DISTANCES 


143 


AOa is a vertical plane, -P-4 is a horizontal line on the hill, 
and therefore PA is perpendicular to the plane AOa. But pa 
is the plan of the horizontal line P-4, and therefore equal and 
parallel to PA ; hence pa is at right angles to the plane AOa, 
and therefore the angle Oap =90°. 



Now 0-4 =the projection of OP on 0-4 

= OP cos 10° by definition ; 

.^a=thc projection of OA on the vertical 


= 0^1 sin 30° 

= 0Pcos 10°sin30°.(1) 

Pp =thc projection of OP on the vertical 

^OPsmO .( 2 ) 


But Pp = Aa ; therefore, using (1) and (2), 

OP sin 0 = OP cos 10° sin 30° ; 
log sin 0 = log cos 10° -f log sin 30° 

= 1-9934 + 1-0990 
= 1-0924 . 

(?=29°30'. 

If the hill is 300 ft. high, the length of the path is 

300 coscc29° 30'. 

From the tables, cosec 29° 30' =2-0;i08. 

Therefore the i>ath is about 009 ft. Jong. 
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Ex. 3. A strut, A sq. in. cross-sectional area., carries a load 
of P tons. What is the load per sq. in. on a section making an 
angle of with the cross-section ? Resolve the total load normal 
(i.e. perpendicular) to and tangential (i.e. parallel) to the oblique 
section, and find how much per square inch it is each ivay. 

Let .4' sq. m. be the area of the oblique section, then the 
cross-section is the projection of all sections of the bar on a 
plane perpendicular to its ; therefore 

-4=-4'cos(^; /. A'=Asec0. 

The load per sq. in. on the oblique section is consequently 

P . P cos 6 . 

-3- 7, tons or - 5 — tons. 

A sec 0 ^4 

Now the axis of the bar is perpendicular to the cross- 
section, and the normal to the oblique section is perpendicular 
to the oblique section; so that the load P is inclined at 6^® to 
the normal to the oblique section. Therefore the resolved 
part of the load normal to the oblique section is Rcos6^. 

Similarly the resolved part of the load tangential to the 
oblique section is Psin 0. 



normal load per sq. in. — 


P cos 0 
A sec 0 


P casino 
A~ 


and tangential load per sq. in. = 

A sec 0 A 

Ex. 4. r is the i'ertc.r of a right circular cone, height 10 in., 
radius of base 4 in. Points A, B, C are taken on the circumference 

of the base, so that 

.4 =30®, P = 70®, C=S0®. 

Find (i) the. inclination of CV 
to the base of the cone, (ii) the 
side BC, (iii) the angle CVB, 
and (iv) the inclination of the 
plane VBC to the base of the cone. 

Fig. 70 shews the plan of the 
cone and pjTamid VABC, and 
ro elevation on a vertical plane 

perpendicular to BC. 

(i) cv is the ])lan of the line CV, of which the end V is at 
height 10 in. and the end C is on the horizontal. 
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CV is inclined to the base at an angle 6'®, such that 

tan6^^=V-«2-5 or 12'. 


(ii) By Ex. 6, p. 132, be =2R sin a 

= 8 sin 30° or 4. 


A A 

Alternatively, bvc is G0° (since it is 2hac) and bv = vc ; 
the triangle bvc is equilateral and 6c =4 in. 


(iii) By Pythagoras’s Theorem yC=V B * v'^10- + 4- = l()-77 in. 

With centre c' and radius c'v' describe an arc cutting the 
ground line X T in r,'. Through v draw re, pcrpcndicuUr to 
be to meet the projector through r,' in r,. 

Then 6r,c is the rabatment on the horizontal plane of the 
face BVC: i.e. 6v,c is the triangle BVC swung about BC 
into the horizontal plane. 

If vr, cuts 6c in D, cD = Db and Di\ bisects 6r,c, since the 
triangle 6r,c is isosceles. 


Sin ci'^D *• 


D 


CV, 10-77’ 


cosec cy,D = 5-38.'> ; 

A 

CV, D = 10” 42' approximately ; 
/i rC »=2l* 24' approximately. 


(iv) Since the elevation shews the edge view of the plane 
VBC, the angle between VB(' and the horizontal is a°, where 


tan a » 


10 

vJJ' 


Now 1 ’ D * rc cos cr D 

= 4 cos 30 \ 

10 

tan (x . o/. o ; 

4 cos 30 

logtana = l -0-G021 - 10375, or 0-4004 ; 
a =70° 53' a|)proximately. 


This example and Ex. 5 illustrate the use of plans and 
elevations in solving pn>blcni3 in three dimen.sions. 
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Ex. 5. The end elevation of a roof and dormer window is 
given in Fig. 71; ABC is the roof and BDF the side of the 


BO d 



Fio. 71. 

dormer window. The front elevation of the window is an 
equilateral triangle, df being the length of a side. If 

AB = BC = \Sit., ^C = 30ft. and BF=2FC, 

find the angles which the line of intersection of the roof ard 
sloping side of the dormer window make with the horizontal 
and with a side of the equilateral triangle. Calculate the area 
of the sloping face of the dormer window. [L.U.] 

Fig. 71 shews the given elevation to scale with an end eleva¬ 
tion dfe, and a plan of the dormer window projected 

from it. 

Since AR = RC = 18ft., ^C = 30ft. and BF = 2FC, 

BF = \2it. and JSD = 10ft. 

Also Z>F = v/l22-ld2=2yil, 

and DF is the perpendicular height of the equilateral triangle 
def, the plan of which is d^e^f^ ; 

rfiei=di/i = i)Ftan30° 

2^/11 2^33 

v/3 3 • 

From the plan, 6/, = J{bd^\'^ + d^\^) 

s/1032 
3 ' 
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is a line inclined to the horizontal such that its plan 
ft. long and F is 2^/11 ft. below B- that is, BF is 
inclined to the horizontal at an angle 0, such that 

^ ^ 2^/11x3 rv ri fn 

y=31°47'. 

Since BD is horizontal and the plane DF is vertical, BD is 
perpendicular to the sloping side (If. 

The angle BF makes with df is ci, where 

^ BD ,,J4,/33 

tan a = -^ = 10 / -3 - 


7-5 


log tan a = 0-8751 — 0‘7o93 

=^01108 ; 

«-52°33'. 

The area of the sloping face, whose plan is hd^Ji, is 

V>d-^ xdf; 

arca=;) x4v./33/3 sq. ft. 

= 38-3 sq. ft. 


EXERCISES XV. 

1. Find the angle between a <liagonal of a cube and any face 
whic}) it meets. 

2 . A 60'’ set square stand.s with its Rborte.st side in the liori- 

zontal plane. Its plane is vertical and inclined at 45"' to another 
vertical piano Find the angle between tho largest side of tlio 

Bot square an<l tho j>lano I*. 

3. A hill Bi<lo slopes at 29° to the liorizontal. ami tljerc is a path 
inclined at .'>5° to a line of greatest slope. I'lio hill is 1000 feet 
high. What is tho length of the path if tho hill .side is plane ? 

4. A plane area of 72-5 sq. ft. is inclined at 25° to tho horizontal. 
Find its horizontal and vertical projections. 
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5. A seam of coal 6 ft. 6 in. thick is inclined at an angle of IS” 
to tlie horizontal. Find the volume of the coal under an acre of 
land. 


6 . A bar has a cross-section of 2*5 sq. in. (A cross-section is 
a section by a plane at right angles to the axis.) What is the 
area of a section making 45° with the cross-section 7 

The bar carries a load of 17,500 lb. What is the stress ? What 
is the load per sq. in. on the inclined section ? Resolve the total 
load normal (i.e. perpendicular) to and tangential (i.e. parallel) 
to the oblique section, and find how much per sq. in. it is each 
way. 

7. A rectangle 4 ft. x 3 ft. has its plane vertical and inclined at 
60° to a vertical plane P. One of its short sides stands in the hori¬ 
zontal plane. It is tilted about this side as a hinge until its plan 
is a square. Wliat is its inclination to the horizontal plane in its 
new position 7 What are the angles between its diagonals and P 
in this position 7 

8 . From a certain station A, a hilltop was obser\'ed to bear 
N.E. and its angle of elevation to be 24°. From a station S, 
1200 yards due South of A and in the same horizontal plane, the 
bearing of the hill was N. 20° E. What is the height of the top 
of the hill 7 

9. From a point B, the angle of elevation to the top T of a 
tower TA was obser^'ed to be 2’4°. C is 400 feet from S, and the 
angles ABC, BCA are observed to be 95° and 54° respectively. 
Find the height of the tower. 

10. There is a district in which the surface of the ground may 

be regarded as a sloping plane ; its actual area is 3‘246 square 
miles ; it is she%\’n on the map as an area of 2*875 square miles ; 
at what angle is it inclined to the horizontal ? [B.E.] 

11. The point D in space is equidistant from the three points 
A, B,C‘, prov'e that the foot of the perpendicular from D on the 
plane ABC is the circumcentre of the triangle ABC. 

A tripod has three legs each 5 ft. long, and the feet are planted 
in the ground at points 3 ft. apart ; find the height of the top of 
the tripod above the ground. [S.W.] 

12. Prove that the height of a regular tetrahedron is equal to 

s,/(2/3) of the length of each of its sides, and find the angle between 
two of its faces. [B.U.] 

13. Opposite slant faces of a right square pyramid are at 
right angles ; find the angle between two adjacent slant faces. 

CS.W.] 
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14. Cf D are the comers of a rectangular picture. -4B is 

the top edge, which is horizontal and 36 inches long. The edge 
AD is 24 inches long. The cord APB is attached at A and B and 
is 42 inches long. If the lower edge CD is supported against the 
wall on two nails in a horizontal line, so that the picture makes 
an angle of 10® with the wall, find the depth below the nail P of 
the edge CD. [I.C.E.J 

15. The distance between two points AB^ on opposite sides of 
a lake, was determined by observing the angles of elevation of a 
flagstaff of kno\^*n height h situated at a point C such that the 
angle C^Z? = 90®. The angles of elevation of the flagstaff at S 
respectively wore ol®,/J®. Find an expression for in terms of 

/?• 

Shew also how to dotemiine AB \i a, and the horizontal angle 
CBA are given, but not /i. [I.M.E.] 

16. Tlie vertex F of a riglit pyramid is 10 inches vertically 

above tlie centre O of its base A BCD which is a square of side 
12 inches. F'ind, by calculation* to the nearest minute, (1) the 
angle between the edges VA, Vli ; (2) the angle between the 
edges VA, VC. [I.C.E.J 

17. The base of a tctralieclron is an equilateral triangle-4BC 
of 7 cm. side : the other edges VA , Vli^ VC are each 10 cm. long. 
Find (i) the inclination of VA to the plane ABC ; (ii) the inclina¬ 
tion of the face VABio the piano ABC; (iii) the length of tho 
porpondicular CD from C to the edge VB ; and (iv) tho angle 
bctwcMm the faces VAB and VCB. Find also tho volume of tho 
tetrahedron. 


Examples 18-25 arc taken frotn papers set at the I filer* B.Sc. 
[L.U.J 

18. A i.s tho top, D is tho foot of a vortical flagstaff ; Ii and C 
arc two points in tho horizontal piano througli D. If BC = 214 ft., 
ABC=^i:V, /4C/i = 6G® and ylZ^/>=18®, lind the height of the 
flagstaff to tho nearest inch. 


19. From a point A in tho liorizontal pUino through tho foot 
of a tower, lu is llio angle subt<‘ndod by tho circuinfcrm<*o and (i 
is tho elevation. Find the ratio of the height to the cliainotor of 
tho tower. If tlio elevation bo y from a point /?, where Ali^d 
and is towards tho centre of tho tower base, find tho height and 
diameter. 


20. A right pyramid, vertex F, stands on a regular pentagonal 
ba.Ho A liClJlC. If the length of a slant edge F.4 ho 20 in., and if 
an edge AB of tho hiiso }>o 10 in., oahailate tho height and volume 
of tlio pyramid and tho dihedral angle between a lateral face and 
tho baso. 
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21. If ^ is the foot of the perpendicular from a point O to a 
plane, and if NX is drawn in this plane perpendicular to a line AB 
in the plane, prove that OX is perpendicular to AB. 

AS is a horizontal line on the side of a hill and P is a point on 
the hill above AB such that the angle PAB is 30®. If the slope 
of A P is 1 in 20, calculate the angle of slope of the hill. 

22. An observer notices that an aeroplane describing a hori¬ 
zontal circle of half a mile radius at a height 1,500 ft. is vertically 
overhead. Shew that when the angular elevation of the aeroplane 
becomes 20 it has described approximately either ^ or of the 


23. How are angles between 
and a straight line measured ? 

PQRS represents the plan of 
a symmetrical roof, AB being 
the ridge. If the height is 
10 ft., PB=35ft., P^ = 20ft., 
AB =\7 ft., find the inclinations 
to the horizontal of the straight 
line AP and the sloping parts 
of the roof. Determine the 
volume inside the roof. 


two planes and between a plane 



P*'" ^>'’«clmg a cube into 6 congruent pyramids, shew that 
* 1^,' of f'ly pyramid is J x base area x height. 

tlm rl ° pyramid being 2 ft. and 

w th^h? Ka angle one of the lateral f^es makes 

vith the b^e. If the pyramid be cut hy a plane through one of 

the base edges at an angle of 30® with the base, find the volume 
Uie plan^^^””"^ 

“ horizontal plane 

posmon by vertical props B.B and C,C resting on the plane If 

?i.f ^ CA =9 ft., find (i) the length of BjC,. 

( 11 ) the angles BC and ABC make with the plane, (iii) the volume 

ABiBCC.A. 

pnf/ ?« 0 fp 'f ^ slopes downwards at 3®, the other 

no^it nn and slopes downwards at 2°. Detenmne the 

wn/ii 'S®*'® *^*® >«f®rsect and the volume of 

depth of water at the deep end wdien the bath is J full ? 



CHAPTER VI. 


ANGLES IN GENERAL. 

Angles in General. Let OX be any fixed straipht line. 
Imagine a line OP pivoted at O and originally coincidinc with 
OX. 

If OP revolve in the plane of the paper and stop in any such 
position as OP,, OP 2 , OP 3 it will have swept out an angle 
(Fig. 72). 

AOPj is an acute 
angle; XOP 2 is ♦''■n ob¬ 
tuse angle and XOP^ is 
a reflex angle. There is 
no reason why the rota¬ 
tion should not continue 
to any extent, and thus 
we ari’ive at the concep¬ 
tion of angles of any 
magnitude. 

From the figJire, it 
will be noticed that the 
rotation considered ha-s 
been anti-clockwise. If OP had revolved in the clockwise 
direction, the angle XOP^ would be an obtuse angle ; the 
angles XOPr, and AOP, would be reflex angles. Therefore, 
unless the direction of rotation Is specified or implied, there is 
ambiguity. To avoid this, the following convention is adoj)tetl: 

When OP revolves in an ant'i-clockwisc direction, the angles 
swept out arc taken as positive : when OP revolves in a 
clockwise direction, the angles 8 wci)t out are taken as negative. 

For example, with OX the line OP, bounds an angle of 30®, 
of .300®+30®, of -330®, of - .3:i0®--3(K)®, or of .30®+n.300®. 
where n is any positive or negative integer. 

1^1 
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Circular Functions of Angles in General. Let OX be the 
initial or standard line. Draw OY, so that the angle XOY is 
+ 90^. Produce XO to X* and YO to Y\ thus forming four 
quadrants, as shewn in Fig. 73. 



Let OP be the position of the revolving line after it has 
described any angle 6 ; let (x, y) be the coordinates of P 
referred to OX and 0 F as axes, and let OP — r. 

Then sin0=-, cos^ = -, tand = ^, 1 

^ ^ " I. 

^ 7* ^ J 

cosec sec<?=-, cot^=-. 

y -C y ) 

In these definitions, r is always positive, while x and y obey 
the ordinary laws of signs for coordinates (see pp. 33 and 156). 

Thus, 


when OP lies in the 


1/is 

sin 9 and 
cosec ^ arc 

coH 9 and 
sec 9 are 

tno9 and 
cOi.^ ore 

1st quadrant 

+ i 

+ 1 

1 

1 

+ 

+ 

+ 

2nd quadrant 


+ 1 




3rd quadrant 





+ 

4th quadrant 

1 

I 

1 

— 

+ 



It is clear that these definitions of the circular function 
include those given on p. 124 as special cases. 

Further, the smaller the angle XOP, the more nearly does 
the abscissa of P approach the value r and the ordinate of P 
the value zero; so if the line OP coincides with OX, 6 is 0®, 
y=0 and x = r; 

sin0®=0, cos0® = l, tan0®=0. 
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Again, as y tends to zero, rjy increases indefinitely ; i.e. as 
0 tends to 0, cosec d increases indefinitely. This is generally 
expressed as cosec 0* = x. Similarly cotO^^cc. Thus we 

cosec 0 *^=c», scc0“ = l, cot0° = -x. 

In the same way, if OP coincides with OY, y=00°, .r=0 
and y = r; 

sin90° = l, cos9n*=0, tan 90° = ^: ; 
cosec90° = l, sec90°=cc, cot90°=0. 

Again, since the positions of the revolving line are tlie same 
when it has swept out the angle a*® or n . 300® + a'®, \\e see that : 

Any circular function of n . 360®+x® =the same circular 
function of x®. 

Kx. Shew qrnphicxilly Ike variation of sin B as B increases 
from 0° to 300®. What is learnt from an inspection of the 
graph ? 

Draw a circle of unit radius on any convenient scale (Fig. 74), 
and draw diameters making angles of 30® with one another. 



FtO. 7A. 


Take CP„ as the standard line, 
make angles 30®, fKt®, ...330® with 
Draw the ordinates of the point 


Then (’/»,, 

the standard line CP^J. 

P in ditTerent positions as 
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Tabulating, we have 


Angle PnCP - 

0 ° 

30° 

60° 

90° 

120 ° 

150® 

180® 

Sin P^CP 

0 

PiNi 

P.xY, 

- • < 

P 3 X, ! 

1 

p*^\ 

\P,N, 

0 

Angle P^CP - 

210 ® 

240° 

270° 

1 300° 

330° 

360° 

390° 

Sin P^CP 

P 7 N, 

PsiV. 1 
1 

P.X, 1 

^ 10^ 10 

P..Xi, 

0 

P,N, 


To draw the graph, proceed as follows : Produce CP^ to X, 
and on it take any point O as the origin. Along OX, on any 
convenient scale, mark off angles in degrees. Through the 
points thus obtained draw ordinates. In the figure every 30® 
is shewn. 

The lengths of these ordinates are to be equal to the sines 
of the corresponding angles. The points Q are therefore 
obtained as follows: is to be sin30®, and therefore 

Then is the point of intersection of J/jPj 
produced and the ordinate through A^. Similarly is the 
point of intersection of P 7 M 7 produced and the ordinate 
through A-j. Qn is the point of intersection of and 

the ordinate through i4ii. 

A fair curve is drawn through the points and thus the 
sine-curve is obtained. From the graph, 

sin 150® = . 4 e <?5 =sm 30®, 

sin 120 ® = *^ 4 ^j=^ 2^2 =sin60®, 

and, generally, inspection shews that points on the graph 
equidistant a:® from the line ** 13(^3 are at the same height above 
OX; in fact, 

sm(90®+ar®)=sin(90“-x®). 

Similarly sin 6 ''^ = 810 ( 180 ® - 0®), 

sin^®= -sin(180®+^^®), 
sin0®= -sin (.360®-^), 

For angles greater than 360° the curve repeats itself, e.g. 

sin 390® = A 13 0 i 3 = A^Q^= sin 30®. 

In general, sina:® =sin(360® +a:®). 
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The graph also shews that sin 6 increases most rapidly when 
6 is 0°, 360°, 720°, etc.; decreases most rapidly when y is 
180°, 540°, etc. ; is a maximum when ^ =90°, 450°, etc. ; and 
a minimum when is 270°, 630°, etc. 

By erecting ordinates at the points A equal to the abscissae 
of P, the cosine-curve can be obtained. A portion of the 
cosine-curve is shewn by the dotted line in Fig. 74. Insi>cc- 
tion shews that the sine-curve is merely the cosinc-curve 
shifted forward through 90°. 

Functions like sin cos 6^, etc., the values of which recur 
after certain equal intervals in the value of t^, are called 
periodic functions. The interval is called the period, and in 
Fig. 74 is 0A,2, A,A, 3, etc., t.e. 360°. These notes are 
particularly useful for electrical engineers. 

Important Formulae. From equations I. (p. 152) above. 

sin 0 _y 
cos ^ x' 


and, by definition. 


tan 0 = ■- 


tan e = -- 


?/. 

ar’ 

sin B 
cos B 


for angles of any magnitude. 

Again, by Pythagoras’s Theorem, in Fig. 73, 

x^^-y-- = rK 

Dividing in txirn by r^, and y-, we have 

(cos 6')’^ + (sin = 1. 


This is usually written 

cos-d + sin^^ = 1. 


Again, 


Thus 

general. 


1 ^ + tan20 = sec^i^, 

+ 1 t that is cot^^ + 1 =coscc"0. 

the relations proved on p. 126 are true for angles in 
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Polar Coordinates. Let OX be the initial line and 0 the 
origin (Fig. 75). 



FlO. 75. 


Draw any angle 6 and along the line bounding the angle 
measure off any distance r, thus fixing a point P. 

Then (r, B) are the polar coordinates of P. 

If (x, y) are the rectangular coordinates of P, the definitions 
of the circular functions give 

}.( 1 ) 

rsmd ) 

Ex. 1. Pht the points (2, 130“), (1-5, -45“), (2. 210“). 

The points are shewn in Fig. 76. 



A is (2. I30“), n is (1-5, -45“) and C is (2, 210“). 

Ex. 2. Plot the points (-2-5, 60“) and (-2, -45“), and 
verify the relations (1) in each case. 

From the standard line OX (Fig. 77) measure off the angle 
XOP =00° and take OP'=2-5. 

Produce P'O to P making OP = OP'. Then P is the point 

(2’Oj 00^j* 
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From P, P' draw PX, P'X’ perpendicular to the initial 
line. 

The X coordinate of P is OX, 
i.e. -OX'. 

But, by definition, 

OX' = OP' cos CO®; 
tlie X coordinate of P is 
— 2-5 cos 60°, 

The 2/ coordinate of P is NP, 

i.e. -X'P'. 110.77. 

But, by definition, .V'P'= OP'sin 60® ; 

the y coordinate of P is -2-5sin60®. 

Again, from the standard line OX measure off the angle 
XOQ' = -45®, and take OQ' *2. 

Produce Q'O to Q making OQ—OQ'. Then Q is the point 
(-2, -45®). 

The X coordinate of Q is OM, 

i.e. -OM'. 

But, by definition, 0*1/' = OQ' cos ( -45®) ; 

the X coordinate of Q = -2cos(-45®). 

Similarly the y coordinate of <? = -2sin( -45®). 

Definition of tt. Since all circles are similar figures, the 

length of the circumference of a circle is proptutional to its 

diameter. The constant ratio—circumference divided by 

diameter—is represented by the symbol tt. Hence, if C is 

the circumference of anv circle, anti r its radius measured in 

^ * 

the same units, 

, - = ff or C = 'Zttt. 

2r 

The area of the circle can be shewn to be vr^. 

The proof of this formula tvill be found on p. 400. 

'I'he area of a circle of radius 2 ft. is 47r stp ft. krom Lx. /, 
p. 133, 4n lies between 11*8 and 130; i.e. tt lies between 
2-05 and 3-25. (’loser apj)roximation8 to can be found by 
taking polygons with more sides (see Ex. 24, p. 136). 
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Circular Measure of an Angle. In drawing figures to scale, 
angles are given and measured in degrees. But in mathe¬ 
matical work in general, angles are measured in radians. 

The radian is the unit of circular measure. It is the angle 
bounded by two radii of a circle which cut off an arc equal in 
length to the radius (Fig. 78). 



Fia. 73. 


Note that it is the arc AB which is equal in length to the 
radius OB. 

If the chord CB equals the radius OB, the angle COB =60'’. 

Now since the circumference of a circle contains the radius 
2 ^* times, and each arc equal in length to one radius subtends 
one radian at the centre of the circle, the whole circumference 
of a circle subtends 27r radians at its centre; 

2JT radians =.3G0®, or 2x' = 360'’. 

If an angle Q is given, it is understood, unless otherwise 
stated, to be measured in radians. 


Kk. How many radiayis are there in 

(i) 270“, (ii) 50“? 
Since 180“ = 


then 


180 2 ’ 
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Length of a Circular Arc. An angle of one radian is bounded 
by radii of a circle whicli cut off an arc equal in length to the 
radius ; therefore an angle of two radians is boim<lod bv 
radii which cut off an arc equal in length to twice the radius ; 
and generally, an angle of tf radians is bounded by radii which 
cut off an arc equal in length to times the radius. 

Hence, if an arc of a circle, radius r, subtends an angle of 
0 radians at the centre, its length is rd. 

Area of Sector. Assuming the formula, 
for the area of a circle, the area of a 
sector can be found as follows : 

area of sector BOC 0 . 

area of circle 

area of sector BOC xrr" ^ 

Thus, the area of a sector is i (radius) x (length of arc). 

Ex. 1. A sector containing an angle of 135° is cut from a 
circuUir sheet of metal, radius2?> in., and is formed intoa circular 

cone. Find its volutne. 

The slant .side of the cone formctl is 
28 in. and the circumference of its base 
is 28 X 135 X jr/180 in. (Fig. 80), which 
is 2jTr in. where r in. is the radius of 
the base. 

Therefore r = 14 x 135/180=21/2. 

The vertical height is h in., where 

A2=282-r2; 

k =v^(28 + V)(28 --V ). 

The volume of tlie cone is r cub. in., 
where v = ^r.r^‘h 

_7r/21\2 pT.Wry 

3 *^ 2 ) V 2.2 

Using logs, v = 2995. 

The volume of the cone is approximately 3000 cub. in. 




B 
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Ex. 2. Two points A, B are in latititde A, and the difference 
of their longitudes is <f>. Skew that the distance betiveen them 
measured along the parallel of latitude is i?«^cos A, where R is 
the radius of the Earth. 

The Earth may be taken as a sphere, and the Equator is the 
circle of the intersection of the sphere by a plane through the 
centre perpendicular to the polar axis. In Fig. 81 NS repre¬ 
sents the polar axis, and the Equator passes through the 
points A' and B'. The meridian of any place on the Earth’s 
surface is the circle passing through that place and the poles. 


N 



Fig. 81. 


Longitudes are measured from the meridian of Greenwich. 

The longitude of any place is measured by the angle sub¬ 
tended at the centre of the Earth by the arc of the Equator 
cut off by the meridians of Greenwich and that place. Thus 
the difference of the longitudes of A and B is the angle A'O’B', 
i.e. <f>. 

The latitude of any place is measured by the angle subtended 
at the centre of the Earth by the arc of the meridian of the 
place intercepted between itself and the Equator. Thus the 
latitude of A is the angle AO'A'. 

Clearly AO'A' = BO'B' - CO’C' « A, the latitude. 

Now% arc AB = OA xcft, for <h is the angle between the 
planes NAS and NBS. 

Again, OA is the radius of the parallel of latitude through A ; 

0.4 =OC = i? cos A ; 
arc A5 = (^cos A)4>. 
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Ex. 3. If 6 is an acute, angle, prove that tan 0, 6 and sin 0 
are in deseeding order of magnitude. 

In Fig. 82 BOC is the angle 6, CX i.s perponclicular to OB 
and CT is the tangent at C. 

Area of AOCT = 100 .CT =^r.r tan 0. 

Area of sector OCB = i 6#. 

Area of AOCB =10B.CX = Jr x rsini#. 

Evidently 

AOCT > sector OCB > A OCB ; 

^ r^ tan ^ £/> ^r’^sin : 

tan 0 > 6 > sin 0. 

Circular Functions of Small Angles. From the example 
just worked, tan t/ > > sin t#. 

Dividing by sin 0 (which is positive as 6^ is an acute angle), 

cos (f sin d 

Now as d tends to zero (usually written, 0 —»•()), cos 0 —»-l ; 
/ as ^->0, lies between unity and a number which 



B T 


FlO- b'l. 


> 1 . 


sin (J 
tends to unity ; 




I as ->• 0. 


ID 


sin 

This may be written (sec also pp. 251-253) 

Hm 1.\2) 

e_^oVsin 0 / 

X.B .—The student is warned against writing 

0 


sin^ 


= 1. if ty = o. 


since sin 6^=0, when 0 and g is meaningless. 

Either of the statements (1) and (2) shew that when 0 is a 
small angle, sin ^ ^ y. 

Again, dividing tan 0> 0> sin 6 throughout by tan 0, which 

Ls positive, we have g 

\>- -..>co.sy; 


whence, as before, 

y 


-. I as y 
tan y 


tan y 


0 or 


lim { ^ ,.) = L 
tan 0/ 


Further, if y is a small angle, tan 0 — U. 
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Ex. 1. If (he diameter of the moon ts 2160 miles, what angle 
does it subtend at the eye when it is 240000 miles away ? 



Fig. t>3. 

Let 6 be the angle ; from Fig. 83 

1 = 0 0045; 

(? = 0009. 

From the tables, 0 009 radian = 31'. 

The angular diameter of the moon is approximately 31'. 

Ex. 2. If h be the height of an observer above the Earth's 
surface and R the radius of the Earth, find the dip of the horizon 
and the distance of the horizon. 

In Fig. 84, O represents the observer, C the centre of the 
Earth. 

Then OC is a vertical line and 
OH is a horizontal line through the 
observer. 

OT is the tangent to the Earth’s 
surface from O. 

The angle HOT is the dip and OT 
is the distance of the horizon. 

From the figure, 

OT^- = OA.OB 
= A.(A+2i?) 

= 2hR, 

since h^ is negligible in comparison 
with 2Rh. 

Again, t an ^ = O T'C T = 

Therefore the dip, 6, is approximately \f2hfR and the 
distance OT is approximately \^2hR. 

Obviously h and R must be measured in the same units. 



f2h 

or 
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EXERCISES XVI. 



Draw the following angles : 
220'^, 300°, -235°, 


4 ^ 12ir^ 

3 ’ 5 • 


2 . 

3. 


Express in radians 24°, 120°, 135°, 275°, — 


Express in degrees 


2Tr« 


5 ”'^ 



8 ’ 2 ■ 


10 ^. 


13-5°. 


4. Find the number of seconds in tlio angle subtended at the 
centre of a circle of radius 10 miles by an arc of length 4 ft. 

5. Find the length of an arc of a circle of radius 10 ft. wliich 
subtends (i) an angle of 40° at the centre, (ii) an angle of 310° 
at the centre. 

6. The centres of two pullevs of rliatnetcrs 24 in. and 20 in. 
respectively are 10 ft. ujiart.' What length of o}>en belt is 
required (neglect lap)? 

7. Fin<l the length of one minute of arc of the Equator, given 
that the Earth's radius is 4000 miles. 

8. Wliat is the length of a railway curve which subtentis an 
angle of 22.V° at the centre, the radius being U miles ? 

9. The tlirrc angles of a triangle are in arithmetic progression 
and the smalle.st is .1 the grcate.st. Find the angles in radians. 

10. What i.s the circular mca.sure of the angle between the hour 
liand and the niimitc hand of a clock at half-jia-st three ? 

11. A chord A B of a circle of radius r subtenils an angle t«. at 
tlie centre of the circle. Find the area of the segment of the 
circle cut off by A/S. 

12. Two lines of rails make an angle of 75° with one another ; 

they are to he connected by a circular arc of ruil.s of central angle 
105°. A straight patli of length 800 yd. goes from one set of 
rails to the other and makes an angle of 30° witli one set. Fiiul 
the length of the circular rail wanted if the path i.s to be just 
avoided. [L.U.] 

13. The development of a cone is a sector of ra<lius Ii and 
angle 0. Find the sine of the semi-vertical angle of the cone. 
Find the vertical angle of the cone if 0 = 47r/5. 

14. \\’liat i.s api>roximately the area of the Eaith's surface 
visible to an airman at a height of 1 mile ? (Radius of Earth 
= 3960 miles.) 
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15. If the distance of the horizon is 20 miles, what is the dip ? 

16. From a lighthouse 210 ft. high the top of a second light* 
house 35 miles away is just visible. Find the height of the second 
lighthouse. 

17. From the top of a rise on a level stretch of road two con¬ 
secutive milestones are observed at depressions of 4* and 2* 50' 
respectively. \Miat is the height of the rise ? 

18. Shew that the distance of an object h ft. high whose eleva¬ 
tion is is roughly 20A/a. yards, if ct. is small. 

19. A place is in latitude 62*. How many miles per minute 
does it travel in consequence of the Earth’s rotation 7 Assume 
the Earth’s radius to be 3960 miles. 

20. Referring to Ex. 2, p. 160, shew that 

the chord AB = 2B cob 

If A = 52* and ^=40*, find the angle subtended by AB at the 
centre of the Earth. 

Examples 21-24 are taken from papers set at the Inter. B.Sc. 
[L.U.] 

21. Shew that if $ is less than Jtt, then sin $ and tan 0 are 
in ascending order of magnitude, and deduce that sin 0 and tan 0 
tend to equality with as 6^ is indefinitely diminished. 

Two landmarks A. B, when observed from a point C on the 
deck of a ship at anchor, are observed to be in line with C. On 
walking from C a distance b perpendicular to the line AC the 
landmarks subtend a small angle 0. Shew that, very approxi¬ 
mately, 110 

77c“^^6‘ 

The distance between A and B is known to be 2’4 miles and 
0 measured as 5' 30' when b = 200 ft. Find the distance of C 
from the nearer landn^ark B. 

22. Tlie Earth being a sphere of radius 3960 miles, find the 
length on the surface of a degree of longitude in latitude 40*. 

What is meant by the distance of the I'isilde horizon ? 

Calculate it for a height of J mile above the Earth’s surface. 

23. A point A is at a distance h from a sphere of radius r ; shew 
that when h is small compared with r the length of a tangent 
drawn from the point to the sphere is given approximately by 

d = .J(2hr), 

and that the angle subtended by a tangent at the centre of the 
sphere is approximately 

0 = 
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Let A be an aeroplane at a height of 2000 ft. and the sphere 
be the Earth. Taking the radius of the Earth as 4000 miles, 
find the distance and the dip of the horizon of the aeroplane. 

24. Shew that if (f is less than 7r/2, then sin^i, ff and tan ^ are 
in ascending order of magnitude, and deduce tliat sin 0 and tan y 
tend to equality with y as y is indefinitely diminished. 

The shadow of the top of a vertical s]>ire is ca.st by the sun on 
horizontal ground, and is observed about noon to move .h.i tt. in 
2 minutes in a direction perpendicular to the centre line of the 
shadow. Assuming that the angular motion of the shadow rmmd 
the top of the spire is at the rate of 360 in 24 hours, and that the 
elevation of the sun is 50°, calculate the height of the spire. 


25. Shew that as 6 



sin mtf 




sin ay a y _ 

finb(^~*b^ tanpy 


1 

4 

P 


26. Shew that cos* y^l - y* when 6 is small. 


27. Shew that as « -► oe, n tan - and n sin - both a. 


Circular Functions of — ^ and 6. Let OX be the standard 
line. Imagine two lines OP,. OPj. each of length r and 
originally coinciding with OX, to revolve at the same rate but 
in opposite directions. Then, if y is the angle generated by 
OP, in any time, -0 in the angle generated by OPj. 



Fig 8.5 shews that P, and P, are the images of one another 
in the line OX. Therefore the x coordinates of P, and 
arc always the same, but the y coordinate of Pg is always 
- (the ij coordinate of P,). 
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By definition, 


cos(—d)= 


the X coordinate of P, 


the X coordinate of Pj ^ 


cos(-0) =cos(5), 

. . the V coordinate of P® 
sin(-0)=-^- - - 

_ the y coordinate of Pj ^ 

~ r ^ 

sin( -6)= -sin 0, 

f a\_ y coordinate of Pj 
' the X coordinate of P 2 
_ - the y coordinate of Pj 
the X coordinate of Pj ' 
tan( — 0) = - tan 

Circular Functions of «• - 0 and 6. Let OX be the standard 
line. Imagine a line OPj of length r to sweep out the angle jt, 
P - p -P thus reaching the position 

\ % OX'. Now let OPj revolve 

^ v/ \ 1 _in the clockwise direction 

X' o X X' o X from OX' while a second line 

OP 2 of length r revolves at 
e the same rate in the anti- 

X* ^ o Ax x'f o \ X clockwise direction from OX. 

vie I Then if d is the angle 

yZ VilSA. XOP 2 at any time, is 

“ ^ o- ** angle XOP^ at the same 

time. 

Fig. 86 shews that Pj and P 2 are the images of one another 
in the line OY. Therefore the x coordinate of Pi= - the 
X coordinate of Pg and the y coordinates of Pj and P^ are 
always the same. 

By definition, 

. n. the X coordinate of P, 
cos(n' - y) --i 


FlO. 80. 


- the X coordinate of Ps 


r 
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ftpl 
? -• 
icn 
Jve 
jyn 
jnf 
at 
iii- 

ll 

iple 

1 i-' 

init' 

iW 

ihe 

art 


/, COS(jr-^^) = -COS0, 

. , -s^ the y coordinate of 

sin {tt -&) = -^- - - 

the V coordinate of Pj 
= ^ r ’ 

.*. sin(?r - 0) = sin 0, 

t he y coordinate o f Pi 
tan(n- - ) — ^ coordinate of P, 

the y coordinate of Pg 
” - (the X coordinate of Po) ’ 

tan(»r -0)= -t&n0. 

Circular Functions of in- - d and 0. Let OA' he the standard 
line. Imagine a line OP\ of length r to sweep out the angle 7ry2, 
thus reaching the position 
OY. Now let OP I revolve 
in the clockwise direction 
from O Y while a second line 
OPj of length r revolves at 
the same rate in the anti¬ 
clockwise direction from OX. 

Then, if 0 is tlic angle 
XOPj at any time, ^^ir-0 is 
the angle XOPi at the same ’ 
time. ’ 

Consideration of Fig. 87 i- r tj 

shews that the x coordinate of P^ cfjuals the y coonlinate of / j, 
and that the y coordinate of P^ equals the x coordinate of Pj. 

By definition, 

\ the X coordinate of Pj 

/ ^ 

the y coordinate of P,^ 

= ^ ; 

cosf^ - =8in6. 





the y coordinate of Pj 
r 

the X coordinate of Pg. 

-— - f 

r 
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=cos 

t he y coordinate of 
~the X coordinate of Px 


the X coordinate of Pg. 
the y coordinate of P^ ’ 


tan 



= cot d. 


Circular Functions of n- + ^ and and of In- + ^ and Q, In a 
manner similar to that used in the foregoing proofs, it may 
bo shewn that 

sin («■ + ^) = - sin B, 
cos (ir +0) = -cos V 
tan (n* += tan B ; J 


sin 

cos 

tan 



cos B, 
-sin B, 


- cot B. 



Ex. 1. Draw the graph of tanx® as x® passes from -360® 
to +360®. 

Using the tables, we have 


X 

0 

30 

60 ; 

1 

90 

tan X® 

0 

0-5774 

1-732 

CO 


Since tan(180-x)®= -tanx® (see p. 167), we ha%e 


X 

120 

1 

150 

! 180 

tan X® 

-1-732 

-0-5774 

0 
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Since tan (180 + x) ® = tan we have 


X 

210 ; 

240 

270 ! 

300 1 

' 1 

330 

1 360 

1 

tan x° 

0-O774 

1-732 

1 ^ 

-1-732 

- 0-5774 

0 


Finally, since tan ( - x®) = - tan x° (see p. 166). we have 


X 

- 30 

- 60 

-90 , 

- 120 

- 150 , 

1 - 180 

tan x° 

-0-5774 

1 

, W 

1 

1 

8 

1-732 

0-5774 

1 

0 

In a X 

- 210 

- 240 

- 270 1 - 300 j 

-330 1 

- 300 

pay 

tan 

-0-5774 

- 1-732 

1 00 

1 1-732 

; 0-5774 

1 

0 


There are, clearly, rapid increases in the value of tan a® 
between 60® and 90®, between 90® and 120®, between 240® 
and 270® and similar ranges. To draw the graph accurately, 
it is advisable to consult the tables for additional points 



Fig. 88 shews the required graph. Note that as x® passes 
through 90® or any odd multiple of 90®, tan x® changes from 
+ <» to . This change in sign may be compared with the 
change in sign which occurs as the graph crosses the axis of x. 
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Ex. 2. Draw the graph of sec x® as x° passes from 0® to 360®. 
Using the tables, we have 


x® 

0 

20 

40 

60 

80 

90® 

sec X® 

10 

1*064 

1*305 

2*0 

5*759 

00 


Since cos (180 - <^)® = -cos&® (see p. 167), 

sec(180 -6*)® =-sec0®, and we have 


X 

100 

120 

140 

160 

180 

sec X® 

-5*759 

1 

-2*0 

- 1*305 1 

- 1*064 

- 1 



Fio. 8d.—Graph of sec x*. 

Since cos(-fc>)® = co3^® (see p. 106), 

cos (360 - 0)® =cos 0® (see p. 153), 
sec (360-i^)® = sec and we have 


1 

X ' 

200 

220 

1 240 

260 

} 

1 270 

t 

sec X® 

- 1*064 

- 1*305 

- 2*0 

-5*759 

— CO 

X 1 

280 

300 ' 

320 

! 340 

360 

sec X® 

5*759 

1 

1 2*0 

1*305 

1-064 ' 

1*0 


Fig. 89 shows the required graph. 
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General Solution of Trigonometric Equations. In order to 
solve a trigonometric equation we endeavour to reduce it to 


one or other of the following forms: 

cosa:=cosa, .(I-) 

sinar=sina,. (II) 

tan X = tan a, .(HI.) 


where x is the unknown angle and a is a known angle. 

Case I. In Fig. 90, if the angle P^OX is a, the line which 
has swept out the angle x must coincide 
either with OPj or with OP 2 , because 
cos ( - <^) =cos (see p. 1G6). 

If it coincides with OP^, 

X = (a multiple of 2n) + a. 

If it coincides with OP 2 , 

X = (a multiple of 2rr) - a. 

Consequently z = 2nw ± a, where n is any 
positive or negative integer. 

Case TI. In Fig. 91, if the angle P^OX is a, the line which 
has swept out the angle x must coincide either witli OPj or 
with OP 2 , because sin (tt -tf) =sin 0 (sec p. 167). 


FIQ. 91. 

If it coincides with OPj, x = (a multiple of 27r) + a ; 

/. x = (an even multiple of jt) +a. 

If it coincides with OP^, x = (a multiple of 2it) +7r - a; 

x = (an odd multiple of n) - a. 
Consequently x=nv +( - l)"a, where n is any integer. 




Fio. 00. 
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Case III. In Fig. 92, if the angle P^OX is a, the line which 

has swept out the angle x must 
coincide either with OP^ or with 
/ OP^y because tan (r + =tan ^ 

y (see p. 168). 

“ If it coincides with OPi, 

^ - X a; = (a multiple of 2^) + a; 

ar = (an even multiple of 7r)+a. 

If it coincides with OP^y 
X = (a multiple of 2jr)-fjr+a; 
x = (an odd midtiple of jr)+a. 

Consequently x = nr + a, where n is any positive or negative 
integer. 


Ex. 1. Solvt thz tquaiioix 2secx-3co5x = 5. 

o 

The equation is — - 3cosx-5=0; 

cosx 

2 -3co8-x -5cosx=0; 

3cos®x + 5co8x-2=0; 

(3cosx-l)(cosx + 2)=0; 
cither cosx = J or cosx=-2. 

Since cos x alwa3 s lies between - 1 and +1, cos x = - 2 gives 
no real solution. 


From the tables, if 
mately; 

• • 


cosx=0'3333, cosx = cos70® 32' approxi- 
x = n.360®±70®32'. 


Ex. 2. Find all the values of B between 0 and 360® which 
satisfy the equation 

7=2 sin (& - 30)® + 8 cos^iB -30)®. 

Since cos^id - 30)® = 1 -sm2(d -30)®, the equation is 

8sin*(^-30)®-2sin(d-30)®-l =0; 

[2 sin(d - 30)® - 1][4 sin (d - 30)® +1 ] =0; 


sin(d-30)® = i .(1) 

or sin (d-30)®=-I.(2) 

(1) Sin(d-30)® = i=sin30®; 


(d-30)® = n.lS0® + (-l)"30®. 
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Giving n the values 0 and 1, we have 

(^-30)° = 30*^ or 150®; 

^;=60® or 180®. 

If n is given any other integral value 6 lies outside the 
given range. 

(2) Sin (0-30)®= -0-25= - sin 14® 28'=sm ( - 14® 28'); 

(0-3O)® = n. 180® + { -1)"( - 14® 28'). 

Giving n the values 0 and 1, we have 

(0-30)®= -14® 28' or 180®+ 14® 28'; 

0 = 15® 32' or 224® 28'. 


E.x. 3. Find by drawing the graphs of sin x ayid -?j (r + 1) the 
number of solutions of the equation 3sina: = r + l. Find the 
approximate value of the smallest positive root, and test your 
result by means of the tables, (x is the circular measure of 
the angle.) [L.U.] 



Fio. oa 


Fig. 93 shews the two graphs which intersect in the three 
points P, Q, R. There are therefore 3 roots, viz. the abscissae 
of the points P, Q, R, i.e. approximately -0-83jr, 0-27r and 
OGjt. 

At Q, X is more accurately 0-17»r. 

Enlarging the graph in the neighbourhood of Q, a closer 
approximation is x=017147r. 
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EXERCISES XVII. 


1. Complete the following table : 


Angle. 

Sine. 

Coslno. 

Tangent. 

Angle. 

Sine. 

Coslno. 

Tangent. 

150° 

1 




1 - 1000° 

1 




135° 

1 

1 



! jr/3 




480° 




Stt/O 




- 330° 




j 3rr/5 


4 

1 

650° 




— ir/4 : 





2. Using the tables, draw the graphs of cosx, cot a; and 
cosec X from 0 to 2ir. 

3. Obtain the relations between the circular functions of 
TT +() aiul and of 0 and given on p. 168. 

4. Find equations connecting the circular functions of 3r/2 + x 
with those of x. 

5. Find the following in terms of x: (1) cos (270+ x)*; (2) 
sin(360-x)°; (3) tan (720+ .t)“ ; (4) cosec (270-x)“. 

6. What relations are obtained bj’^ writing .t^+x for in the 
itlontitios connecting the circular functions of jn-— ^ and ^ given 
on pp. 167-168. 

7. Write down all the angles between -360® and 360® 
which liave (i) the same sine a.s 40°, (ii) the same cosine as 50° 
and (iii) the same tangent as 60°. 

8. The angle 6 lies between 0 and - .4- and cos 0 =-^: find the 
value of cot -f 3 coscc t^. 

9. The angle lies between 0 and tt and tan^= find 

2 sin 0 + 3 sec 0. 

10. Solve the equations: 

(i) 8 cos* (? + 6sin (? - 0 = 0 ; 

(ii) 17 cot f) = 4 cosoc* 0-f 11; 

(iii) 3 sin 0-p 2 cos* 0 =0 ; 

(iv) 8 cos*x - 6 cos* x-f 1 = 0 : 

(v) 16sin* 0 - 16.sin* 0+3 = 0; 

(\i) v'3 cot* X - (V3 + 1) cotx + 1 = 0. 
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11. ABC is an equilateral triangle of side 14 inches. ^Vith 

each vertex as centre and radius 7 inches, arcs are drawn cutting 
the sides at their middle points P, Q. P. Find the area of the 
figure PQR bounded by these three circular arcs. (I.C.E.] 

12. Solve the equations : 

(i) 6 cos + 5 sec 8 = 20. 

(ii) 6sec + 5 cos = 20. [T.M.E.] 

13. Define the tangent of an angle of any magnitude, and find 
a general expression for all angles whose tangent is 2. 

Solve the equations: 

(i) 3(tan* + cos* = 10. 

(ii) tan y tan = 1. [B.U.) 

14. B is a diameter of a circle an«l PQ is a chord perpendicular 
to it. If PQ subtend an angle 20 at the centre of the circle, find 
an equation to <lctermine 0 so that the area of the triangle APQ 
is equal to the area between the chord PQ and the arc PBQ. 
Dcterniino 0, to the nearest degree, with the help of tables. [B.U.] 

15. Define the sine an<l co.sine of an angle of any magnitude 
and sign, arul [>rovo that cos (00® + d)= —sind. 

Solve the equation tun* A = 'i, giviitg all the solutions. [B.U.] 

16. d/? is an arc of a circle of ra<lius 32 0 cm., subten<hng an 

angle of 68® 18' at the centre O. Calculate (i) the length of th(» 
arc AB, (ii) the area of the sector OAB. (iii) the area of the 
segment between the arc Ali an<l the chord AB. [S.W .] 

17. Plot tl»o curve v = 2 sin x + sin 2x for the rango x = 45® to 

and read off tlio points where it meets the lino 

>/ = 3 0-002x, 

where x is in degrees. fl.ee<ls.] 

18. Provo tliat if «. is the smallest positive angle who.se cosino 
is equal to k. where 0 —fc:_ 1, then every angle 0 which satisfies 
the eqtiatir>n coA0 = h is inclu<lod in the expre.ssion 2mT±a, 
n being zero or any positive or negative integer. 

Hence solve completely cos 2(/= cos 7tf. [B.U.] 

19. Define a niilinn, and show that it is a definite angle, stating 
the theorems use<l in the proof. 

AB is the diameter of a semicircle. Find the position of a 
point on the Homieirelo such that the length of tlio chord AP 
is equal to the length of tlio arc BP. [B.U.] 
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Examples 20-24 are tak&nfrom papers set at the ItUer. B.Sc. [L.U.] 

20. Draw graphs of the curves 

(i) y = 2x^~l‘5x~0-5, (ii) 2/ = sin37ra:, 

using the same scales and taking two inches as the unit of length 
for both X and y. From the graphs obtain approximate solutions 
of the equation 

2 sin Jttx = — 34? — 1. 

21. Find by graphs all the solutions of the equation 

3 cos TTX + sin TTX = X, 

X being the circular measure of an angle, and check your results 
from the tables. 

22 . ilake graphs of the functions tanr and sin (x-l-ir/ 8 ) on the 
.same coordinate axes and with the same scales, and determine 
from their intersections the two positive values of x less than tt 
which satisfy the equation sin(x- 1 -^/ 8 ) = tan*. 

23. Construct points in the graph of tan 2^ from 0 = 0 to 0=jr. 
Find approximate values of two roots of the equation 

3tan 20 = 2-0 

by aid of the graph. 

24. Define a radian and prove that it is a constant angle. 

By drawing the graphs y = tan 0, j/ = 3(2 — 0)/4, 0 being in circular 
measure, find approximately the solutions of the equation 

4 tan 0 30 = 6 
which lie between 0 and tt. 



CHAPTER VII. 


ELEMENTARY ALGEBRAIC OR COORDINATE 

GEOMETRY. 


The Straight Line. Consider the equation y = rnx+c. 

Let A be a particular jwint whose coordinates 
satisfy the equation. 

Let P be any other j>oint whose coordinates (x^, y^) satisfy 
the equation. 

Using Fig. 94, ; 


. « 

Now, since (x,, ^i) and (.r^, y.) satisfy 
the equation y — inx + c, 

y, =7nX| +c 
and i/.^=mx 2 +c; 



FlO. 94. 


whence, from (i), tan6^=m, and therefore tan^ is fixed. 
That is, the direction from A to P i.s fixed. In other words. 
P lies on the fixed straight line which passes through A and 
has the slope m. 

Since P was any point whose coordinates satisfied the 
equation y»=mx+c, we see that all points whose coordinates 
satisfy this equation lie on the straight line which passes 
through A and ha.s the slope m. 

This has already been tested by numerous examples (pp. 
43-92). 
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Parallel Lines. Straight lines which have the same slope 
are parallel; therefore y — mx + c and y = m'x + c' represent 
parallel straight lines if m =m'. 

Perpendicular Lines. Fig. 95 represents two perpendicular 

lines y=wtr + c and y=m'x-\-c\ 

We have = iv + H', tan Q =m and 

tan B’ =m'. 

Hence m - tan B 

= tan (in- + O') 

= -cotB' 

- _-L 

m'* 

the lines ySBwwr+c and y=m'x + c' are peipendicular if 


Ilf M 


Ex. 1. Firid the equation of the straight line through (x\ v') 
parallel to the line y = 3a: +1. 

The slope of the required line must be 3. 

Let its equation be y = 3a: +c.(1) 

Since it passes through {x', y’), 

t/ = 3.r' + c; 
c=y'-3x'. 

Substituting in (1), we have 

y = 3a: + y' - 3a:' 

as the required equation. 

Ex. 2. Find the equation to the straight line through (3, —1) 
perpendicular to the line 4x-5y-2=0. 

The given straight line is 

5y = 4a: - 2 

and therefore its slope is 
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Consequently the slope of every perpendicular straight line 
Let the equation of the required line be 


j/= -Ix + c. 



Since it passes through (3, - 1), 

-1 = -Y+c; 

Substituting in (1), we have 

or 4y+5a; = ll 
as the required equation. 

Equation of the Straight Line through a given point (x', y') 
having a given slope m. 

Let the equation be y=inx+c. 

Since {x', y') lies on the lino, we have 

y' =mx' +c. 

The equation of the line is therefore 

y — mx + (?/' - mx'), 
i.e. y-y'=m(x-x'). 


The form of this equation should be noted. The equation 
represents a line having slope tn, and it satisfies the condition 
that y^y' when z *z'. 


Ex. 1. Write down the equation of the line joining the points 
(z,, yj) and (z.,. y^). 

The slope of the line is {yz - yi )!(-^2 ~ ^i)> and it passes 
through (Zj, y,). 

Its equation is, therefore, 

.( 1 ) 

Alternatively, since it passes through its equation is 


.( 2 ) 

It should be verified that equations (1) and (2) are identical. 
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Ex. 2. If A, B are the points (ar„ yj), (x^, y^), find the 
coordinates of the point P in AB which is such that pAP^qPB. 

Let the coordinates of P be {x, y). 
Using Fig. 96, 

PN AP 



BM AB 
_ 9 


FlO. 96. 


%.e. 


Similarly, 


y-Vi q . 

y-i-yx p+q' 

{p + q)y = {p +g)y, +q{y^ - yj 

=pyi+qy2\ 

• „-mi±Sh 
p+s ■ 

p+q 


AP q 
smee = -, 


PB ~p 


Cor. The coordinates of the mid point of AB are I lx, +Xo), 

l(yi+y,). “ ' 

points (1,2), (4, 5) and 
r divides AB in the ratio 3:1, find the equation ^ the straight 
tiTie through P perpendicular to AB. 

Since AP~ZPBy the coordinates Y 
of P are 

1X1 +3 x4 Ix2 + 3x5 
1+3 ’ TTS ’ 

13 17 

4 ' 4 ■ 

The slope of is i.e. 1. ^‘***"- 

Therefore the slope of the required line is — I. 

Its equation is therefore 


t.e. 



17 


13 
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Ex. 4. A triangle is determined by the lines y +x -G =0, 
Sy ~x +2 =0 and 3y^ox +2. Find its orthocentre and centroid. 

The first two lines intersect in the point whose coordinates 

satisfy y+a:_6=0,'l 

3y -X + 2 =0. J 

That is, in the point A, given by x = 5, y = \. 

N.B .—The solution of the equations a,a: + 6,y+ f, =0. 
QiX + biy + Cg — O can be written in the form 

_ - _=--= -, ^ , , see p. 23r). 

— OiOj—CljOj 

It is well to remember this, since the coo^inates of the 
intersection of two linos are often required in examples in 
Al"obraie Geometry. 

The line through A perpendicular to 3y =5 j + 2 has for its 


equation y-l= - *(a:-5) . (1) 

since its slope is - 

Again, the point of intersection of the lines 3y - a: + 2 *0 and 
3y * 5x + 2 is the point B, given by x = - 1, y = - 1. 

The line through B, perpendicular to y + x - G = 0, 

is y + 1 =x + 1. 


The orthocentre is the intersection of the lines (1) and (2), 

that Ls, of 5y + 3x=20 

and y-x=0. 

That is, the orthocentre is the point 21, 21. 

This may be checked by verifying that the line joining 
(2J, 2J) to the vertex C, viz. the intersection of 3y=5.r + 2 
and y + .T -6 = 0, is perpendicular to 3y -x + 2 = 0. 

The vertex C is the point (2, 4). 

The coordinates of the mid point of BC are 

(-1 +2)/2, {-1 +4)/2; i.e. (J, U). 

Therefore the median through A, being the join of (5, 1) and 
(i, 15 ), Is given by Qy+x = 14.(3) 

Again, the coordinates of the mid-point of A B are (2, 0). 
Therefore the median through C is given by 

x=2.(4) 

Now the centroid is the intersection of the medians, and from 
equations (3) and (4j its coordinates are (2, ID- 
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Ex. 5. ABC is Cl iridtiglc (Fig. 98). A is ths point (4, —2). 
The slope of AB is 4/3 ; AC passes through the point (24 0) • 

equation of BC is 9y + 4a: = 46. Find the coordinate 
of B, C and the circumcentre. 


The equation of AB is y+2=4(x-4), 

t.e. 3y-4ar + 22=0. . 

The slope of AC is t.e. 

The equation of AC is y = ~t(x~2h), 

o 



i.e. 3y+4x-l0=:0. 
The equation of BC is 

9y+ 4x-46=0. 


( 2 ) 


(3) 



SolT^g these equations, B is (7, 2). 
Similarly, solving equations (2) 
and (3), C is ( -2, 6). 

The mid point iV of A 5 is 

(4 -f 7)/2. ( - 2 + 2)12, 
i.e. 0. 

The line through M perpendicular 
to A R has slope - 3/4, and therefore 

•a__- ' 




(4) 


i.e. 8y + 6x-33=0. 

The mid point N of BC is (7 -2)/2, (2 + 6)/2, 

i.e. 5/2, 4. 

The line through N perpendicular to BC has slope 9/4, and 
therefore its equation is 

— 1 (^- 1 ). 

t.e. 8y-18a:+ 13=0 . ( 5 ) 

(4)'^mid circumcentre S satisfy equations 

Solving these equations, S is 23/12, 43/16. 
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EXERCISES XVIII. 

1. Find the equations of the straight lines through 

(a) (I, 2) of slope 3 ; ( 6 ) ( - 2, 5) of slope i ; 

(c) ( — 3, -2) of slope {<!) ( 6 , 0) of slope - 5 . 

2. Find the equation of the straight linos joining 

(a) (1,2) and (-5, -1); ( 6 ) (3,4) and (0. 1); 

(c) ( - 2, - 1) and ( - 7, 4). 

3. Find the equations of the straight linos through the point 
( 1 , 2 ) parallel and perpendicular to 

(a) y = 3ar+1 ; (b) 2y + z = 0; (c) 2x - 3y + 4 = 0. 

4. Shew that the middle point of the line joining (5, 3) and 
(5, 7) is the same as the middle point of the line joining (-1,1) 
and (11, 9). 

5. Shew that (-5.6). (2,8). (11, -7) and (4. -9) are tlie 
vertices of a parallelogram. 

6 . The vertices of a triongle are (4, 1), (1. - 6 ) and (-2. 2). 
Find the coordinates of the point of intersection of the medians. 
(This point divides any median in the ratio 2:1.) 

7. Find the equation of the straight lino through the inter¬ 
section of 2x-t-3yasl3 and 5r-2y=»4 which is jiarallel to 

2x — 3y -t- 4 = 0. 

8 . Find the equation of the straiglit line through the inter¬ 
section of x + 2y = 0 and y-h4x-j-7 = 0 which is perjiendicular to 
3x - y = 0. 

9. Find the coordinate.s of the orthocentre of the triangle 
whoso vertices are ( - 1, 0). (3, 0) and (0, 3). 

10. Find the equation of the straight line through (x', y') 
perpendicular to the lino ax + by + c = 0. 

Obtain the coordinates of the circtuncentre of the triangle 
formed hy the lines z-2y=l, 3x-y = 3, 2x-i-y=17. [Durliam.] 

11. Find tlio coordinates of tho point <lividing the line joining 
(x,. y,) an<l (xj, yj) in the ratio m ; u. 

Two sidc.s of a parallelogram are y = 2x and 2y = x. If tho 
coordinates of its centre are (2, 3), find the coor<iinates of tlio 
four vertices. (Man.] 

12. A rectangle whose sides are equally incline*! to <})*' axc.s of 

reference has a vertex at the point (9, — 3), anti one of its diagonals 
is tlio lino .3x-fy=12. Find tho coordinates of the other three 
vortices and the equation of tlie other diagonal. [B.U.] 
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13. Find the coordinates of the point which divides in a given 
ratio tlie line joining two points with given coordinates. 

Four points A, B, C, D have coordinates (2. 1), ( - 7, 6), (8, - 3), 
(1, 2) respectively. Find the ratios in which AC and BD di\ide 
each other. [B.U.] 

14. Find tlio condition that the straight lines y = mx, ys=m'x 
should bo perpendicular, the axes being rectangular. 

Two vortices of a trianale are at the points (3, - 1), ( - 2, 3), 
and the orthocontre is at the origin ; find the coordinates of the 
remaining vertex. Give a figure. [S.W.J 

15. The coordinates of three points A, B, C are .4(1,2), 
Bi—Z.i), C(5, -2). Find the equations of (1) the sides BC, 
CA. AB of the triangle ABC ; (2) the perpendiculars to the sides 
at thoir midillo points respectively ; (3) tlie perpendiculars from 
the angular points on the opposite sides respectively. 

Deduce from (3) the coordinates of the orthocentre of the 
triangle. [S.W.] 


Other Forms of the Equation of a Straight Line. 
I. In terms of the intercepts made on the axes. 


In Fig. 91) the line cuts OX and OY’ in ,4 and B respec¬ 
tively, whore OA =a, OB = b. 

Let P {k, k) be any point on the line 
and Py the ordinate at P. 

By similar triangles, 



OB OA 


\.e. 


k 

h 


a -h 
a 


t.e. 


h k . 

--*-7=1. 

a 0 


And this is the condition that the point {h, k) shall lie on the 
line 


This is the standard form of the equation of a straight line 
wliich makes intercepts a and b on the axes of X and F 
respectively. 
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II. In terms of the perpendicular from the origin and the 
angle the perpendicular m^es with the axis of X, 

In Fig. 100, p is the length of the perpendicular OD from 
the origin to the given line and a is the angle VOX. 

Let P{h, k) be any point on the 
line and PX the ordinate at P. 

Let Q be the foot of the perpen¬ 
dicular from A’ to OD and let A P 
meet OD in P. 

Then OQ = OX cos a = /f cos a, 

QD = XP cos QliX 

= k cos (90° -a)=k sin a ; 

/i cos a-f A: sin a * OD = 7 ). 

And this is the condition that the 
point {h, k) siiall lie on the line Fiu. loo. 

rrcosa -t-//sin a =p. 

This is the standard form of the erjuation of a straight line 
such tliat the perpendicular from the origin is of length p and 
makes an angle a with tlic axis of 



The sign of p - x' cos « - y'sino, where (x', y') does not lie 
on the straight line p - x cos u - y sin a = 0. 

Fig. 191 shews PQ, tlie line /) - r cos a - y sin a =0, OP being 
p, the perpendicular from the origin. 

!/^) is a point on the .same side 
of the line PQ as the origin ; 1 / 2 ) 

is a point on the opposite side. 

The lines PjQi, P^Qz' through 
(x,, //,) and (t 2 ,// 2 ) ])arallel to PQ, 
meet OP in P^ an<l P 2 respectively. 
If OPi =Pi, the ecpintion of PiQi is 
p, - jcos a - //sin a =0. 

Since (.r,, //,) lies on this line, 
p, = .r, cos a -t J/j sui a. 

From the figure, 

PyP =p -p, = p -wr,cosa - //, sin a. 

Hence p - cos a -//i sin a is the actual length of the per¬ 
pendicular from (x,, y,) to PQ and is positive. 



Fio. 101. 
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Similarly, if OP 2 —p 2 » equation of 

^>2 - ^ cos a - y sill “ =0. 

Since (Z 2 , 1 / 2 ) lies on this line, 

j >2 =X 2 cos 0 + 2/2 si*i 

From the figure, 

PPg =p2 -p=^X2 COS a + ^2 sin a -p. 

Hence X 2 cos a + 2/2 sin a - p is the actual length of the per- 
pendicular from (Xg, 2/2) to PQ and is positive. 

Therefore, p - Xg cos a - 2/2 sin a is negative. 

Hence, generally, p - x' cos a - y' sin a is positive or negative 
according as (x', y') and the origin lie on the same or on 
opposite sides of the line 

p -xcos a -y sin a =0. 

Comparing Coefficients. If the equations ax + 6y + c =0 and 
a'x+ 6'?/+ c'=0 represent the same straight line, then each 
coefficient in either eq^uation must be the same multiple of 
the corresponding coefticient in the other equation, i.e. 


a b c 



This is called “ comparing coefficients.’* 

The sign of ax' +by' +c, where (x', y') does not lie on the 
straight line ax+by+c=0. Assume c is positive. (The 
equation of a line can always be wTitton so that the constant 
term is po.sitive.) 

Let p-.ccos a-ysin a =0 be the same straight line as 
a.-c + by +C—0, so that p is the actual length of the perpen¬ 
dicular from the origin to the straight line. 

a be 

- cos a - sin a p' 

ax' +6y' +c = - { -x'cosa -y'sin a +p). 

Now c and p are both positive. Therefore ax' +6?/' +c and 
p - .r'cosa -y’sin a have the same sign. 

Consecjuentlv. from the above, if the equation of the line 
is Riven in the'form 

where c is positive, then 

is positive or negative according as (x', y') and the origin lie 
on the same or on opposite sides of the line ax + 6y+ c=0. 


Comparing coefficients. 
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Ex. 1. B, Cy are the feet of the perpendiculars frarti a point 
Aih, ic) on the axes OX, OY. Find the equation of the straight 
line through A perpendicular to BC. 

Using Fig. 102, OB=h, OC=k. 

The equation to BC is therefore 
zjk + y/k = 1. 

The slope of BC is -k{h. 

Therefore the equation of the per¬ 
pendicular from A to BC is 

y~k=^ix-h), 

i.e. ky -hx = k^ - h^. 

Ex 2 If in the last example A moves along the line y=2x, 
find the locus of D, the foot of the perpendicular from A on BC. 

In Fig. 102, let x', y' be the coordinates of D. 

Then x\ y' satisfy ky -hx= k^ - 

and x/h+ylk = \ ; J 

ky' -hx’=k^‘-h^ 
and hy'+kx'^hk. 

But since (h, k) satisfy y = 2x, 

k=2h. 

Substituting for k in I., wo have 

2y' -x'=:ih,'\ 
y' + 2x' = 2h.] 

Eliminating h from 11., we have 

2?/' -x ' 
y'+2x' 2’ 

i.e. y' = 8x'. 

This is the condition that D {x', y') lies on the line 

y = 8.r, 

which is the equation of the required locus. 
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Ex. 3. Write the eqiuUion 16ar-30y + 13 
X cos a + y sin a ; find the values of a and p. 

Comparing 16x - 30t/ +13 =0 

with X cos a + y sin a - p = 0, 

cos a sin a 
16 

and, since co8*a + sin*a = l, 

^j(16“ + 302) = I; 


we have 




1156 V34y • 


13 


cos a = - ^ and sin a = + ^: 

34 34’ 

a lies between 90® and 180®, 

and tan a = ~ 1 *875 ; 

a = 180®-61®56'-U8®4’. 


Ex. 4. Find the locus of a point %vhieh moves so that the 
square of its distance from a given point varies as its perpen¬ 
dicular distance from a fixed straight line. 

Take the fixed point 0 as origin and a line through O per¬ 
pendicular to the fixed straight line as the axis of X. 

The equation to the fixed straight line may be written 



Using Fig. 103, let the 
be (A, k). 


coordinates of the moving point P 



We are given OP^ = c . PN, where c is a 
constant and PN is perpendicular to the 
line X =a. 

Hence h^ + k^ = c.ia~ h), 

which is the condition that A, k, lies on 

x^+y^=c{a-x). 

Since this equation may be wTitten 


the locus of P is a circle whose centre is the point ( — ^c,0) 
and whose radius is Vca +c®/4. 
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EXERCISES XIX 


1. Find tbe equations of the straight lines whose intercepts on 
the axes of X and Y respectively are 

(i)2, 3; (ii) -2,3; (iii) 5, 7 ; (iv) -6,-4. 

2. Find the equations of the lines joining the points 

(i) (3, 0) and (0, 4) ; (ii) ( - 2, 0) and (0, - 5). 

3. Find the equation of the lines whicli pass through (-1,4) 
and make equal intercepts on the axes. 

4. Wliat are the intercepts made by the line ax + by+c — O on 
the axes ? 


5. Write the following lines in the fonn xcoset H-y sin a. 
and determine in each ca.so the vahie.s of i*. and p. 

(i) 4x + 3y = 6; (ii) 3x - 4y = 6 ; 

(iii) 5y-12x=13; (iv) 5.c + 12y + 13 = 0. 

6. A and IS arc ])oiiits on the axes of X and Y respectively. 
If (h, k) is the middle point of AIS, what i.s the equation of AIS ? 


7. Prove that the equation of a straight line may he put into 


tl)e fonn 


X cos a -h y sin <x = p. 


Find the equation of the line through the point (1,2) whose 
listance from the point (3, 1) has the greatest po.ssililc value. 

11 >.L . ] 


8. Obtain geometrically the equation of any straight line in 

the form xcosol + y sin «.-/> = 0. 

Express the line 8x-I5y+17 = 0 in this form, ami construct 
the angle rA. without actually drawing the line. [8.'' -J 

9. P is a point which lies on tlio locus whoso equation is 
y* = 4ox. PN is drawn perpen<licular to OX. Find the locus of 
the mid<lle point of PN. 

10. A point P moves so that its distance from the point (o, 0) 
is equal to its distance from the y-oxis. Find the oejuation of its 
locus. 

11. A straiglit line Alt of constant length c slido.s .so that A and 
ft move along the axes of X ami Y respectively. Shew that the 
locus of its middle point is a circle. P'ind al.'<o the etpiation of 
each of the points of trisection of AIS. 

12. APQ is a straight lino pa.s.sing througli a rixe<l point A(a, 0) 
and meeting the straight lines x — i* and ;/ — b in P and Q respec¬ 
tively. If O is the origin uml IS the point {b, 0), shew that 
the locus of the interscetioii of OP and PQ is a straight lino. 
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13. A is the point (2, 0). P and Q move on OT and are such 
that PQ always equals 2. Find the locus of the foot of the 
perpendicular from Q to AP. 

14. If A is the point (a, 0) and B the point (0, b), find the 
standard equation to AB, viz., a:/a+ ?//6=l, (i) by using the 
method of Ex. 1, p. 179, (ii) by using the fact that, if P is any 
point on AB, then AOAP +AOBP = ilOAB. 

15. Deduce the equation of a line in the form 

p—x cos tt — 3 / sin tt = 0 
from the form x/a + y/b = 1. 


The length of the perpendicular from the point (z', y') to the 

. . , ^, ft • ax' +by' +c 

straight line ax +by + c = 0 is —' 

In Fig. 101, let ax +by +c ~0 be the equation of PQ and 
let p-X cos a —»/sin a =0 be the same straight line, so that 
p is the perpendicular OP. Comparing coefficients, 


cos a _ sm a __p 
a ” b ~c 


( 1 ) 


As on page 185, the perpendicular from (x', y') to PQ, 
neglecting sign, is 

p -x’ cos a-y' sin a, 

or, using the values of cos a and sin a from (1), 


^(c +ax'+by'). 


( 2 ) 


Now, since cos“ a+ sin- a = 1, we have from (1) 

^^a”-+5=) = l, 


i.e. 


P = ±-: 


s'a^-hb^ 


Hence the expression (2) already found for the perpendicular, 
becomes 

, ax' +by' -f-c 
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Alternatively, the length of the perpendicular may be found 
as follows : 

Let P {Fig. 104) be the point (x\ y') and let Q, the foot ol 
the perpendicular from P on the line ax + by + c = 0, be (A, k). 



The slope of the given line is - a/6, and therefore the slope of 
PQ is 6/a . 

But the slope of PQ is {y' - k)l{x' - h ); 

. ■>/' 

•• x'-h~a' 


i.e. a{y' ~k)~b{x‘-h)=0 .(1) 

Again, since (A, k) lies on the given line 

ah +6A' + c = 0, 

ax' +bij' + c- {ah +bk+c) =ax' +by' +c, 

i.e. a (x' - h) + b{y' - k) =ax' + by' +c .(2) 

Squaring and adding (1) and (2), we have 


a2{{x' -A)2+(y' -kf] +b^-[(y' -kf+{x' -hf} =(ax'+by' +cy\ 
i.e. (n2+62){(x' - h)~ + {>/ - k)^) ={az' +by' +cf. 

But PQ- = {x' -kf+{y' -kf. 


Theref<*rc 


PQ’^ 


{ax' + by' +e)“ 


a 


■i 


IP 


I.e. 


PQ = ± 


ax' + by' + c 


(3) 


+ 6 “ 

The numerical value of the length of the perpendicular is 
therefore {ax' +by' +c)l\^a" +b'^. 
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Ex. 1. Find the equations of the bisectors of the angle between 
the lines 3x + 4?/ = 12 and y =4. 

Let P {h, k) be any point on a bisector (Fig. 105). 



FIO. 105. 


The perpendicular from P on y = 4 is 4 - &.(1) 

The perpendicular from P on 12-3x-4y = 0 (note c is 
positive) is ±(12 -3A-4^•)/5, where the sign is determined as 
follows : 

In tlie figure, P and the origin are on opposite sides of 
12-3.i:-4y =0. Therefore 12-3A-4fc is negative, and con¬ 
sequently the perpendicular is 

-(12-3A-4jt)/5 .(2) 

As P is on a bisector, the perpendiculars (1) and (2) are 
equal ; 

A-k = -(12-37i-4A')/5, 

which is the condition that (A, k) shall lie on the line 

3.c + 9y-32=0 .(3) 

and this is therefore the equation of a bisector. 

If P were taken on the other bisector, and below y = 4, we 
should obtain 

4-1;= -*-(12-3A-41*)/5, 

and the equation of the other bisector is consequently 

3j: -y +8 =0.(4) 

Inspection shews that (3) and (4) are at right angles, and 
Fig. 105 shews which is the bisector of the acute and which the 
bisector of the obtuse angle between the given lines. 
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BISECTORS OF ANGLES 

Ex. 2. Prove that the straight line whose equation is 

+3x = 16 

touches the circle whose equation i$ a:"+y^—4r=C. 

We have to shew that the perpendicular from the centre of 
the circle to the given line is equal to the radius of the circle. 
The equation of the circle can be written 

(x -2)^ + 1 /® = 10. 

The centre of this circle is (2, 0) and its radius is ^/lO (see 
p. 64). 

The perpendicular from (2. 0) to the givenjine is 

(0 + 3x2-16)/v'i0, i.e. -JW. 

Hence, numerically, this perpendicular equals the radius of 
the circle. 

Therefore the given line touches the circle. 

Ex. 3. The equations of the sides AB, BC, CA of a tr>angle 
are 4x+3»/- 12 =0, 3x-4t/ + 16=0 and 4 x-3//- 12 =0. Find 
the equations of the internal bisectors of the angles B and C. 

In Fig. 106 let {h, k) be the coordinates of any point I on 

the bisector of the angle B. 

The equation of A if is 

12-4x-3y=0, 

making the ‘ c ' positive. 

the actual length of the per¬ 
pendicular from / on A if is 

-(12 -4A -3I-)/v/4^TF, ...(1) 

since I and the origin arc on 
opposite sides of A B. 

Again, the actual length of the 
perpendicular from I on BC is 

(16+3A-4fc)/V3^T4^..(2) 

since / and the origin arc on the same side of BC. 

Equating (1) and (2), we have 

-12-t-4A+3/; = 16+3A-4fc, 

i.e. A+7^=28 . 

The equation of IB is, therefore, 

X =28. 




(3) 
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Similarly, equating the actual lengths of the perpendiculars 
on BC and CA, from any point {h\ k') on the bisector of 
the angle C, we have 

16 + 3V-4ifc' \2~Ah' + Zk’ 

^/32T4^ n/3*T4* ’ 

i.e. '7h'~1k’= -4 .(4) 

The equation of the internal bisector of the angle C is, 
therefore, 7x - 7y + 4 = 0. 

From (3) and (4) the incentre is the point {3, V). 

Ex. 4. A straight line AB of constant length c slides so that 
A and B move along OX and OY respectively. Ij P is a point 
on AB such that AP : PB =*1 ; r, find the locus of P. 



FlO. 107. 


At any moment let the intercepts OA, OB be a, b respec¬ 
tively {Fig. 107), so that 

a2+6“=c*.(1) 

If P is the point (A, k). then, since r .AP = PB, 




(see p. 180); 


a = 


(r + l)A 


6 = (r + 1)A. 


Using (1), 



+ (r +1)2^2 = 



and this is the condition that A, k should lie on the curve 
whose equation is 


2 

“(r + l)a- 
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Ex. 5. A and B are the fixed points (1, 0), (0, 2) ; P is any 
point on AB; PN, PM are perpendicular to OX, OY respec¬ 
tively; BN and AM meet in Q. Find (he locus of 0 as P 
moves along AB. 

Fig. 108 shews one position of P and the corresponding 
position of 

If P is the point {x, y'), N is the point {x', 0) and M the 
point ( 0 , y‘). 

Let the coordinates of Q be h. k. 

The equation of AM is x + yjy' = 1 and Q lies on AM ; 


.( 1 ) 

The equation of BN is x/x’ +yl2 = l 
and Q lies on BN ; 


h k . 

X £. 



The equation 
P lies <3Ti A B \ 


of AB x-k-yl2 = 1 and 

a:'+|^ = l.(3) 



The object is to obtain a relation between k and k. Evidently 
the best way of doing this is to find x' and y' from ( 1 ) and ( 2 ) 
and substitute in (3). 


From (1), 

y -i-v 

From (2), 

a:'= 

* 2-k‘ 

Using (3), 

2h _ k , 

2 -/; ■*'2(1-A) ’ 


i.e. 4h - +2k-k^^4-2k~4b+ 2hk, 

i.e. 4h^ -\-k-+ 2hk -Sh-4k+4 =0. 

And this is the condition that the point Q lies on the locus 
whose equation is 

4x^ +y^ + 2xy - 82 : - 4y + 4 - 0. 
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EXERCISES XX. 

1. Find the lengths of the following perpendiculars : 

(o) from (1, 1) to 3x —4y + 2==0 ; 

(6) from ( -2, - 1) to 4x-3y = 0 ; 

(c) from (7, 1) to 13i/-5x=l. 

2. Find the perpendiculars from the origin to each of the lines 
in Ex. 1. 

3. Prove that the points {2, - 5) and (-1,4) are equidistant 
from the line 3x + 1 / + 5 = 0. 

4. Find the distance between the lines 3x-4y+13 = 0 and 
3x-4t/-3*0. 

5. Find the equation to the circle whose centre is the point 
(1, 2) end which touches the straight line 2x-ys=4. 

6. Shew that the origin is the incentre of the triangle whose 
sides are y == 1, 3x - 4y —5 and 6x + 12y + 13 = 0. . 

Shew also that (-2, 16) is the centre of the escribed circle 
touching y= 1. 

7. Shew that the product of the perpendiculars from the 
points (75, 0), ( - 75, 0) on the straight line 2x cos ^ - 3y sin ^ = 6 
is independent of $. 

8. Establish a formula for the length of the perpendicular 

from a point (x', t/') to a line t« + 6y + c = 0. 

Find the equations of the lines parallel to the line 3x+4y-“7, 
and passing at distance 7*5 from the point (1, —2). 
checking the intercepts of the lines in a figure, [S.W • j 

9. Find the equation of the line through the intersection of 
3x + 2y-l=0 and 2x-6y + 3 = 0 perpendicular to the line 

y = 2x+ 1. 

10. Find the equation of the line tlirough the intersection of 
3 x + 4 y_ 1 = 0 and 6x-y+4=0 which is parallel to the line x+92/=0. 

11. The equations representing one pair of opposite sides of a 
parallelogram are 2x—3y—l=0and 2x—3y+6=0. 

The equations representing the other pair of opposite sides are 
6x + 6.y=0 and 5x+6y+2=0. 

Find the equations of the diagonals. 
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12. Give three forms of the equation of a straight line, explain¬ 
ing the meaning of tlie constants in each case. 

Find the equation of the line whicli passes through the point 
{1, 2) and is perpendicular to tlio line 2.c - Zy— 10. [Durham.] 

13. Find the tlistance of the jioint (1,2) from the line 

5x -I- 1 '2y =16. 

Shew that the cijuation of the locus of a point P(x,y) wliich 
moves so as to bo at equal distances from the point (1, D 
the line x -I- 2y - 7 = 0 is 

4xS + yS _ -t- 18y-39 = 0. [Durham.] 

14. Prove that the area of a triangle having one vertex at the 
origin and its other vortices at the points 

(a-i. Vi), (-Ta. l/a) is i (x,//, - Xj»/i)- 

If L and M are the feet of the perpendiculars from the point 
(1. 5) to the lines 2x-3.v = 0 and 3x-^ = 0, tind the area of the 
triangle OLM, O being the origin. [Durliam.] 

15. The verticc.s of a triangle ABC are the jioint.s (0, h), ( -<i, 0), 
(a, 0). Find the eejuntions to its sides, and determine the locus 
of a point which moves insido the triangle so thot the rectangle 
contained by the perpendiculars from P to AIS.AC is equal to 
the square on the perpenditrular to BC. 

Prove that the locus is an arc of a circle, and find its centre. 

[S.W.] 

16. Find the coordinates of the point dividing in the ratio k : I 
the line joining the jioints (x,. »/,), (x,, y^). 

Through the point A(—A, 6) a variable lino A^IN is drawn 
cutting OX, OY in M, S. A point Q is takc-n on MX such that 
MQ = \MN. FintI the locus of Q for all positions of A MX. 

* [S.W.) 

17. Q is any point on tho lino x — a = 0. If is the point (a, 0) 
and Qlif tho bisector of tho angle OQA^ moots OX in lif find the 
locus of tho foot of tho perpendicular from li to OQ. 


The Circle. It has already been shewn (p. 04) that the 

equation x^ + 7 f-+ 2ax +2hij^c=0 

repro.sents a circle. 

This equation can he written 

(x +a)2 + iy + =a^ +/j- -c, 

shewing that the centre is the j>oint {-a, -b) and that the 
square of its radius is + 6- - c. 
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Equation of the Tangent at {x\ y') to the Circle 


a;2 + 

Let P be the point {x', y‘) (Fig. 109). 

The centre, 0, of the circle is 
the origin. 

The slope of OP is y'jx'. 

The tangent PT is perpendi¬ 
cular to the radius OP, and there¬ 
fore its slope is - x'jy'. 

The equation of PT is, therefore, 



itO. 109. 


i.e. 

i.e. 


XX' +yy’ = x'^ + y’\ 
xx' + yy' — a\ 


Equation of the Tangent at {x', y') to the Circle 

a:* + y 2 + 2gx + 2/j/ + c = 0. 

Let P be the point (x', y') (Fig. 110). 

The centre, C, of the circle is the 
point ( ~g, -/). 

The slope of CP is (/+/)/(x' +(/). 

Therefore the slope of PT, the tan¬ 
gent at P, is 

- (■^' + 9)l{y‘ +/), 

and its equation is 

i.e. [X - x') (x' ■^g) + {y~ y') {y' +/) = 0 , 

i.e. x{z' +g) +y{y' +/) =x'2 +y'2 + ^x' +/y' . (1) 

But since P lies on the circle, + + 2^x'-i-c=0 

and therefore the right-hand side of (1) is - gx'-fy'c \ 
the equation of the tangent may be written 

+ff) + y{7/ +/) +j 7 x' +/y' + c = 0. 



« • 
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Length of Tangent. Let T be anj' point (A, k) lying outside 
the c\rc\e +y^ +2fjx >j+0=0, and let TP be the tangent 
to the circle (Fig. 110). 

Then TP^ = TC^ - CP^ 

= ih +ur- + ik +f)^ - -c} 

= h^+k^+2gh+2fk+c. 

Consequently if *5=0 is the equation of the circle so that 
S means ^.2 ^ ^2 + ^gx + 2/y + c, 

then the square of the tangent from the point (.r', //') to the 
circle is *5', where S' is the value of S when x' and y' are 
substituted for x and y. 


Ex. 1. Find the equation of the circle which touches the 
axis of X at the point (3, 0) and cuts off a chord of length 8 

on OY. 

In I'ig. 111 ^1 is the point (3, 0) and C is the centre. 

CA in a radius and the abscissa 
of C is 3. 

Let the cr^linate at C be k. Then 
k is the radius of the circle. 

If Q is the foot of tlie perpendi- 
ctilar from C on OY, then 

PQ=^ 

and CP^ = PQ^~^QC\ 
i.c. j(r®=42 + 32=25; 

k=±5. 

But in the figure k is positive, Fio. lii. 

therefore the equation of the circle is 

(x-3)2 + (y-5)2=52, 
i.p. X® + //* - fix - lOy + 9= 0. 

Taking k= the equation x-+y® - fix + lOy + 9 =0 is 
obtained. 

This represents a circle which is the reflection of the other 
in the axis of X. 
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Ex. 2. A point P moves so that the ratio of its tangents to 
the circles a;* + 7/2 + 4a: + 3=0 and -^5=0 is 1:2. 

Find the locus of P, and shew that it divides the line of centres 
internally and externally in the ratio of the radii. 

Let P be the point {h, k) (Fig. 112). 

Then PT^=h^ + B+Ah-\-Z, 

and Pr2=A2 + /;=-6A + 5. 

PT 

Since -p^ = l, 4(^2+ A:^ + 4A+ 3) + P-6A+5, 


i.e. 3A2 + 3I*® + 22A+7=0. 



Tlierefore P lies on the circle 
whose equation is 

32-2+ 3y2 +22a:+ 7=0. 

The points C, D, where this 
locus cuts the axis of A”, are the 
points at which y = 0. 

Hence the abscissae of these 
points satisfy the equation 
3.r2+22a:+7=0, 


i.e. (3ar + l){a:+ 7) =0. 

C is the point { - J, 0) and D the point ( - 7, 0). 

The centres A, B of the given circles are ( -2, 0) and (3, 0), 
and their radii are 1 and 2 respectively. 

AC=-.^+2=5/3 and C’P = 3+ ^ = 10/3 ; 


AC/CB^1/2. 

Again, .4D=-2+7=5 and RD = 3+7 = 10; 


AD/BD = \/2. 


Ex. 3. Find the equations of the tangents to the circle 

x^ + y‘^=a^ 

which are parallel to the line y==mx. 

Let (x', y') be a point on the circle, so that 

x'^+y’^=a~ .( 1 ) 

Let the tangent xx' + yy' = be parallel to y = 7 nx: 
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INTERSECTION OF LINE AND CIRCLE 


Rrom (1) and (2), 


+ 1 ) =a^ ; 

y' = ± ^ 




+ W“ 


w • ^ /fV 

Us.ng(2), = 

Hence the equations of the required tangents are 



atnx 



y/l + 

1 + m^ 

and 

amx 

. _a2 

•y 1 + 

v'l+mS ’ 

i.e. 

y ~ mx 

= av^l + m- 

and 

mx-y 

“Qn^'I +7«“. 


The Intersections of the Line y = mx + c and the Circle 

-f 7/* s=a*. 

In Fig. 113 PQ are the intersections of the line and circle. 

The coordinate.^ of P and Q satisfy \iolh the given equations. 

Therefore the abscissae of P and Q are 
given by 

+ (mar + c)* = n- (see p. 68, Ch. III.), 
t.e. x^{l+m^)+2mcz+c^~a~=0. ...(1) 

If the line actually cuts the circle as in 
the figure, the roots of (1) must be real ; 

4m^c^ - 4 (1 4-m^) (c^ - a^) > 0, 
i.e. +m^)c2 + (l +m^)a^>0, 

Flo.113. 

i.e. a^{l + rn^) > c®. 

If the line touches the circle, P and Q coincide and the 
roots of (1) must be equal; 

a^(l +m*) =c2. 

If the line does not cut the circle, the roots of (I) are 
foiaginary ; 

0^(1 +m^) <c2. 
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Equation of Circle whose Diameter is the Line joining 

and {Xzypi). 

Let A, B (Fig. 114) be the points (x,, y,), (xj, y^. 

p,, ,, Let P{h, k) be any point on the 

^ circle. 

// Theslopeof AP is (I*-y,)/(A-a:i). 

/ / Theslopeof PRis(/;-y 2 )/(A-a: 8 ). 

/ / A A 

/ I Since APB is a right angle, 

/ ik-yi){k-y^ , 




{h~-x{){h-xz) 


= - 1 . 


Therefore the equation of the 
O' X circle is 

- ^i) -Xi) + {y- y{i {y - y.) =0. 

Ex. 1. Find the equation of the circle whose diameter is the 
chord of intersection of the straight line 3w + ar = 6 and the curve 
4x2+V==36. 

Let (a^i, yt) and [x^, y^) be the points of intersection of the 
straight line and the curve. 

Then y,, yj, the ordinates of the points of intersection, are 
the roots of the equation obtained by eliminating x between 
the equations 3y + a: = 6 

and 4x2 + 9y- = 36, 
yi> 1/2 ^^re the roots of the equation 

4(6-3y)2 + 9y2 = 36 .(1) 

On reduction, (1) becomes Sy® - 16y +12 =0; 

.*• 3/i= 6/5, y2 = 2. 

Since 3yi + Xj = 6, x^ = 12/5. 

Similarly Xg^O. 

The equation to the circle whose diameter is the line joining 
(12/5, 6/5) and (0, 2) is 

(^.^)(^_0)+(y_|)(^_2)=0. 


t.e. 


« , 12 IGy 12 ^ 

a:- + y2 - _ X - 0 

5 5 5 


or 5(x^ . i2x - I6y +12 =0- 
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N.B .—It is not necessary to find the values of r,, To, y, and 
1/2 order to find the equation of this circle, for the equation 
could have been obtained as follows : 

The equation of the circle having (Tj, y,) and (To, yj) as the 
ends of a diameter can be \\Titten 

-ar(ri +X 2 ) -y(y, +y 2 ) +^i ^2 + yiyz =0 . (1) 

Since yj, yj are the roots of 5y* - 16y + 12 =0, 

16 , 12 

^1+2/2 = -^ and yjy.* - . (2) 

Similarly x,, Xj are the roots of the equation obtained by 
eliminating y between 3y+x=6 and 4x-+9y®=36, i.e. Xj, x_, 
are the roots of the equation 5x® - 12x =0, and therefore 

12 

X,+X 2 = -^ and x,X2=0 . (3) 

o 

The equation of the required circle is obtained by sub¬ 
stituting in (i) from {2) and (3). 

Ex. 2. Find the. equations of the tangents from the origin to 
the circle x* y® - fix - 2y 9 =0. 

The line /x+my*0 passes through the origin and meets 
the given circle in points the abscissae of which are given by 
the equation 

i.e. (/2 + Jrt 2 j 3.2 + mx{2l ~ Cw) + =0.(I) 

If lx + my =0 touches the circle, the roots of (1) must be 
equal ; 

r«®{2/- Gm)* ss3fiw2(f27«2), 
i.e. {4/+ 3//J} =0.(2) 

Z =0 gives y =0 as one of the tangents required. 

Z= -3m/4 gives 3x-4y=0 as another tangent from the 
origin. 

m2 =0 gives X =0. A figure shews that x =0 is 7iot a tangent 
from the origin. 'J'he factor m2 appearing in (2) was intro¬ 
duced by the step by which (1) was obtained. 
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EXERCISES XXI. 

1. Find the equation of the tangent 

(i) at (3, 4) to a:* + f/* = 25: 

(ii) at {2, -3) to x*+y* = 13; 

(hi) at (5, 3) to + - 4x-2y = 8 ; 

(iv) at (3, -2) to x® + y2-4x= 1; 

(v) at (-4, 4) to 2x* + 2^*-4x-12y + 3 = 0. 

2. Find the equations of the tangents to the circle x» + v* = 4 
which make angles of 60* with the axis of x. 

3. For what values of c does the Une y = 2x + c touch the circle 

x* + - 3x + 2y + 1 = 0 ? 

4. Shew that the circle x® + y* - 6x - 6y + 9 = 0 touches the axes 
of X and Y. 


o h + touches the axis of X, 

and find the length of the chord intercepted by the axis of Y. 

that the lengths of the tangents to the circles 

X + + 2x - 3 = 0 and x2 + + 3x - 3 = 0 from (0, 6) are equal. 

7. Find the equation of the circle circumscribing the triangle 
whose vertices are (2, 0), ( - 3. 0) and (0, 4), and find the equations 
of the tangents at the vertices. 

8. Use the fact that the perpendicular from the centre of a 

tangent equals the radius, in order to find the con- 
clition that y = rnx + k touches 

(i) x'+2/2=a>: (ii) x3 + y8 + 2(;x + 2/y + c = 0. 

, middle points of chords of the circle 

x- + i/a=a* which are parallel to the line y~mx. 

the locus of the middle points of chords of the circle 
X +y +2fjx + 2fy + c = 0 which are parallel to the line y^mx. 

"middle points of chords, which pass 
through the origin, of the circle ^ 

(i) xa + y=-4x = 0; (ii) ~ 4x - 2y = 20. 

f ‘^7 of the circle through the points (5,5), 

♦ J' “ I ‘ ® figure, shew that the point ( - 4, - 4) is 

also on the circle, and mark the centre. [S.W ] 
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13. Write down tlie condition tliat tlie two straiclit lines 
lx^-my+n = 0 and I'x-\-m'y + n'— 0 shall be (i) parallel, (ii) 
perpendicular. 

Prove that the equation to the circle on the line joining 
( — 2, 3) and (4, — 5) as diameter is 

(x + 2)(x-4)+(y-3)(j/ + 5) = 0. [S.W.] 

14. Shew that the equation 

+ y^ + 2 f 7 X + 2fy + c = 0 

lepresent.s a circle, and find its centre and radivis. 

Find also an expression for the length of the tangent from 
(x', y') to the circle. 

P, Q are the points (8, 12), ( - 9, 0), and PT, QT' arc tangents 
to the circle + = 36. Vroye P(p ^ PT-+ QT"^. [^ W-] 

15. Find the coordinates of the foot. A', of the perpen<lic\ilar 
from A (2, 3) to that I ine througli the intersection. P, of llio lines 
2x + 5// — 2 = 0 and 3x + 2.v + 1 == 9 which i.s parallel to x + 2^ - 1 = 0. 

Verify that X lies on the circle who.so diameter is AP. fli.U.) 

16. Shew that the square of the tangent from (x', y') to the 

circle X*-f !/* + 2yx + 2/y + c = 0 

is x'* + y'^ + + 2fy' + c. 

The sum of the squares of the tangents from a point P to 
two given circles is constant. Prove that the locus of P is a 
circle whoso centre lies midway between the centres of the given 
circles. [IhU.] 

17. Find the coordinates of the mi<l-point of the chor<l cut off 
frotn the circle x* + _y* + 2/i/ + 2 f 7 x + c = 0 by the line y = mx. 

Applv your restilt to tlie circle x®+y* — 2x + 3y + 2 = 0 and the 
lino y+'2x = 0. [S.W.J 

18. Find the conflition that the line y — rnx shall toueli the 
circle x* + y* + 2yx + 2fy + c = 0. 

Find the equation of the circle which touches the axis of x at 
(2, 0) anfl pn.sses through tiio point (3, —1). Obtain the equation 
of the other tangent througli the origin. [H.U.J 

19. Obtain the equation of a circle in the form 

X* + y* + 2<jx + 2/y + c = 0. 

Find the equation of the circle whicli touches the axis of r nn<l 
passes through the points (1, 2) and (3, 2). (IhU.] 

20. Prove that the equation of a circle can bo expressed in 
the form x* + y* + Ax +/^y + C = 0. Express the radius in terms 

A , Ii and C. 

A circle is tlescribod on the lino joining the points (.3. 7) and 
(9. 1) as diameter ; sliew that x+y = 4 is a tangent to this circle, 
and find the point of contact. [Man.] 
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21 . De 6 ne the tangent to a circle at a given point. 

If lx + my — 0 touches the circle a;® + 1 /* + oa: + fej/ + c = 0, prove 

£2 ^52 _ 4 (;j _ 2lmab + Tn* (a* — 4c) = 0. 

Find the tangents from the origin to the circle 

+ 10x + 2y+ 13 = 0. [S.W.] 

22. Find the equations of the tangents drawn from the origin 
of coordinates to the circle 

2x» + 2 i /8 _ I2x - 16»/ + 25 = 0. [S.W.] 

23. Shew how to determine the points in which the straight 
line ax + by — c cuts the circle x*+y®= 1 ; and examine the cases 
c*>a® + 6 *, c*=a^ + 6 *, c*<o®+ 6 *. 

Find the equations of tlie two tangents which can be drawn 
from the origin to the circle 

+ 2 /“ + 4x - 6 y + 4 = 0. [S.W.] 

24. Find the locus of the point which moves so that the lengtiis 

of tangents from it to two given concentric circles are inversely 
as their radii. [B.U.] 

25. Prove that the chord through the points (Xi, yi), (ar*. y^) 
on the circle x*+^*=a* has for equation 

x(Xi +Xj) + y(y, + y,) = 0“ +XiX, + y,yj : 

and deduce the equation of the tangent at (xj, yi). [S.W-] 

26. Find the equations of the two tangents at the points where 
the line 2x-y=16 cuts the circle x*+y* = 65; find also the 
coordinates of their intersection, and sketch the figure. [S.W.J 

27. Find the points where the line y —mx = 7 — 6 »n cuts the 

circle x^ + y* = 85, and hence or otherwise find the equation of the 
tangent at the point ( 6 , 7). [S.W.] 

28. Fintl tlie equation of the circle whose centre is (1, 2) and 
for which the tangent from the origin is of length 2 . 

Find the point.s on the line x-y+l=0 the tangents from 
which to the circle x® + y® — 3x = 0 are of length 2. [Diu*ham.] 

29. Shew that the equation x® + y* 2yx + 2/y + c = 0 represents 
a circle, and state its radius and the coordinates of its centre. 

Find the equation of the circle with centre at the point (1. 2) 
and touching the line 2x4-y = 9. Shew that this lino also touches 
tho circle 4x® + 4y® — 4x— 24y +17 = 0. [Durham.] 

30. Shew that the circle described on the line joining the 
points (0, 1), {p. q), as diameter cuts the axis of X in points whoso 
abscissae are the roots of the equation x® —px + g = 0 . 
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Concurrent Lines. Any straight line through tlie inter¬ 
section of 

ax+by+c=0 and a'x+b'y+c'=0 .(I) 

can be written in the form 

ax+by+c+\{a'x-^b'y +c’) =0, .(2) 

where A may have any value. 

For let (h,k) be the point of intersection of the straight 
lines (1). 

Then ah +bk +c=(i 

and aVi + 6'^’+ c'= 0 ; 

ah-\-bk+c+ h{a'k ■\-b'k-^c') =(). 

And this is the condition that (/i, k) lies on the straight line 
whose equation is (2). 

Ex. 1. Find the equation of the line joining the origin to the 
point of intersection of a:-J/+2=0 and 2x+y+l =0. 

Any line through the point of intersection of tlie given lines 
is given by 

(.r-y+ 2) +A(2r + y+ 1) =0 . (1) 

If (1) passes through the origin, 

2+A=0; 

A= -2. 

Substituting in (1), the equation of the required line is 
(a:-y+ 2)-2(2a:+y + 1) =0, i.e. x + y=0. 

Ex. 2. Find the equation of the line parallel to 3r-2y=0 
and concurrent with 2a: +y + 1 =0 and 3a; -y +5 =0. 

Any line concurrent with the given lines is given by 

(2a: + y + 1) + A (3a: - y + 5) =(>. 

The slope of (1) is ' 

But since the required line Ls to be parallel to 3a:—2y=0, 

2 + 3^• 3 
1 -k ^2 ' 

_4 _G^•=3-3A-; 

7 


k = - 


3 


( 1 ) 
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Substituting in (1), the equation of the required lino is 

3(2x + 2/-i-l)-7(3a:-j^ + 5)=0, 
t.c. - 15a:+ 10y-32=0. 


Ex. 3. Find (he equation of the line joining the intersection 
of 2i/-x-3 =0 and 3y~a;-5=0 to the intersection of 

2y-3.r + 13=0 and y —2a:+ 8=0. 

Any line through the intersection of the first pair of lines is 

C2y-a:-3) + A(3y-a:-5)=0.(1) 


Any line through the intersection of the second pair of lines is 

(2i/-3x + 13)+/r(y-2a: + 8)=0 .(2) 

If (1) and (2) represent the required join, they must be 
identical. 

Comparing coefficients, we have 


2+3A -1-A -3-5A 

2+fx 13 + 8/x ' 


c 

Now, if we know that 



a _c ma + nc 
b mb + nd' 


Hence each ratio in (3) equals 

2( 2+3A) + (-1^A) 

2 ( 2 +/!) + (- 3 - 2 /*)» 

Also each ratio in (3) equals 

4{-1-A)+(-3-5A) . ^ 

4( -3 -2/x) + {13 + 8/i)’ ‘ 

3+5A= - 7-9A; 

/. 14A= -10 or A= -5/7. 

Using (1), the required line is 

7(2y-ar-3)-5(3y-a:-5)=0. 
i.e. y + 2x-4=0. 
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Equations of Circles passing through the Points of Intersection 
of two given Circles. 

Let the given circles be 

+c= 0 , 1 

.T= + T/2 + 2p'x + 2/'.v+c'=0. / 

Consider tlie equation 

+y^ •\-2gx + 2fy + c +X{x^ + y~ +2g'x +2f't/ +c')=0. ...( 2 ) 

It represents a circle, since the coefficients of and y~ are 
the same, vi 2 . (1 +A), and there is no term involving rij. 

Let {p, g) be otic of the points of intersection of the circles (I). 

Then 7 ^® + 7 " +~9P + 2/7 + c = 0 

and 7 j 2 + 72 + 2 j 7 ' 7 )+ 2 / 7 +c'=0 ; 

p- + 7 ^ +~0P + 2/7 + c + X( 7)2 +q 2 +2f/p + 2f'q +c') =0, 

which is the condition that the point (;^ 7 ) lies on the circle ( 2 ). 

In the same way, it can be shewn that the other point of 
intersection of the circles ( 1 ) lies on the circle ( 2 ). 

Hence (2) represents a circle passing through the points of 
intersection of the two given circles. 

N.B .—If in (2) A be put equal to - 1, (2) becomes 

2{g -<y)x ^2{f-f')y + c ~c' =i) .(3) 

which represents a straight line, since it is of the first degree. 

And ( 3 ) is therefore the equation of the common chord of 
the circles ( 1 ). 

The coordinates of the centre of the circle, given by (2) 
above, are 

0 W 

I -f A ’ 1 -t- A • 

These are infinitely great if A = — 1. Hence the common 
chord given by ( 3 ) may bo regardo<I as one of the circles 
( 2 ): viz. that which has its centre at infinity. 

H ,S be written for a:* + + 2gx + 2fy + c 

and S' for x® + + Og'x + 2f;/ + r', 

then S + A.S" *=0 is the equation of any circle pa.ssing through 
the intersections of the circles S =0 and S' —0. 
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And S — S' =0 is the equation of their common chord, being 
that one of the family of circles S + \S' = 0 which has its centre 
at infinity. 

Ex. 1. Find the equation of the circle passing through the 
point (1, —2) and through the intersections of the circle 

~^y ■>rZ=Q 

and the line a;-y + l=0. 

Any circle through the intersections of the given line and 
circle is a:2-4y+ 3+ it(x-y +1) =0. 

If this passes through the point (1, —2), we have 

1 +4 + 8+3+it(l +2 + l)=0; 

A:= -4. 

The required circle is therefore 

+y^ ~‘^x ~ \ =0. 

Ex. 2. Find the equation of the circle whose diameter is the 
common chord of the circles 

+ y~+ 3x+ 2y+ l =0 and x-+y2+3x + 4?/+ 2 =0. 

Any circle through the intersection of the given circles is 
x® +1/2 + 3x + 2y + 1 + A: {x^ + y2 + 3 ^ + 4y + 2) = 0, 
i.c, (x2 + y2){l +/:) +3(1 +I:)^ + 2(1 + 2k)y + l +2k=0. ...(1) 

The centre of this circle is -3/2, -(1 +2A:)/(1 +A:). 

Since this circle is to have the common chord of the given 
circles as diameter, its centre must lie on the common chord, 
i.e. on the line 

2y + l=0; 


••• 


or 


^■=4 


Substituting in (1), the equation of the required circle is 

g(x2+y2) +2x+|y +|=0, 
i.e. 2(x2+ y2)+ 6x + 2y+ 1 =0. 
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Ex. 3. Find ike equations of the circles passing through the 
intersections of the circles 

x^+y~-2x + \=0 and + rj-- 5x+4: =0 
and touching the line 2x - y + 3 =*0. 

Any circle through the intersections of the given circles is 
x^ -2.r + 1 + A(.r2 +y2 _5,c -Cy +4) =0, 
i.e. (1 + A){x* + y-) - (2 +oh)x ~ GAy + 1 + 4A ^0.(1) 

Substituting y=2.c+3 in (1), the quadratic giving the 
abscissae of the points of mtersection of the straight line and 
the circle (1) is 


{\ +k){z^+ {2x + Zf) - (2 + 5A)X -6A (2x + 3) + 1 + 4A = 0 

or 5(1 +A)x2+(10-5A)x + (10-5A)=0 . (2) 

If the straight line touches circle (1), the roots of (2) are 
i.e, C10-5A)2=20(1 +A)(10-5A), 


equal, 


(10-5A){-10-25A}=0, 


i.e. 


A =2 or -2/5. 


Taking A =2, (1) beeomes 

3(x2+y*)-12.T-12y + 9=0 

or X*+y® — 4x-4y+3 =0 .(3) 

Taking A« -2/5, (1) becomes 

or x^ +y* -t-4y - 1 =0.(4) 


The required circles are given by the equations (3) and (4). 


EXERCISES XXII. 

1. Find the equation of the common chord of the circles : 

(i) x* + y* —3x-y + 2 = 0 and x* + y*- 2x + y + 3 = 0 ; 

(ii) x* + y* + 4x-y = 0 and 2x» + 2y*+ x-y + 1 = 0 ; 

(iii) 3x* + 3y*-4 = 0 and 2x* + 2y* + 3x - 2y - 4 =0. 
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2. Shew that common chords of the following circles taken in 
pairs are concurrent; 

a:® + «/* + 4x + 1 / 0, 2x* + 2y* + 3x + 5y + 9= 0 

and X* + + y = 0 . 

Give the coordinates of this point—the radical centre. 

3. Find the equation of the circle which passes through 

(i) the point (—2, 3) and the intersections of the circle 
X® + 2 /* — 7x + 12 = 0 and the line y = 0; 

(ii) the point (— 1 , — 2 ) and the intersections of the circle 
X® + 1 /* + 8 x — 6 y = 0 and the line lOx — 8 y+ 1 = 0 ; 

(iii) the origin and the intersections of the circles 

x^ + y* + 4x - 2 / + 3 = 0 and x*+i/* + 2 x- 2/~3 = 0. 

4. Find the equation of the circle which touches the line 
x + 2y = 5 and passes through the intersections of the circles 

X* + y® — 4 = 0 and x* + 1 /* — 2x — 4i/ + 4 = 0. 

5. Find the equation of the circle through the origin and the 
points of intersection of x* + y* - 2x = 4 and 5x - 2y = 6. 

Write down its radius and the coordinates of its centre, and 
find the equation of the tangent to it at the origin. [Durham.J 

6 . Find the equations of the circles which pass through the 
ends of the common chord of the two circles 

x“+ 1 /* + 4x + 2y — = 0 and x“+y* — 8 x — 4y — 6 = 0, 

and touch the line x = 7. [B.U.) 

7. If «S = 0 and = 0 are the equations of any two curves, 
shew that iS + A5' = 0 is the equation of a curve passing through 
the intersections of *S = 0 and .S' = 0. 

8 . Show that x — y = 0 passes through the points of intersection 
of y* = 4a(x + a) and x® = 4<i(y + a). Illustrate by rough graphs. 

9. Find the common chords of the circle x*+y*=26 and the 
ellipse 2x* + y“ = 34, and illustrate by rough graph. 


♦♦Equation of the Second Degree. The equation of the 
second degree in x and y represents in general a curve (called 


a conic). For example, consider the equation 

x2 +4ry + 5y= - 2x - 5y -1 =0.(1) 

It can be written x®+ 2.r(2y- 1) = 1 +. 5 y- 52 / 2 , 
which becomes, on adding (2y -1)- to both sides, 

{x+2y-l)2=2+y-y2; 

/. x + 2y-l = ±s/(2-y)(l+y).(2) 
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EQUATION OF SECOND DEGREE 

Note that, ifi/>2orify<-l, the product (2 -i/)(l +?/) Ls 
negative ; so that, for such values of y, x would be unreal. 
Choosing values of y ranging from — 1 to +2, the correspond¬ 
ing values of x can easily be calculated from equation (2). In 
the table of values given, the upper value for x corresponds 
to the the lower to the —, in equation (2). 


V 

- 1 

- 0-8 

- 0-5 

- 0-2 

0 

0-2 

0-5 

X 

i ^ 

3 35 

312 

2-73 

1 2-41 

2-07 

i 1-5 


3 

1-85 

1 0-88 

; 0-07 

- 0-41 

- 0-87 

- 1-5 

y 

0-8 ' 

1 

1-2 

15 

1-8 

2 


X 

0-87 

0-41 

- 0-07 

- 0-88 i 

1 

- 1-85 

- 3 



- 2-07 

- 2-41 

mi 

-312 

- 3 35 

- 3 



The graph is shewn in Fig. 115. 



Consider now the equation 

x^ + 4xy + 3y“ +4x + 14y -5=0.(3) 


It can be written 

+ 2x{'2y + 2) = 5 - 14j/ - Sy®, 
or, adding (2y +2)“ to both sides, 

(X-f-2y +2)2-9-Gy- k.v2; 

X-r 2y + 2 = ± (.1 — y).(4) 

Points can be plotted as before, and they will be found to 
lie on one or other of two straight lines. This, however, is 
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clear from (4), which shews that the coordinates of the 
points which lie on the locus whose equation is (3) must 
satisfy c«iA€ra: + 2y+2=3~y or a:+2y+2= -(3-y) ; t.e. the 
points must lie on one or other of the straight lines a: + 3i/ — 1 =0 
and ic + 3 / + 5=0. 

Ex. Shew that 2x^ +zy -y^ +x + 4y — 3=0 represents a pair 
of straight lines. 

The terms of the second degree are -i-xy -y^y 

i.e. (2x-y){x + y). 

Consider the expression {2x -y + a)(x + y + b). On expand* 
ing, it becomes 

2x^ + + (a + 2b)z + {a^b)y + ab .(1) 

Now let a + 26 = 1 and a — 6 = 4, 

so that the coefficients of x and y in (1) are the same as in the 
given equation. 

/. a = 3 and 6=-l; a6=—3, 

which agrees with the constant term in the given equation. 

Hence the given equation can be written in the form 

{2x-y + 3){x + y-l)=0, 

and is consequently equivalent to the pair of straight lines 

2x-y + 3=0,\ 
x+y-l=0.) 

** EXERCISES XXIII. 

1. Find the equations of the straight lines represented by 

(а) 3x> + 5xy-2t/*-2x+3y-l=0. 

(б) 3x*+l(hry + 3y* = 0, 

(c) 4x*-y^ + 2x + y = 0, 

(d) 10x»+13xy-3y* + 22x+16y + 12 = 0» 

(c) a6x* —(o* + 6*)xy+ a6y* = 0. 

2. Trace the conics 

(o) a:f*-2xy + y* + 2x-6y + 9 = 0, 

(6) 4x*-4xy + 5y* + 8x-20y-44 = 0. 

3. Shew that 21x* + 4xy — y* — 3x — lly — 24 can be expressed 
as the product of two factors of the form (7x —y + m)(3x + y-f-n). 

Hence shew that 2 lx* + 4xy — y* — 3x — 11 y — 24 = 0 represents a 
pair of straight lines ; find m and n, and plot the lines. [Man,] 
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** The homogeneous equation of the second degree 

ax^+'2hxij+btj‘^ =0 . ( 1 ) 

represents always two straight lines. 

If a¥=0, (1) can be multiplied through by a and becomes 

a\r^ + 2ahxij = - aby“, 

i.e. {ax+hy)^ = (h^-ab)y~. _ 

The two straight lines are, therefore, ax+hy = ±{'.'h’ ~ ab)y, 
and are real, coincident, or imaginary according as h^-ab is 
greater than, equal to, or less than zero. 

If rt=0, (1) becomes +6y) =0, which represents the 

two real lines y =0 and 2hx +by ^0. 

The condition that ax"^ ■^2hxy+by^ =0 should represent a 
pair of perpendicular straight lines is a + b = 0. 

I^t the two lines be y - m,r =0 and y + — a: = 0. 

The equation of the two lines together is 


+ - xj=0, 

I.e. y*+ -^“ = 0 . (1) 

This equation is, therefore, the same as 

ax^ ■k-2hxy +6y2 **0.(2) 


a _b 

-1 “U 


Comparing coefficients of x® and y- in (1) and (2), 
or a + 6 —0. 


Ex. 1. Find the con/lition that the. slope of one of the lines 
in ax2 + 2ftxy+6y*=0 is three times that of the other. 

Let the lines be y ~ mx = 0 and y — 3mx = 0. 

Multiplying out, y^ - 4mxy + = 0. 

Comparing with 6y2 + 2Axy + ax* = 0, we have 

6 _ 2h _a . 

1 “ - 4m ”3m*’ 

n a , h 

= ^ = -2P 



4ab = 3h^. 
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Ex. 2. Find the. condition that one of the lines 

+ 2hxy + by^ = 0 

should coincide with one of the lines 

a'x^ + 2h'xy + b'y^ = 0. 

Let the equation of the line common to each pair be 

y ~mx = 0. 

Then y - mx i-s a factor of ax^ + 2hxy + by "^; 

ax^ ■^2hmx^+ bm^x?— 0, 


i.e. a-i-2km + bm‘~0 .(1) 

Similarly, a' + 2h'm + bV = 0.(2) 


Treating (1) and (2) as simultaneous equations inmandm®, 
we obtain 


ab' - a'b 

2{hb'^h'bj' 



and 

Erom (3) and (4), 



ah* -^a'h 
bh* -b'h 



f ab'^a'b 12 ah*-a*h 

\2{hb’-k'b)\ bh'-b'h' 

i.e. {ab* ~a'b)'^=4.{ah'-a*h){b*h-bh*). 


** EXERCISES XXIV. 

1. Find the condition that the lines ax^+ 2hxy+ by^~0 
(i) are equally inclined to the axis of X ; 

(ii) make complementary angles with the axis of X. 

^2. Find the condition that the slope of one of the lines 
ax- -r 2hxi/ + by^ = 0 is double that of the other. 

3. Find the condition that the siun of the slopes of the lines 
ax^ + 2hxy + by^ = 0 shall be 6. 

4* Prove that the equation 3ar-+ 5;ry — 2y® = 0 represents a 
pair of lines through the origin parallel to the lines 

3x3 + - 2(/» - 2x + 3y - 1 = 0. 

5. If ax3 4-2A^ + 6;/3 + 2gx+2/?/+C5=0 represents two lines, 
what IS tho equation of the parallel lines tlirough the origin ? 
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6. Prove that the equation 

6x2 _ 2hxy + ay- = 0 

represents a pair of straight lines tlirough the origin which are 
perpendicular to the lines given by 

ax- + 2hxy + by^ = 0. 

7. Wliat is the equation of the pair of lines through the origin 
perpendicular to the lines given by the equation in Kx. 5 ? 


** The equation of the bisectors of the angles between the lines 

ax^ + 2hxy + by- = 0 


IS 


a:® - ry 


a — b h 

Let the lines be y^inx = 0 and y - rn’x = 0. 

Tlien y- — {in+m')xy ^0 

and 6//“ + 27ix^+a.r2=0 

represent the same pair of lines. Comparing coefficients. 

1 ~(fn+m') mm' 

b~ 'Ih ~ a ' 

'2h , .a 


t.e. 


m + m — - 


and 


mm ~ 


b- 


( 1 ) 


If (a. p) lies on the bisector of either the acute or obtuse 
angle between the lines y ~mx =0 and y~m'x=0, the per¬ 
pendiculars from (a, P) to those lines are equal, 

P-ma , P-m'a , 
i.e. ^7—r = ±-7=^-7Tr (see p. 190) ; 


v/1 + 


m 


Vl •+• 


m 


(1 -t- m'2)(/? -ma)® = (1 +m^){P ; 

P^(m'^ - m2) - 2ap(m —m' + mm'^ - mhn') +a^(7n^ - rn'-) =0. 
Dividing through by (m -m'). this becomes 

(a2 -P^)(m + jw') - 2ap{l - mm') =0, 

i.e., using (1), {a^ - ~2ap(\ -|) =0. 

i.c. - (a2 -p^)h +a/?(a -6) =0 ; 
and this is the condition that (a, P) should lie on 




a 


-b 


k 
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** The equation of the pair of lines joining the origin to the 
intersections of the circle -i-y^ -{■2gx+2fy +c =0 and the line 

lx + my —n. 

Consider the equation 

+2,^ + (2,. + 2/2,) ('^) +c = 0.(1) 

It is homogeneous and of the second degree, and therefore 
represents a pair of lines through the origin. 

Let P{h, k) be one of the points of intersection of the 
given circle and line. 

Then + k^+2gh+2fk+ c = 0 .(2) 

and Ih+mk-n, 

Ih+nik . 

t.e. -= 1.(3) 

n 


The left-hand side of (1), when h, k are substituted for a:, y 
respectively, becomes 

+ {2gh + 2 fk) + c 

{.€. + + 2gh + 2fk + c, using (3), 

i.e. 0, using (2). 

Therefore P lies on the locus whose equation is (1). 

Similarly Q, the second point of intersection of the circle 
and the line, also IJes on (1). 

But (1) represents a pair of lines which pass through the 
origin. 

Therefore OP, OQ are the lines represented by (1). 

Ex. 1. Find the equation of the lines joining the origin to 
the "points of intersection of 

+ 2y- +5x +3y ~2 =0 and 2x+3y + 2=0. 

The equation of the given line can be nxitten 

2.r + 3v , 
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The pair of lines required are therefore 

2.= . 2^^ . (5x + 3^.) - 2 = 0 ; 

i.e. 4x2 + 4^2 _ (10x2 +2lxy+Qy-) - (4x2 + I2xy + 9 y 2 ) = 0. 

i.e. 10x2+33xy+ 14 j/2=0, 
i.e. (2x +J/)(5x + 14y) =0. 

Ex. 2. Prove that the straight lines joining the origin to the 

points of intersection of '-+'-^='2 and {x — a)^ + {y ~ by = r~ are 

perpendicular if a^ +62 = r2. 

The equation of the given line is 

bx+ay , 

'lab ” 

Tlie lines joining the points of intersection to the origin are 

x2 + y2-(2ax+26y)(^^“)+(a^+62-r2)^—2^^) =0. (1) 

In this, the coefficient of x® is 

, lat> t o 19 '•>. b^ 

1 - 256 




c 


a® +6® 
4a® 


)• 

a 2 + /,2 _ ;.2 


Similarly, the coefficient of y~ is- 

The lines given by (1) are perpendicular if the sum of these 
coefficients is zero, i.e. if 


{a 

i.e. if 




•* The Discriminant. If 

ax® + Ihxy + Inf- + 27 x + Ify + c = 0 
represents a pair of straiglit lines, then 

at>c +lfgh -af^ -tj;®-cA® = 0. 

Tlie left hand side is called the discriminant of the equation, 
and is usually written in the form of a determinant (see p. 231). 
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If o 0, the equation may be WTitten 

+ 2ax {hy -\-g)= — aby^ - 2afy - ac. 

Adding (hy + g)^ to each side, we have 

(aa: + Ay + y)® = (A® - a6)y® + 2igh-af)y+g^-ac. 

This represents two straight lines if the expression on the 
right is a perfect square in y, i.e. if 

igh - ff/)® = (A® - ab) (y® - ac), 

which reduces to a®6c+ 2a/yA — o^®-a6y®-acA®=0 ; or, since 
a^O, 

abc + 2fgk - a/® — 6y® - cA® 0. 

If o =0, it can be shewn that the same condition is required. 

Ex. 1. For what value of A. does 

Aar® + 13xy - 3y® + 22x + 16y +12 =0 

represent a pair of straight lines ? 

The discriminant is 

A(-3){12)+2.8.11(-V0-A.8®-(-3)ll*-12(V-)®, 

A(-36 - 64) + 13(88 - 39j+363=0, 
i.e. -100A +637+ 363=0, 
i.e. 100A = 1000: 

A = 10. 


Ex. 2. For what valites of A does 

xy + 2y® - Aa: - 5y - 3 =0 
represent a pair of straight lines ? 

The discriminant is 



If 

If 


I.e. 

i.e. 


, 5A _ AJ 3 
• • 4 2 ‘‘’4 

2A2-5A-3 
(A-3)(2A+1) 


A = 3, the lines are given by the equations 

y-3=0 and a:+2y + l=0. 

A = - the lines are given by the equations 

2y + l=0 and a:+2y-6 = 0. 
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** EXERCISES XXV. 

1. V’rite down the equation of the bisectors of tlie angles 
between 

(a) + 2xy - 3//2 = 0, (6) Ax^-lxy + Zij^ = 0, 

(c) 6x* - xy - J/2 = 0- 

2. Shew that 

a.i* + 2hxy + by^=0 and (a +k)x^ + Zhxy + {b + A-)i/* = 0 
have the same bisectors. 

3. Shew that the homogeneous equation ax^+ 2hxij + by^ = 0 
represents two straight lines through the origin. 

Hence shew that the equation 

a* + y^ = (tx + my)^ 

represents tlic two straight lines through the origin and through 
the intersectioixs of the circle + and the line lx + iuy = a. 

[S.W.] 

4. The chord of intersection of x cos a + ?/sin « =»;> and 
x* + y^ — a^ subtends a right angle at the origin. Jihew that 
a*=s 2/>’*. and interpret thi.s result geometrically. 

5. Find the equation of the straight lines joining the origin to 
the jioints of intersection of 

a;* + 1/2 + 2;jx + 2 < 7 ,</= 0 and ax + 6y + c = 0. 

Find the condition that these lines are at right angles. 

6. Find the e<)uation of the lines joining the origin to the 
points of intersi’cfi<in of x®4-.v* = 25 and .lx + -4//= 25. Shew that 
the lines are coiiicalent, anti interjirct the result. 

7. Finfl the condition that one of the lines given by 

ox* + 2fixy 4- by^ = 0 

may bo perpendicular to one <)f tlio lines given by 

a'x® + 2h'xy + 6'»/* =0. 

R. Find the product of the perpendiculars from the point {p, q) 
on the lines ax* 4- 2hxy 4- 6//* = 0- 

9. Find the equation of tlio lines joining the origin to the 
points of intersection of x — «/ = 1 and x* 4- — 8x — 2y + 15 = 0, and 

shew that x - */ = 1 touclie.s the circle. 

10. Fin<l the values of X for whicli tlio following equations 
represent pairs of straight lines : 

(a) Ax* - 1 Oxy 4 - 2y* 4- 1 lx - 6i/ 4- 2 = 0, 
ib) 2x* 4- Axy - y* - 3x 4- 6y - 9 = 0, 

(r) 12x* 4-3«xy4-Ay*4-7x4-Uy 4-1 =0, 

(cZ) Ox* 4- Axy - 1 Oy* 4- x 4- 31 y - 15 = 0. 
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11. Shew that the pair of lines given by (a-6)(a:*-j/*)+4Aa:i/=0, 
and the pair of lines given by {x^-y^)l{a—b)—xyjh, are such that 
each pair bisects the angles t^tween the other pair. 

12. Shew tliat the point {h, h) is equidistant from the pair of 
linas given by o®(x*+y*)-(Aj/-fct)*=0. 

13. Any straight line through the fixed point C cuts the straight 
lines given by ax'+6i/*=0 in the points f*, Q. If C is the point 
(0, c)f shew that the equation of the locus of the middle point of 
PQ is ax®+6y (3/-c)=0. 

14. Find the condition that 

xy-h 2(fx+2fy+c=(x+l)ii/ +m% 

and hence shew that Ty+2gx+2/y+c=0 represents two straight 
lines if 4fg=c. 

15. Shew that the curves of which the equations are 

x®+ 4 xi/ 4 - 62 /*- 2 x- 5 y -1 = 0 and 3/*+x+t/-3=0 
intersect in points which lie on a pair of parallel straight lines- 



CHAPTER VIII. 


THE REMAINDER THEOREM. FACTORS. PARTIAL 

FRACTIONS. DETERMINANTS. 

Ex, Find the remainder when ax^ +bz^ +ct +d is divided 
by x-h. 

X - h ]ox^ -i-bx^ + CX + d[ ax- + (ah +b)x + (ah^ +bh +c) 
ax® - akx^ 

(ah +b)x^ +CX +d 

(ah + 6)x® - (ah^ +bh)x 

(ah^ + bh + c)x + d 

(ah'^ +bh +c)x -(ah^ +bh'^ +ch) 

ah^ + Oh- + ch + d. 


The remainder is, therefore, ah^ + bh^ + ch + d. 

It is clear that 

ox® + fcx® + cx + d ~(x - h) {ox* + (ah +b)x + (oA* +bk +c)} 

+ o/i® +ck + d, . (1 ) 

where the symbol = is read “ is identically equal to ” ; that 

is to say, the expression on the left is exactly the same as 
that on the right, no matter what the value of x may be. 

The identity (I) is a particular case of the general slatcincnt 

^ DividendZHDivisor x Quotient + Remainder.(2) 

If the divi.sor is a linear expression (p. 43) in .r, the 
remainder does n<jt contain x. Consideration of the above 
example should make this clear. 

Any expression involving x is called a function of x and 
may be written/(x), i’(x), <f>(x), etc. 

>23 
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In particular, if/(x) stands for 3x® - a: + 7, 

then /(2) means 3,2^-2+7, f.c. 29 ; 

/(-x) means 3(-x)® - (-x)+7. 

i.e. -3x2+x+7 ; 

/(O) means 3(0)3 -0 + 7 ^ ^ ^ 7 . 
and /(//) means 3y®-y + 7. 

Identity ( 1 ) can therefore be written 

/(x)^(.r-;o*/.(x) ^f{h), 

where /(x) means the Dividend and </.(x) the Quotient. 

The Remainder Theorem. 

Let fix) denote the expression ax" + 6 x"“^ + ex""-+... + Ar. 

If/(.r) is divided by (x - a), the remainder is /(a). 

Let be tlie tjuotient and R the remainder. 

Since (x-a) is linear, R does not contain .r, and 

/(x) —(.r ~ a) X «/>(x) R, see (2) above. 

Since this is an identity, it is therefore true for all values 
of X. If we substitute a for x. the coefficient of </.(x) vanishes, 
and we liave 

/(a)=(> X (^(a) + R. 

R=f{(i) .(3) 

I'.x. I. Find the remainder ivh^n .r®-5x+10 is divided bi/ 

X ^ 2 . 

I\v (:i) above, the remainder is { - 2 )® - 5 ( - 2 ) + 10 , 

i.e. (14 -t- 10 - or S4. 

1.x, 2. Find the remainder uhen 

(a r 2/-)x3 - (2a - b)x~ -f 3ax - (2a + 36) 
nv din'tb d hi/ .r - I. 

'I’iie remainder is 

(a 26) . P - (2a - 6 ) . 1 = ^ 3a - (2a 36) 
or a 4 26 - 2(^ - 6 3a - 2a - 36. 

which is O. 

h-vidently the civon expression is exactlv divisible by x — 1 ; 
that is, X - 1 is a factor of 

(a + 26)x3 ^ ( 2 a - 6 )x 2 ^ 3 ax - ( 2 a + 36). 
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Factor Theorem. If (x -a) is afactorof f(x), then/{a) =0. 
Conversely, if f{a) =0, then (x - a) is a factor of fix). 

Ex. 1. Find thp factors of 2x^ +Sx^ 

Let fix) stand for 9^3 3^.2 _ j 

By trial, /( - 1) = 0 ; therefore (a* + 1) is a factor of 

2x3 + 3^2 - 1 ; 

2x3 + 3x3-l=(x + l)..^(x), 

where 4>{x) by inspection, or actual division, is 2x^ + x - 1 , and 

2x3 + a; - 1 = ( 2 x - 1 ) (x + 1 ); 

2x3+3x2-l =(x + l)( 2 x-l)(x+l) 

= (x + l)=( 2 x-l). 

Ex. 2. Find the factors of 

a^ib-c) +b^ic-a) +c=(a ~b). 

Let E stand for the expression 

a-ib -c) +b-ic -a) +c^ia -b). 

If a =b, E = b^ib -c) +b^ic~b) +0 

= 0 : 

a - b Is a factor of E. 

The expression E Is symmetrical in a, b and c, ix. remains 
Unchanged when a is cliangcd into b, b into c and c into a. 
Hence, since a - 6 is a factor, so also arc b - c and c - o. 
Again, E i.s of the third degree in a, b and r, and we know 
already three linear factors (a - b), {b - c) and (c -«). If there 
is another factor, it must he a mere number. 

Thus E=N . ia ~b){b -c)ic - a), where iV is a number. 

Put a =0, b = l, c=2, and we have 

+13(2-0)+22(0-1) =2-4= -2 
and Nia - 6 )((; - c) (c - a) = A (0 - 1 ) (1 - 2)(2 - 0 ) = 2 A^; 

-1 

and a 2(6 -c) +b^ic-a) +c 2 (rt -b)= -{a-b)ib -c)(c - a). 
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Ex. 3. Find the factors of 

a(lf* -c"*) -i-b{c* -«^) +c{a* ~b*). 

Let E stand for the expression. 

If rt = b, E = b{b* -c*) + b{c* ~ b*) + 0 = 0 ; 

a - b is a factor of E. 

Similarly, b - c and c-a are factors. 

Since E is symmetrical in a, b and c and of the fifth degree, 
and since (a - 6)(6-c){c - a) is symmetrical and of the third 
degree, we may write E={a-b){b-c)(c-a) multiplied by 
a symmetrical expression of the second degree in a, b and c; 

/. E = {a - b)(b -c)(c - a) (1(0- + b^ + c^) +m {ab + bc+ca)}, 

where I and m are mere numbers. 

Put rt =6, 6 = 1, c =2, and we have 

l(2^)+2(-H)=(-l)(-l)(2){f(5)+m(2)}; 

14 = I0l+4m.(1) 

Again, put rt = 0, 6 = 1, c = -1, and we have 

l(-l)"+(-l)(-H)=(-l)(2)(-l){2/-m}; 

/. 2=il-2m .( 2 ) 

From (I) and (2), Z = l, 

and rt(6< -c<) -f-6(c^ -fl*) +c(a*-6*) 

= (a - 6)(6 -c)(c -o) {a- + 6“ + c® + n6 +6c + ca}. 


EXERCISES XXVI. 

1. Find the remainder when 

(i) a* + 4x + 6 is divitled by x— 1 ; 

(ii) x*+4a- + 6ia divided by 2; 

(iii) X* 4- 5x — 3 ia divided by 3x — 1 ; 

(iv) (a - 6)x^ + (6 - c).T* + (c — a) is divided by x — 1. 

. x+ 1, what i.a the value of ^ ? 

3. Find the factors of: 

(i) x3 + 6x=+llx-f 6 : (ii) x*-5x^ + 5x^ + 5x~6; 

(hi) x^~2x+l i (iv) x» - 16X-4; 

(v) X* + x< - 5 j 4 - 5x* + 4x + 4. 
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4. Factorise: 

(i) a6(a - 6) + 6c(?; - c)+ca(c - a) ; 

(ii) (/> - c)^ + (c - a)^ + (a - fe)* ; 

(iii) a®(6* — c*) + - a-) + c^(«* 

(iv) 6V(//- -c 2 ) + c 2 a 2 (c 2 - a2) +a262 (n^ - 6^); 

(V) x{y + z)‘^ + y{z+x)-+z(x+ij)'^-Axyz. 

5. Shew that (.v+z). (z+a-), (x-\-y) are faotoi-s o£ 

6. Prove tliat n-f 6 + c is a factor of + 6® + c* — 3a6c. 

7. Find the roots of the equations: 

(i) a.-*-3x-2 = 0; 

(ii) X® - ix- -lx+ 10 = 0; 

(iii) X®-1-7x2-2-4.r +3-6 = 0: 

(iv) (fy - c)x® + (c-a)x + (o - 6) = 0. 

8. Wliat values of x will make the expressions x* - x* - 4x 4-4 

and X® - 2x* - x + 2 both zero. [I.C.h..] 

9. Tf/(x)=aoX»‘ + a,x”-»+a 2 x’»- 2 +...+a„-iX + a„. shew tlmt 

the remauider on divi<ling/(x) by (x - a) is /(a). 

Show that X + 6 + c is a factor of x*(6 -c) - x(6® - c®) + (6®c - or ). 
and find the remaining factors. [L.C.] 

10. Prove that, if/(x) is a rational algebraic function of x, then 

X - a is a factor of/(x), if/(a) = 0. . , rr tt i 

Find the linear factore of 4x® + 12x*y- I3xy*- 21y®. IL.U.J 

11. By the remainder theorem, or otherwise, shew that x - I is 
a factor of (6 - c)x» - (a + 26 - 3c)x* - (6 + 2c - 3a)x - 2{a - 6). and 
find the other two factors. 

Factorise a(6* - c®) - 6(c* - a») - c(a* - 6*). [L.U.] 

12. n being a positive integer and 


a.x 


n—I 




n-2 


+ a^z 


n—S 


-4- ... + I ^ 


a 


vanishing when x is put =a, prove that x-a is o factor of tho 

Use this theorem to detonnino by trial tho intORral root of 
4 “ 31'Ox^ — C*8x — 12 and find the values of tho rernmning 
root-s. (C.U.J 

13. Find by trial the integral root of 3x®-6-5x*- 10-5x + 9 = 0, 
and solve the equation. 

14. Solve tho equation x® + 3-2j^ + 3-37x + 117=0. 

15. Solve the equation 

4x* - 2-8x» - 3-4x® + 0-7x + 0 6 = 0. 

16. Solve tho equation 8x* + 6x® - x® + 6x - 9 = 0. 
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17. Stato and prove the remainder tlieorem. 

Write dowTi the remainders when ax* + b:^-k-cx* + dx ■¥ e is 
divided by (i) x - 1. (ii) x + 1. 

lablZ is a number of five digits, of which a. b aro unluiown. 
Determine a, b so that the nmnber shall be divisible by 09. [S.W.] 

18. State and prove the Remainder Theorem. Apply this 
theorem to find the numerical values of .4, B, C, D if 

90 = A(x+ l)(x+ 3)(x + 6) + Sx(r+3)(x + 6) 

+ Cx(x^ i)(x-i-6) + Z)x(x+ l)(x + 3) 
for nil values of x. [S.W.] 

19. Prove that x* can be expressed in the form 

A +Bx + Cx{x- 1) + Dx(x- l)(x-2); 
and determine the coefficients. 

20. Show that 

x*sx + 7x(x~ l)+6x(x- l)(x-2)+x(x- I}{x - 2){x - 3). 

21. Factoriso 

()/ + 2a -f- 26} {fx - 3a)2 - 4a* - 26?/ - 26»} 

+ (.X - 3a){?/2 + 2(2a + 6)y + 8ii6 + 26*} 
by forming and solving a quadratic in (x — 3a) or othenvise. [L.U.] 


Partial Fractions. When a single fraction is replaced by 
two or more simpler fractions, it is said to be expressed in 
partial fractions. In higher mathematics, the process is of 
more imp()rtaiu’e tlian the converse one of combining two or 
more fractions into a single fraction. 


Ex. 1. Kxprcfts in 
Assume that 


pnrtinl fraction.'^ 


_ 3 x+4 
(X l)(.r + 2) ■ 


3.r + 4 _ A n 

(.c + l)(x+2)~x + l*^J+2- 


Now - ^ ^ ( r + 2) + R(x-^ 1) 

x-I x^'l {.r a. 1)4-4.1?) 

(-4 +B)x + (2.4 + B) 
fx + l)(.r+2)" ■ 

Now, since ttiis fraction is the same as the original fraction, 
and the denominators are the same. 

.*. (.4 ^ fi).r+(2.4 + i5)=3x+4, 
where = means that the expressions are identically equal. 
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That is to say, the coefficient of x on the right is the same 
as that on the left, and the constant terms are the same, 

i,e. A + S=3. \ 

2A + B=4. j 

Subtracting the first from the second, we have 


.4=1, 

and, using the first, B = 2. 

3jr + 4 1 


Hence 


+ 


(x+l)(a: + 2) .f-r 1 x + 2‘ 

Note .—This metliod only applies when the liighest power 
of X in the denominator is greater than the highest power of x 
in the numerator. 

Ex. 2. Express in partial fractions 1-. 

X- + 2.r - 3 

Since the highest power of x in the denominator is not 
greater tlian the highest power of x in the numerator, the 
expression is written 

o(;,-2 + 2 x-3)+ r-r> 

(x2 + 2.r-3) 

t.e. the numerator is written so that part is exactly divisible 
by the denominator. 

X " o 

the fraction is 2 +, -’ —,,, 

in which the denominator has been factorised. 


Assume 


x-r> 


A B 

= —.* r. + T 


(x + 3) (x — I) ;f + 3 X — 1 
whence, as above. B = - 1, ) 

A = 2. f 


Alternatively, ylf.c - 1 ) +/?(x + 3) rx-5. 
Putting x = l, 4B=-4, or B=-l. 
Putting X = - 3. - 4A = - S, or A = 2 ; 

-J 

•• (x + 3)(x-l) x + 3 x-1’ 


and 


2x2 + r>x - 11 „ 2 1 

x2 + 2x-3 '^x+S x-1' 




I 
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EXERCISES XXVII. 


1. Factorise x^+x, and express ^in partial fractions. 

X "f* SC 

2. Express in partial fractions. 

•C T A 

3. Factorise x* — 0’4a: — 0’05, and express —s — 7 ^-^—tt-x? 

■Hc\ ^ x*-0*4x-006 


(iv) 


(Vii) 


(•X) 


2x + 3 ^ 

x® —.T~ 12 ’ 


partial fractions. * 0*4x —0*06 

4. Express in partial fractions; 

. 6'2r + 4*3 , , I 2x + 3 

lx-\)(x + 2}' x2 + 5-2x + 6-4 ’ x^-"x ~ 12 ’ 

2x — 3 ^ n* + I 

^ +2a-8 : 

(,X) - ^ + 3X-1-74 

*x®-2x-I5’ ^^x(x-l-5)‘ 

5. Express - ^^ + 5 

x*+x- 12 

as the sum of two simpler fractions. [B.E.] 

6. Express -j—_ as the sum of two simpler fractions. 

X ^ 13 

7 . Express-g-in partial fractions. [B.E.] 


.. 2x^ + 3 .... 

2^r * (*"> 

x2 + 5-2x + 6-4 ’ 


a*+I 

o* + 2a - 8 ’ 

3x- 1-74 
x(x-l-5)‘ 


(viii) 

(X) 


5. Express 


[B.E.] 


[B.E.] 


8 Find the partial fractions equal to 


x» + 2x*-8x' 


[L.U.] 


9. Factorise x^ + 3x2 - 22x-24. partial fractions 

equivalent to ,— _ rr tt i 

x« + 3x2-22x~24’ 

^ ^ + 3 =.4 + Bx + Cx(x + 1) for all values of x, 6nd 

If ,__ , B c 

(x+ l)(x + 2}(x + 3) x + l'**x + 2‘^x + 3’ 


find A, B, C. 

11. Express the fraction 
partial fractions. 


x-6 


3 - 2x - 3x2 + 2x» 


[L.U.] 

_ as the sum of three 


[L.U.] 
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** Determinants. The expression 


n 


i ^2 


is called a determinant (of the secotid order, since it contains 
iioo rows and two columns) and, written out, means a, 6 , - o, 6 ,. 
The expression 


a.. 


a 




c 


( 1 ) 


'3 ^^3 *^3 

is a determinant of the third order and means 

a 

or ^ 1(6203 - 63 C 2 ) - 6 ,(rt 2<*3 -« 3 C*) 

The expression 


b.y C., 

f 

^ rt C.> 


a., b.. 

^3 C3 1 

- 

^3 ^3 1 

+ <'1 

\ O 3 b.j 


a., 

«3 
(I. 


b, 

b. 


is a determinant of the fourth order : and so on. 

In what follows determinants of the third order are alone 
considered, hut the methods and principles are of general 
application. 

The letters o-j, 6 ,, c,, a.,, h^, ... , etc., which form a det(T- 
minant, are called elements. If a vertical .ami horizontal line 
are drawn through any element, the detorininaiit com])osed of 
the remaining letters is called the minor of that element. 


Thus, in ( 1 ), the minor of «, is ; . - * 

etc. I "3 ^3 


. ' b, c, 

JS - 

the minor of c., 


1 ‘>3 ^3 

> 

«3 ^'3 


etc. 

The cofactor of an elerncrit i.s either plus or minus its minor. 
The sign is found as follows:—Start from n^ (the leading 
element) and p.as.s along the top n.)W' and down th(' j)i‘opcT 
Column until the clement umler consid<Tation i.s reaclual ; if 
the number of .steps from Iett<*r to letter in tliis process is 
even, Ilje sign is f)o.sitive ; if odd, the sign is negative. 'I'lius, 
in the cx])re 8 sion ( 1 ) above, in pas.sing fronj a, to 6 , there is one 

(I C , ' 

step, and the eofactor of i.s - | ; in passing from o, 


a 


*>3 
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to Cj there are four steps, and the cofactor of C 3 is + 


a., 


61 

6 . 


It is convenient to represent the cofactors of elements by 
corresponding capitals ; c.g. the cofactors of a,, 6 ,, 62 * <^3 ^^e 

Aj, Cg. 

To expand a determinant, take the elements of any row or 
column, multiply each in turn by its corresponding cofactor, 
and add together. 

Thus the determinant (1) is the same as any one of the six 
expressions 


+ 6 i 5 i+CiC'i, a 2.4 2 + 62B2 + C2C2, + 

a,Aj+02^2+ 03*43, +62^2 + 6353, c-^C-^-^c^C^+c^C^. 

All these expressions are identical. The first is written out 
above ; the second, a^A^ + b,,B^+c^C^, means 


i.e. 



+ 62 



j 


• 



Cs 





+ 63(0163 O 3 C 1 )— 62 ( 0163 —O 36 ]), 


which is the same as the first expansion, the arrangement of 
terms being different. Each of the remaining four expressions 
should be written out, in order to verify that they are all 
identical. 


EXERCISES XXVIII. 

1. Evaluate 



3 1 1 

7 0 


; 6 

10 

t 

2 1 1 

* k > 1 

8-1 

and 

|3 

5 


2. Find the cofactors of the elements indicated by a dash and 
evaluate each determinant. 


1 

1' 

-1 

4 

3 

7 

1 

5 

1 

2 


8 

1 

4 

- 1 

2 

4 ! 

6 

2 

0' 

1 

4 

3 

8 


0 

4 

5 

6 

2 

1 

- 1 

5 

6 

1 

» 

9' 

— 7 

1 

21 

» 1 

7 

ir 

0 


3. Evaluate 


a h g 

1 

1 

! 1 X y + z 


\ a b c 

h b / 


1 y z + x 

and 

cab 

g J c 

f 1 

1 3 x + y 


b c a 
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♦♦ Elementary Properties of Determinants. 

I. A determinant ia wnaliered in value if the columns are 
written as rows. 

For example, 


Cl 


C] 


Ol 


O 3 


br, 

^2 

S 


b. 

^3 

«3 


^3 



^2 

C3 


The left-hand side is 


a. 




a. 


+ c 


a 

a 


and the right-hand side is also, (see p. 232), 


. c 

'2 ^8 

which are identical. 


- b 


a. 


a. 


+ c 


a 

b 


.> 


b„ 

a. 


11. If any two rows or any two columns are identical, the value 
of the determinant is zero. 


For example, 


a, 6, <• 


a 


1 


1 


b^ Cg 


= a. 




- b 


a 

a 


c 


a 

a 




= 0 . 


III. If all the elements in a row or column are multiples of the 
same number, that number is a factor of the deteryninarit. 

For cxamjilo, 


/.'tf, 

A-6, 

kc, 

= k 


6, C, 

«.> 

b.. 

c.. 


«2 



^3 

«3 


«3 

^3 ^3 


Ex. Shew that 


1 a a® 
1 b b^ 
1 c c3 


is equal to (a - 6) (6 -c)(c - a)(a +6 +c). 


Let A be the value of the determinant. 

If 6 be put equal to a, two rows are exactly alike ; 

A = 0 when b = a\ 


(a -6) is a factor of A. 



234 INTERMEDIATE MATHEMATICS: ANALYSIS 
Similarly (6 -c) and (c — a) are factors. 

Again, A is of the fourth degree in a, 6 and c, and is clearly 
symmetrical in a, b and c; 

as on p. 225, A = fc(a -5)(6 -c)(c - a)(a+ 6 + c),.(1) 

where I* is a mere number. 

By equating coefficients of 6 c® on both sides of (1), 

& = 1 ; 

A = (a- 6 )( 6 -c){c-a)(a+ 6 + c). 

*• EXERCISES XXIX. 

1. Sliew by expanding that 


«1 

f'x 

Cl and Uj 


O3 


b. 

ca 6, 

bz 

63 

O3 

bz 

<^3 

^2 

C3 


are identical. 


2. Shew by expanding that 



ka^ 

Ibi 

pCi = 

= kip Oi 61 Cj 


ka^ 

Ibz 

pc. 

a, 6, c. 


ka^ 

Ibz 

pc, * 

«3 *3 C 3 

3. 

Shew that 


6 5 

3 =0. 




8 13 

4 




10 71 

5 1 

4. 

Shew that 





1 

a 

a® ' = (a 

-6)(6-c)(c-o). 


1 

b 

6= 1 



1 

c 

c 2 ! 


5. 

Shew that 





y- 


yy 

xz = 4a:*i/*2*. 



xy 

2 *+a-* 

yz 



zx 

-y 
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** IV. If P, Q, R are the cofactors of the elements p, q, r of any 
row or column of a determinant and y., v are any numbers 
whatever, then kP+iiQ+vR equals the determinant formed by 
writing A, p, v for p, q, r in the original determinant. 


Fcr example, A^, being the cofactors of a.^, bo, Co in 



then 


A A 2 B 2 ^’^2 “ 




Corollary. If the elements of any column (or row) are 
multiplied by the cofactors of the corresponditig elements of 
another column (or roiv), the sum of the 2 >roducls is zero. 


For example, 


a, ^3 +biB 3 + CjC 3 — 


a 

a 

a 



Cl 

C 2 

Cf 


= 0 by II. 


E.x. 1. Solve the equations 

a^x +6,y + Cj =0.(I) 

a^ -^b^p +c., —0 .( 2 ) 


Multiplying (1) by b^ and (2) by and subtracting, 

x(af>^ - Oob,) = bjCg - , 


i.e. 

x-h- 5, 

C| 

= 




ho 

C 2 


a.. 

bo 

** 

•Similarly 

y^'c^ 


= 

1 

I^i 

fh' 


1 Co 

a.. 

1 

1 do 

ho 


Consequently the solution of any pair of simultancoii.s 
equations such as ( 1 ) and ( 2 ) can be written down immediately 
in the form 


X .V _ I 



Cl ' 

Cl 


«I 

f>l 

^2 

C-Z 

C2 

o-j i 


ho 
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Ex. 2. Solve the equations 

a^pc+biy+Cj^z=d^, .(^) 

a^-\-b^ + c^=d^ .( 2 ) 

+b^ + c^ = d^ .(3) 


Let A= 6 i Cj , and let Aj, Gy, etc., be the 

b^ C 2 
^3 ^ 

cofactors of a^, by, Cy, etc., in A. 

Multiply (1), (2) and (3) by Ay, and A^ respectively and 
add. 

We have 

x{ayAy +03^2+03.43) +y(6,Aj + 63.43 + 63.43) 

+ z (CjA I + C 2 A 2 + C 3 . 43 ) = d yA y + d^A^ + d^A^’ 

The coefficient of x is A. 

The right-hand side is dy by Cy , by IV. above. 

^2 63 C 2 

^3 63 C 3 

The coefficients of y and z are each zero, by the Corollary 
to IV. ; 

/. a-A* dy by Cy 

d^ 63 C 3 

^3 63 C 3 . 

Similarly, multiplying (1), (2) and (3) by By, and B^ 
respectively and adding, we have 

yA= ay dy c, 

{to 0*2 

^3 ^3 ^3 

Similarly sA — a, bi di 

ft-9 l)o do 

M • M 

O 3 63 6^3 

Ex. 3. Skew how to eliminate x, y, z from the equations 


OyX +6iy+ CiS =0, .(1) 

a2X + 63^ + 033 = 0, .(2) 

+ 63 ^ + C 32 = 0 .<,3) 
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With the notetion of the last example, multiplying (1), 
(2) and (3) by A^, A^, A 3 and adding, we have 

arA+y.0+z.0=0; 

A=0. 

The same result might have been arrived at by obtaining 

X _ y z 


hjCo ““^ 2^1 ^ 1^2 ^2 ”^ 2^1 

from (1) and (2) and substituting in (3). 


, as in Ex. 1, 


V. // tach element of any line is the sum of two numbers, 
the determinant can be expressed as the sum of two determinants. 
For example, 


Cl\ + (X 

6,+/3 

Ci +7 





+ 

a 


y 

02 

62 

C2 

1 


f'2 

C 2 


"2 

l>2 

Cj ! 

O 3 

^3 

Cj 

1 

«3 

f'3 

^3 


03 

^3 

^3 


VI. A determinant is unaltered if to the elements of any row 
ore added the same multiples of the corresponding elements of 
ony other roio or rows. The same is true of columyis. 

For example, 


a, 


*^1 


aj + K a2 + Aa^ + k 62 + A63 ^ + ^^3 1 

02 

62 

^2 


^2 ^^2 ^2 ' 

O3 


C3 


CTy 63 C3 j 


The last determinant, by V., equals 



'h 


+ 

Ka^ 

Kbz 

Kr2 


Aa^ 

A/>3 

AC 3 

^2 


<'2 


"2 

1,2 

C 2 





^3 

^3 

1 

^3 1 


«3 

^3 

^3 


O 3 


C:, 


and in thi.s, each of the last two determinants is zero, by 
III. and II. 


Ex. I. Solve 4ar + 3//+ 2: = 57, .(1) 

5:r-( 2,v-2 = 3.(2) 

x4-y-3z= -44.(3) 

Let A = 4 3 2 

5 2 -1 


1 1 -3 
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Multiplying (1), (2) and (3) by the cofactors of the elements 
of the firat column and adding, we have 


= 


57 3 2 

3 2-1 
-44 1 -3 


==57(-6 + l)-3(-9-44)+2(3-h8S) 
= -285 + 159 + 182 


= 56, 

and A=4(-6 + l)-3(-15 + l)+2(5-2) 

= -20+42 + 6 



Similarly 

yA = 

4 

57 

2 



5 

3 

-1 



1 

-44 

-3 


==4(_9_44)-57(-15 + 1)+2(-220-3) 

= -212+798-446 
= 140 ; 

?/ = 5, and, by substituting for x and y in (2), 
3 = 17. 


Ex. 2. Shew that 


1 X 

1 y 

1 3 


2 / + 3 
3 +X 

x + y 



The given determinant, by VI., is equal to 


1 x x+y+z 
1 y y-k-z+x 
\ z .3 + V + y 

by adding the elements of second and third columns to obtain 
a new third column. 

by III., the given determinant is equal to 


(.r+y+3) 


1 X 1 

1 y 1 


which is zero, by II. 
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Ex. 3. Shew that 1 1 1=0. 

a b c 

a~-bc b--ca c~-ab 

Subtracting the first column from each of tlie others, the 
determinant equals 

1 0 0 

a b —a c —a 

a~-bc b"^-a^-c{a-b) —a^ -b(a -c) , 

i.e. {b ~a){c ~a) 10 0 

a 1 1 

a^-bc b+a+c c+a+b . 

i.e. (6 -a)(c -a){(c + o + b) ~ (b + a + c)} ; 

i.e. 0. 

N.B .—If a determinant can be so transformed that two 
elements in a row or column are made zero, this should always 
be done. 


Area of Triangle. If the coordinates of the vertices of a 
triangle are (x,, y^), (xg, y^), (Xg, y.^), the area of the triangle is 

1 Xi y, 1 Y 

y2 1 

For let A, B,C he the points (x,, y,), / 

2 / 2 ). (X 3 , 1 / 3 ) (Fig. 116). / 

Then, using the figure, the triangle / 

ABC equals 

trapezium ACca + trapezium CBbc (■’’>■>’0 

— trapeziumZ^6a. 61 ^ ^ 2 x 

area of triangle 






a <5 X 

FlO. 110. 


= i (yi + y3)(^3 + h (ys + y2)(^2 (yi + y2) (^2 - »i) 

= \{ yi ^ 3 - yi^i +2^3^3-2/3^11 + H 2 / 3^2 - 2/3^3 + y ^ 2 - yT ^ i ) 
-• 5 { 2 /iJ' 2 - 2 /i^i + y ^ 2 ~ y ^^ l ) 


“ K^i(y2 -2/3) +^ 2 iy 3 - y \) +-^3(2/1 -2/2)] 

= i 2/1 1 

a^2 2/2 1 

1 2*3 2/3 1 • 
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Suppose the boundary of the triangle is traversed by moving 
from (a?!, yj) through (xj, y^) and Jx^, y^), and thus back to 
(^i» yi)> so that the area of the triangle is always on the left 
hand, then the determinant formula gives a positive result. 
If the triangle is such that the area is always on the right hand, 
the determinant formula gives a negative result. 



Thus in Fig. 117 (a), 


1 

1 

1 

= h 

1 

0 

0 

2 

3 

1 


o 

1 

-1 

0 

4 

1 


0 

4 

1 


which is a positive result for the area of the triangle shewn. 
While in Fig. 117 (6), 


X 

2 

1 

1 

1 


1 

0 

0 


0 

4 

1 


0 

4 

1 


o 

3 

1 1 


2 

1 

-1 


which is a negative result for the area of the same triangle. 


1. Evaluate 


2 Evaluate 


3. Evaluate 


**EXERCISES XXX. 


a b c 

j — a b c 

I —a -b c 


x + 2t/ x+Zy x + 4y 
x + 4y x+ 5y x + Qy 
x+By x+Ty x + 8y 

-1 11 
5 13 6 
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4. Evaluate 


x + y X y 

X X + Z 2 

y z y-^z 



Shew that 


a h c 
cab 
b c a 


= {a. + b c){a- + b- + — ab — be - ca). 


6 . Provo the identity 


1 

X* 

X» 

8 1 

y2 

X X- 

1 




2X 

y y" 

1 

2* 

23 

1 

•i’// 

Z 2^ 


7. Find the area of each of tlio triangles wlioso vertices are : 

(a) (0, 0). (3, 1), ( -5, 6 ) ; ( 6 ) (1, 5), (2, 7). (4. 8 ) ; 

(c) (1, 1). ( -2, -3), ( - J. 7) ; (d) ( 8 , 9), (13, 27). (41, 63). 

Draw rough sketches, and explain the sign of each result. 

8 . Solve the equations 

(а) 2x + 3y + z = 6, 2a; + 0//+ .3c = 14. 4a;+y + 2c = 7; 

( б ) a:-y+ 62 =12, 3x + 7//- 4c = - 0. 5x + 3y + c=lf); 

(c) 7 _p -47 + 2r = 4, 2/> + 87 - 7r = - 5, bp-2q-r= - 

9. From the equations 

a:+ 2 /+ 2 = 1 . o.i; + 6 »/+ C 2 =</, a*x + 6 *y+ c ®2 =</* 
exprovss a; as a quotient of two determinants ; and reduce your 
answer to the form 

x{a - h)(a - c) = (d - 6 )(d - c). (S. W.] 

10. Solve the equations 

a; + y + 2 = 0, ax + 6 y + C2 = 1, hex + cay + abz = 0. 


11. Solve the equations x+y + 2 =a +6 + c, 

bx + cy - az = ab be ~ ca, 
cx + ay + 62 = 6 c + ca + a 6 . 

12. Provo that tlio area of tlio triangle, the coortlinatcs of 

whoso angular points aro (xj, y,), (x^, y^), (xj, y^), is half tho value 
of the determinant , _ I 

1 
1 

Provo that tho area of tho triangle formed by tho straight 
linos a,x + b^y + C| = 0 , a^x + b^ + Cj = 0 and tho axis of x, is (with¬ 
out regard to sign) (c,a*-c,a,)« 

20 , 02 ( 0 , 6 ,- 0 , 6 ,)' (S.^V.] 



2/1 

a-. 

2/3 


Vz 
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13. The straight line 2x + y = 5 meets the axis of a; at A, and 

the perpendicvilar from P ( 6 , 3) to it at Q. If PA be produced 
to R so that PR = 3ARy find the coordinates of Q and R and the 
area of the triangle PQR. [B.U.] 

14. Obtain the equation of the straight line passing through the 
point (a, 6 ), and perpendicular to the straight line lx + my + n = 0. 

The straight line PQ, joining the points (1,2) and (4, 1), is 
cut at right angles by a line RS passing through the point (3, 5). 
Find the area of the triangle included by the lines PQ, RS and 
the axis of x. [Man.] 

15. Prove that the area of the triangle included between the 
points ( 0 , 0 ), (xi, i/i), (Xg, yj) is i(xiyg - Xgt/i); and explain the 
meaning of the sign of yoiu* result. 

Find the area of the quadrilateral with one comer at the origin 
and the others at the points (5, — 1), (4, 3) and (7, 9). [S.W.] 

16. Shew that i{(^i- ^ 4 ) + (a^t“l/i)} represents 
the area of the quadrilateral formed by joining the points 
(1, 2, 3, 4) in that order. 

Explain how the sign is to be interpreted ; and give a geo¬ 
metrical interpretation when the result is zero. Apply this 
theorem, giving a figure, to the points (3, —5), (7, 14), (7, 1), 
( - 1, 2). [L.U.] 

17. Solve the equations 

px + qy + rz^p, qx + ry+pz=q^ rx+py + qz — r. 

18. Solve the equations 

ax + by + cz^l, a*x + c‘z = P, a*x -I- 6 * 1 / + c’z = P. 

19. Express as a determinant the condition that the points 
(■Ti. ’/t). (xj, yg) and (X 3 , yg) are collinear. 

20. Express as a determinant the condition that the lines 
ft,x -I- ft,y-he, = 0, OaX-f 6 jy-f-Cj = 0 and UjX-|- 63 y-hC 3 = 0 are con¬ 
current. 



CHAPTER IX. 

THE PROGRESSIONS. ANNUITIES. LIMITS. 

Arithmetic Progression. In Fig. 118 let the intercept of 
the straight line AjA„ on the vertical axis be a and let its 
slope be d. 



The equation of AiA„ is 

y = a -i-dx .(1) 

Along OX mark off distances OP 2 , P 2 P 3 , P 3 P 4 . Pn-jPm 
each equal to unity. 

Erect ordinates ^lA^, ... P„A„. 

From ( 1 ) it is seen tliat the length of each ordinate exceeds 
that of the preceding ordinate by the constant length d. 

Thus A 2 P 2 =ii +d, A 2 P 2 =a +2d, A^P^=a+3d ... and 

A„Pn = a + n — 1 d =l (say). 

If be produced to bo that AnB„ =OAj and if B^B^ 

be drawn parallel to OX to meet OF in /?,, it is clear from the 
figure that AnBn = OAi, .‘^n—\Pn—\~A 2 P 2 , -^n— 2 ^ 0—2 
etc., ,,, A 2 B 2 = A iP n—i and A ^ B ^ 

243 
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That is, the sura of any two ordinates equidistant from 
beginning and end of the series is constant and equal to a + 2. 

Hence the total length of the ordinates OA^, ... PnA^ 

is half the sum of n ordinates each equal in length to a+/, 
or, symbolically, 

a + (a +d) +{a + 2d) +(a +3d) + ... + (o + w - 1 d)=-^{a + l). 

The lengths of the ordinates OA^, P^^z* 

form a series of numbers in arithmetic progression, or, briefly, 
an A.P. 

a is the first term, d is the common difference. 

I, the last or n*** term, =a + (n. - l)d ; .(2) 

and the sum to n terms, S, is given by iSi=^n(a + /), or, 
substituting for I from (2), 5= ln{2a + n - 1 cZ}. 

The same relations nia 3 ^ be obtained algebraically as follows. 

As before, let a be the first term and d tho common dif¬ 
ference ; 

the second term = n + d ; 
the third term =a +2d ; 
the fourth term =a +3d ; 


the terra = a + (r — 1) d ; 

the 71“* term =a + (n - l)d. 

If there are n terras and the 7i“* term be denoted by I, 
we have 

l=a +{n -l)d; 

the last but one = l —d or a + (ti - 2)d ; 
the last but two = l - 2d or a + (ti - 3)d ; 

and so on. 

If S denote the sum to ti terms, we have 

(S =a + (a +d) + (n +2d) +... 4-{Z - 2d) +{Z -dl +i 
or, reversing, 

*S = Z + (/ — d) + (Z — 2d) +... + (tz 4* 2d) + (o + d) + 
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Adding, 2S = {a +1) +{a +1) + (a +1) + ... to n terms ; 

28 = n{a+l), 

or 5="{a+/); 


or, using (2), 


5 = ^ (2a + 7i - 1 d). 


Ex. I. Insert m arithmetic means between p and q. That is, 
form the arithmetic progression of m + 2 terms which has 2 > as its 
first and q as its last term. 

Let d be the common difference. 

Then q =p + (m + 1 )d, since it is the (m + 2)“* term ; 



q-p 
7/i + r 


and the required means are 


p + 


q-p 

in + 1 


p-¥ 


2(1? -p) 
?n + 1 


q-p 

. p + m . 

* m +1 


A graphic method of finding the in arithmetic means 
between two numbers should be obvious from Fig. 118. 

Note. —If m = l, the term between p and q is called the 
arithmetic mean. Its value is {p h-</)/2. 


Ex. 2. If the p"', <(*" and r"* terms of an arithmetic progres¬ 
sion are x, y, z respectively, prove that 

{y - z)p + {z- x)q + (ar - y)r = 0. 

Let a be the first term and d the common difference. 

Then x=a+(p-I)d, 

y =a +(q -\)d, 

2 =a + (r - l)d ; 

x-y = {p-q)d 

and y -z^{q-r)d 

and z - X{r -q>)d •, 

pKy-z)+q{z-x)+r(x-y) 

= d{p{q - r) + q{r -p)+r{p- q)} = 0. 
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Ex. 3. The sum of the first n terms of a series is 3n* + n. 
Find the term, and shew that the series is an arithmetic 
progression. 

Let Sn stand for the sum of the first n terms ; 

.*. Sn = + n, 

= the sum of the first (n -1) terms 
= 3{n-l)2 + (n-l); 

iSn — = 6n. — 2. 

But + the term ; 

the n'^ term is 6n — 2; 

.*. the term is 6(n —1)—2 

and the n"* term - the (n -1)**‘ term is 6. 

That is to say, any term is 6 more than the preceding term. 

Therefore the series is an A.P., of which the first term is 4 
and common difference 6. 

Geometric Progression. A series of numbers of the form 
a, ar, ar^, ar^, ... where any term is obtained by multiplying 
the preceding term by the same number, r, is caU^ a 
geometric progression, or, briefly, a G.P. 

r is called the common raiio. 

The second term is ar. 

The third term is or*. 

The fourth term is ar®. 

The 71*“ term is ar”~^ = l, say.(1) 

Let S be the sum of n terms. 

Then S = a +ar + ar^ +... +ar”~^ +ar”~^. 

Multiplying by r, 

Sr = ar + ar^ +... + ar"~® + ar”“^ + ar”. 
Subtracting, 5(1 - r) = a - ar" ; 

... S = .(2) 

Formula (2) can be ^^Titten in the form S = a(r" — l)/(r — !)• 
It is usual to employ the first form whenr<l, the alternative 
form when r>l. 
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Ex. 1. Find the lowest value of n for which the sum of the 
series 1+2 +2^+2^ + ... +2’*"^ earceeds 10,000. 

Sn Stand for the sum of this series. 

Using (2) above, — 2” - 1 ■ 

We must Iiave 2" — 1 > 10,000, 

i.e. 2 «> 10 , 001 ; 

71 log 2 >log 10 , 001 . 

Now log 10,001 is slightly greater than 4 

and log 2 Is slightly greater than 0 3 ; 

n>p, 

where p is approximately equal to 4/0 3 or I 33 . 

If n-13, 6'„=213_1 =(26)2x23-1 

= 1024 X 8 - 1 
= 8191. 

If n = 14, .S'„=2>«-1=10383. 

Therefore the lowest value of n which makes 10,000 
is 14. 

Ex. 2. Insert rn geometric means between p aTxd q. 

Let p be the first term and r the common ratio. 

Then q, being the (?« +2)““ term, is ; 

The required means arc 

Kl) -^‘0 

If m-\, there is only one mean between p and 7 , namely 

^(/O* 

and this is called the geometric mean of p and q. 
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Ex. 3. If X, y, z are the p**, (f', and terms respectively 
of a geometric progression, prove that 

^_r yr-p ^ 2P-0 = 1 

Let a be the first term and s the common ratio. 

Then a:=as*’"‘ or log a; = log a+ (p - 1) log 5. 

Similarly, log y = log a+ (g -1) log s, 

and log2 = log a + (r-l) log^ ; 

(g-r)logx + (r-j?)log2/ + (j?-g)log2 
= {q -r + r -p -\-p — q) log a 

+ {(p - l)(g - r) + (g - l)(r -p) + (r - l)(p -g)}log s 

-0, 

i.e. loga:«-*’ + logy’'-*’ + Iog2*’-« = 0 = log 1, 
or oc9-^. y^-^. = 


Ex. 4. Fifid the approximate cost of an annuity of £250 
for 15 years if interest is allowed at 3 per cent. 

£250 has to be paid at the end of 1. 2, 3, ... 15 years. 

Let £P be the present value of £250 due n years hence at 
3 per cent. 

That is, £P amounts to £250 in n years at 3 per cent.; 

P{103}" = £250 (seep. 103); 



250 

103"* 


The sum required to produce £250 at end of 1 year is £ 


250 
103 • 


If >> ff 


}f 


ff 


£250 

£250 


2 years is £ 


250 

l-OSa* 


3 years is 


£ 


250 

1 - 033 ' 


>9 


9 9 


9 9 


£250 


99 


in . n 250 
15 years is 


If £C is the approximate cost of the annuity, we have 

/ 1 


C = 250 


+ 


1 1 
+ 


(1-03 1-032 1.031 


+ 


•"+1.0315}' 
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The series in the bracket is a geometric progression, of 
which the first term is 1/1 03 and the common ratio 1/1 03. 


There are fifteen terras. 


C = 250xj-;-3x 



2.^0 /, / I 

”003'' (iW J' 

Using logarithms, C=2980. 

The cost of the annuity is therefore about £2980. 

Ex. 5. Find the present value of a deferred annuity of £P 
which commences at the end of n yexirs (the first jioyrncnt being 
made after n +1 years) and continues for x years, the rate of 
interest being r per cent. 

£P due n +1 years hence has a present value of 

(^■^ioo) ' 

If £C is the co.st of the annuity, we have, writing P for 

1 +rd(H), 

C = P{ + b + + ... to X terras} 

pjl-{n + \) />7?-U + n + l) 


_pji-n p/^-(x4».) 

n-\ ■ 

Ex. 6. A manufactured article is sohl to an agent for £P, and 
when he sedls it again the price is increased by l/n"*. If, before 
reaching the ccaisumer, who pays £2P for it, it passes through 
the hands of 10 agents, each increasing the price by I/«"‘ on sell- 
ing, find n. 

Compute the sum of the purchase moneys. [L.U.] 


The first agent pays 
The second agent pays 


£P. 
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The third agent pays 

£P{ 

^ nj 

The tenth agent pays 

£P{ 

\ 1 \® 

1 + — ) . 

The consumer pays 


f l\io 

£P( 

1 +-) ; 

, n) * 


l\ 

10 

/. P(l 

+ -) 

1 = 2 />; 

\ 

n/ 


/ 

1\ 

10 

(1 

+ -) 

“ 2 ; 

\ 

71/ 


log( 

1 + ’ 

r, 

-) =0*03010; 

« 

• • 

1 + 

i = 1*072; 
n ’ 


••• 


/. ni=13-9. 

The sum of the purchase moneys in pounds is 

This is a geometric series of 11 terms. The sum is 

P 

i.e. „p{(l+l)“_i|. 

Using (1 + l/»)'® =2, this becomes 

«P{ 2 (l+i)-l}. 

i.e. P{n+2), 

or 16P, taking n = 14. 

The sum of the purchase moneys is approximately £16i^. 
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Continued Proportion. The numbers ^ 7 , 6 , c, d, etc., are said 
to be in continued proportion if afb=b/c = cld = — 

Clearly a, b, c, d,... form a geometric progression. 

Draw any line .4 jX (Fig. 119). At erect a perpendicular 
AiBi —a. 

At any convenient point 
Aj, erect a perpendicular 

Join and produce. 

Join A^B^, and through 
Aj draw A.^B^ parallel to 
Ajfio to meet B^B.y in B^. 

From B^, drop a perpendicular B^A^ to AjA'. 

Similarly, draw A^B^ parallel to Aj^a^nd drop a perpen¬ 
dicular B^A^ to AjX. 

Then Agfig is c; A^B^ is d. and so on. where a. b. c. r/....).s a 
geometric progres.sion. 

By construction, the triangles A^B^B.^ and A»B.,B^ are 

a A,B., 

•* 6 “A 2 /fa. 

Again, the triangles AiB^A.^ and Aa^^s-'^a similar ; 

• di-^ = - .(2) 

• * A 2 B 2 . 

a _ 

l~c- 

b C 


From (1) and (2), 


Similarly, 
and so on. 

Limits. Consider any line AB (Fig. 120 ). 


A 


C, 

Fio. UO. 


C, C,C,B 


Let C, be the mid-point of AB ; the mid-point of C’,/i ; 
C '3 of C^B ; 6*4 of C’^/f ; an<l so on. A.s this proce.s.s of bisection 
is continued, it is ciear that a scries of points 6 \, C^y (- 3> ••• 
etc., is obtained, each of which in nearer H than the pro* 
ceding. But, however far the process is continuc<l, the piunt 
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of bisection finally obtained will never actually coincide with 
B, although it can be as close to H as desired. 

The points C,, C 3 , ... are said to form a series which 

has the point B as its limit. It should be noted that this 
limit is never actually attained; but it is always possible to 
make as close an approximation to it as desired. 

It is convenient to express the foregoing illustration in 
algebraic form. Let AB be x cm. long. 

Then AC^=xj2cm., 

C^C^ = \{x!2)^xl2\ 

= = 3 ^/ 2 =’, etc.: 


AC„=a:/2+r/22+r/2» + ...+r/2« 


r/2[l -1/2"1 
[ 1 - 1 / 2 ] 


= .r[l - 1 / 2 "]. 


But clearly AB is the limit to which AC„ tends as n becomes 
indefinitely great, a result which agrees with that obtained, 
since 1 / 2 " tends to zero as n tends to 00 . 

Two important cases, which should now be clear, are 


(i) if x> 1 , 1 /x® tends to zero as n tends to 00 , 


(ii) if X < 1 , x“ tends to zero as n tends to 00 . 


Infinite Series. It has been shewn that the sum of the series 
a, ar, ar®, ... to n terms is given by *S'„ = —| 

The sum to infinity means the limit to which tends as n 
is increased indefinitely. Clearly, if r>l, r" becomes in¬ 
definitely great as n is increased indefinitely, and the sum to 
infinity cannot be found. Again, if r = 1, 

Bn = a + a -I- a to n terms 


= na, 


and tin's increases indefinitel 3 ^ with n. 

But if r ■< 1 , then r" tends to zero as n is increased, and 

therefore tends to j-~. 

Thus, it is said that the sum to infinity of the series a, ar, 

when r < 1 is . 

1 -r 
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This may be written 

lim {a +ar +ar- + ... +ar”) = if r< 1. 


a 


There are many infinite scries the sums of which are finite 
in this sense. 


Ex. 1. Shew graphically that the hijxnUe series 

1 +0-9 + (0-9)2 + (0-9)3 + (0-9)^ + ... 
has 10/or its “ sum to infinity.'’ 

Let Sn denote the sum of n terms of the given series. 

Then = = -(0 9)"}. 

Fig. 121 shews the graph of y = 10{l -(0-9)-'). 



The ordinates at x = 1, 2, 3. ... n are A’,, S^, iS’,, ... S„. 

It is clear from tlie grapli that «S'„ aj)proxiinatcs to 10 as n 
increases, i.e,. lim S„ = 10. 

It is important to see that S„ can he made to difTcr from 
its limit 10 by any number, however small. F»)r examjile, 
suppo.se *S'„ is to dilTer from 10 by not more than 5. 

Inspection of the graph shows tliat n must be 7, or any 
greater number. 

If the difference is to be <2, n must be 16, or more. 

If the difference is to be <0-5, n must be 29, or more. 
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Ex. 2. How many terms of the series in the preceding example 
most be taken in order that their sum may differ from 10 by less 
than O'Ol ? 

We have = 10 {1 — (0*9)" }. 

Then 10 - [10 {1 - (0*9)"}] <0 01, 

i.e. 10(0-9)" <001; 

0-9" <0001; 
nlog(0*9) <log 0*001: 
n(I*9542)<-3; 
n(0 0458)> 3*, or n> 65. 

Hence the sum of 66 or any greater number of terms differs 
from 10 by less than 0-01. 

Harmonic Progression. The numbers x, y, 2 , ...form a 
harmonic progression, or H.P., if their reciprocals l/x, 1/y, 
I/?,... form an arithmetic progression. 


E.x. 1. Fhid the harmonic mean between p and q. 
Let H be the harmonic mean. 

Then 1/p, IjH, Ifq is an arithmetic progression; 



p+q 


(see p. 245) 


Ex. 2. If p, g, r are in harmonic progressiont prove 


that 


By Ex. 1, 


p^p 

r q 

IP + qr 


-9 


— r 


2pr . 
p +r* 
2 pr; 


qp-pr=pr-qr\ 

?>(« 7 -r)=r(p-g). 


or 


VJPjZS 

T 


-y; but if ar> 2 /, -r < and if x <i/, •x>-y. 
Numerical examples will make this clear. 
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Graphic Construction for a Harmonic Progression. (Fig. 122.) 


Draw any line .*1 ,X. At 
A j erect a perpendicular 

the first terra. 

At any convenient point 
Ag erect a perpendicular 

A 2 Rj ~Qy 

the second term. 

Bisect ^ 2^2 at M and 
let A^M and B^B 2 meet 



in J? 3 . 

From R 3 draw B-^A^ perpendicular to 
r, the third term of the progression. 


Then L’j.lj is 


We have, 

q B» M 

2p"7vi, 

/ij.l/ J from similar trianglc.s 

BJhM, B^B.Ax 


Again 


_ A 2 A3 

"A,A3* 

(j _ A 2 
2r~ A Ji:i 




= 1 ; 

.211 

'■ q r /F 

This shews that r is the third term of the harmonic progres¬ 
sion, of which V, q are the first two terras. 

Similarly, if ^gA., is hi.socted at and AgA ho j)r<)diiced to 
meet B^B 2 in B^, then the perpendicular /^ 4 .l 4 is the fourth 
term of the H.P. and so on. 
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Ex. If a, b are two positive numbers, shew that their arith¬ 
metic mean > their geometric mean > their harmonic mean. 

Let A, O, H, bo the arithmetic, geometric and harmonic 
means. 

. a+b 

a +0 

A-G = l{a+b- 2\/a6) 

= I (s/® which is positive; 

A>0. 

o-H=sM-^ 

_ a + 6 

•Jab _ _ 

= {Ja —.Jb)^, which is positive; 
G>H. 


EXERCISES XXXI. 

1 . Jf p-y q^y are in aritlimetic progression, prove that so 
also are l /(7 + r), l/(r+p), and \l{p+q). 

2. The Slim of tliroe numbers in aritlimetic progression is 21, 
the sum of their squares is 179 : find them. 

3. If four numbers are in arithmetic progression, prove that 
the excess of the product of the second and third over that of the 
first and fourth is twice the squai-o of tlie common difference. 

4. If the roots of the equation (q ~ r)x^ + {r - p)x ^-p - are 
equal, prove that p, q, r are in arithmetic progression. 

5. If the sum of 2 h + 1 terms of an aritlimetic progres-sion is S, 
and tliat of the aritlimetic progi*ession formed bv taking every 
alternate term, starting witli the first, bo S', find 5 : S'. 

6 . Shew that -— = ^ + ^2 + ^ + ••• iia<x. Sheiv that reci- 

prooals of numbers may be rapidly calculated by using this 
result, and 6nd ^ to 6 decimal places. 
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7. How many terms of tho series 1 + 1/3+ 1/3®+ 1/3® + ... must 
be taken in order that the sum may be greater than 1-4995 ? 

8 . If p, q, r are in geometric progre.ssion, shew that log^/), 
logrt^ and log„r are in aritlunetic progression. 

9. If p, q, r are in geometric progression and p-^q, r—p and 
q — r are in harmonic progression, shew that p + 4^ + r = 0 . 

10. Evaluate 0-3^, 0-825 and 0-571428. 

11. If P be tho term wlien n arithmetic means are inserted 
between x and y and Q be tho r**" term wl en » hannonio means 
are inserted between x and y, shew that Pjx + yjQ is indepen<leiit 
of n and r. 

12. If a, b, c, d are in harmonic progros.sion, prove that 

(1) (a-c)(5-d) = 4(a - t)(c-rf), 

(2) ab + bc+cd = Zad, 

^ arithmetic progression. 

' ' a * 6 c 

( 4 ) 2a -b, b, 2 c - 6 are in geometric progression. 

13. If p, q, r arc in arithmetic progression and q, r, p in geo¬ 
metric progression, sliow that r, p, q are in harmonic progression. 

14. If the p’*- tenn of a harmonic progression is q and tho 17 “ 
term is p, find the (p +qY^ term. 

15. If p(*?-r)a:* + 7 (r-p)j-»/-t-r(p-« 7 )i/* is a perfect square, 
prove that p, 9 , t are in harmonic progression. 

16. If p, q, r, 8 are in geometric progression, prove that tir® + r 

is a factor of px-® + + rx + s. 

17. Find the sum of tho numbers in the 71 '” group of the senes 
1. (2, 3), (4. 5, 6), (7, 8, 9. 10). (11, 12. 13. 14. 15). etc. 

Examples 18*30 are taken from papers set at the Inter. D.Sc. 

[L.C/.]. 

18. A company sets aside £5000 out of its profits at the end of 
each year to form a Rc*serve Fiiml and invests the amount at 
4 % lir annum compound interest. What is tho value of tho 
fund at tho end of ten years ? 

19. W^ar Savings rerfificatos used to bo sold at 1.5^. 6</., to bo 
paid off at £1 in 5 years’ time. Find tho rate of compound 

If a certain sum is s<‘t o-sido at the beginning of each year to 
accumulate at the same compound rate, determine the sum 
necessarj' to meet tho final payment. 
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20. Find the present value of an annuity of £A to continue for 
years, interest being reckoned at r% per annum. 

A man ovrns the lease of a house which has 45 years to run: 
the rent he receives for the house is £150 per annum, the repairs 
and other expenses amount to £25 per annum, and the ground 
rent is £20 per annum. Assuming interest at 6%, find the 
present value of the house. 

21. In a works the initial value of the plant is Og and the rate 
of depreciation per annum is r per cent. Shew that the value of 
the plant after n years is 



Tlie initial value being £28,000 and the rate of depreciation 4%, 
find the value at the end of 6 years. 

By expending a sum £A at the end of the sixth year and an 
equal sum at the end of the seventh, the plant is restored to its 
initial value. Find A, 

22. The sides A^Af, AgA^, A^A^, ... A^^A^q of a ten-sided 

polygon all subtend angles of 20° at a point O on the side A^Ajo; 
the angles OA^g, OA^A^... OAgAjg are all right a^les. 

Prove that the len^hs of the above-mentioned 9 sides are in 
geometrical progression, and find the perimeter of the polygon to 
the nearest hundredth of an inch if OAi = l inch. 

23. Find the two values of x which make 4, 9-fx, 33-l-ar, three 
consecutive terms of a geometrical progression. Find, in each of 
the two progressions, the sum of the 19 tenns wliich precede the 
number 4. 

Find the lowest value of n for which the sum of n terms of the 

4 

(1 -OSS)-! -f (1 -035)-* + (l-035)-s +... 

exceeds 15. 

24. A series of straight lines AB, BC, CD, DE,... are dravm so 
that each is at right angles to the one before it. Their lengths are 
connected thus: 

AB = BC = 2CD = 2DE = 4EF = 4F0 = 80H = 8HK=^..., 

80 that the points A, C, E, O, ... are in the same straight line. 

If -4Z? = ^/2 inch, find the distance from A of the further end of 
the 2?i“‘ lino, and find to what limit tliis tends as the munber of 
lines is increased indefinitely. 

25. A circle of one inch radius is drawn on a piece of paper, 
and with the same centre, 3« — 1 other circles are drawn of radii 
2 in., 3 in., 4 in., .... The irmer circle is painted blue, the ring 
between that and the next circle is painted red, the next ring 
yellow, then the other rings blue, red, yellow, and so on in this 
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order. Shew that the successive areas of each colour are in A.P.. 
and find the total areas painted in each colour. 

26. The 3"* tcnn of an aritlimeticnl progre.ssion is 10, the 
tenn is 8 and the 2/1'*“ tcnn is 4-5 ; find the progres-sion. Draw 
a graph shewing the connection between the number of terms 
and the sum of these terms. 

27. In order to n\ake a pump rod equally strong throughout, 
the cross-sectional areas at equal distances apart must foriii a 
geometrical progression. If one end of the rod has a cross-section 
of \ sq. in. anel the one a foot above it has a cross-section of 

sq. in., find the cro.ss-section at the top of a rod 30 ft, long. 

What is the average area of these 31 sections ? 

28. Provo that the geometric series a-i-ar + ar*is convergent 
if r is numerically loss than unity. 

If and S denote the sum to n tenns and to infinity respec¬ 
tively of the geometric series 2 -f- 1.1 -f 1 ^ -f etc., find tlio value of 
n such that S - is less than 

29. If equal weights arc suspended from a string the ends of 
which arc fixed at two points not in the .same vertical .straight 
line, it i.s known that the tangents of the angles of inclination to 
the horizontal of the portions of the string form a series in uritli- 
inetical progrc.ssion. If the lowest link is horizontal and the next 
makes an angle A with the horizontal, and the verticals through 
tlio weights are at a constant distance 2a ay)art. shew that the 
height // of the point of attachment of any weight above the 
low'cst link is connecte<i with the liorizontnl distance x from 
the vertical through the middle point of that link by the equation 

4ai/ cot ^ = X* — a*. 

30. What is meant by the sum to infinity of a geometrical 
|)rognjsHiori, and determine the condition that sucli a sum should 
exi.st ? 

IIow' many terms of such a progrc.ssion. of which the first two 
terms are 8 and 6, must bo taken that tlicir sum may diller from 
the Bum U) inliiiity by less tlian 0-1 “o of sum ? 

31. A tank of capacity 480 galloits can bo filln<l in 3 liours : the 
medium taf) doli\'<?rs 40 gallons an hour : the deliveries of the 
otiictr tu[)s form a hannonic progression with the medium one. 
Kinfl the <lolivorios of the other two. 

32. r'inii the j)rese‘nt value of n equal annual payments, the 
first being ma<l<» one jear h<-iu’e, allowing compound interest at 
4 j>er cent. 

If a debt of £1000 is to be sottlcd by 20 such annual payments 
cjwh of iV, <;alculate the value of x to two decimal {)l{ices. 
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33. lincl the siun of the projrrossion 

a +ar -irar^ + ... +ar”“i. 

Shew thnt £273*5 will buv an annuity, payable half-yearly 
coinnioneint; in six months’ time, and lasting for twenty years 
at the rate of twenty pounds per annum; the value of money 
being tttiven as four per cent, per aiuiuni. 

34. Find a fonnula for the present ^•aluo of a sum of £N to be 
pniil Q\ovy p"- year, starting q years lienee, allowing compound 
interest at r per cent, per annum. 

.1 and B have e.pial rights in an investment which produces 
an income of £100 per annum, and they agree that A shall receive 
tlio first, third, fiftli, ... dividends while B takes the second, 

fourth, sixth. I*md how much A should pay B at onco to 

make the ngrcM'ment equitable, if interest is calculated at 4 per 
cent. p«,*r annum. ^\" ] 

35. .A man wishes to build a house costing £1100. Out of hi.s 
income of ifiOO per annum, jiaid cpiorterlv, ho is able to save 
one-siNtli. which ho invest.s at the times of payment at 5 per 

1 How long will ,t bo before ho can 

ouiiq tlu; house ? [13 U ] 

36. .A man confrihutes £1.50 a year to a pension fund, in which 

s 1 ‘'rr-' «t 4 ,>er cent, compound interest. What 

ai math, at the hegmmng of each year ? '[I3.U.J 

ne?!;nMmn i '“"T in an estate which yields £.500 

Mil jiiiTiMitv f ♦" buys his brother out bv paying him 

n r n ■ interest at 5 per cent. 

1 aiuuiin, tmd the am.-unt of the nnnuity (per unmmi): [B.U.] 

oH^m.coum*'f''Tr^ tj-' he^Muning of a year was worth £250. but 
V a * t ml L^t end of each 

each ;mal uL r beginning of 

below't'2.') ''' nian_\ \ ears would its value bo reduceil 

Tak,.log.,3 = 0.4T7l2i;t. 

I'l liu '* *<‘i*nis of n geometric progression. Ex- 

e.NampSe ■’ »^‘inity ’ of a G.P..and give an 

terms aiaVdie^viu I'ctween the sum of the first 7l odd 

the first term i • I '!r* i ti *’ tenns of the n.p. of which 

nr>t tcim 1 and tlio common ratio 3 is i(3-‘”- 1). [S.W.] 
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PERMUTATIONS AND COMBINATIONS. THE BINOMIAL 
THEOREM. SUMMATION OF SERIES. 

Each of the groups which can be made by taking some, or all, 
of a number of tilings is called a Combination of these things. 

Thus ab, be, abc, a, abed, arc all combinations of the four 
letters a, b, e, d. 

If tliere are n different things and each group contains r of 
them, the symbol Is used to denote the number of these 
groups. Or, in other words, is the number of combina¬ 
tions of n different things taken r at a time. 

E.\. 1. Shew that ^€2 = G and that ^0^ = 10. 

Consider the four letters a, b, c, d. They can be grouped 
two at a time as follows : 

ab, ac, ad, be, bd, ed. 

That is, there arc six groups in all ; 

Consider the five letters a, b, c, d, e. They can be grouped 
three at a time as follows : 

abc, abd, abe, acd, ace, ade ; bed, fwe, bde ; cde. 

That is, 10 groups in all ; 

6^3 = 10 . 

If any one combination, such as abc, be taken and the order 
of the letters changed, any such possible arrangement is called 
a Permutation. 

Thus the combination abc gives rise to the following per- 
mutation.s : 

abc, acb ; bac, bca ; cab, cba. 

261 
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If there are n different things and each arrangement contains 

r of them, the symbol is used to denote the number of 
these arrangements : 

» words, ^ is the number of permutations of 

n different things taken r at a time. 

Ex. 2. Shew that 4 P. = 12 and that = 

Consider the four letters a, b, c, d. 

Example 1 shews that the number of combinations two at 
a time i.s six. 

Each of these groups gives rise to two permutations ; 

4^2-4<^2x2 = 12. 

Consider the five letters a, b, c, d, e. 

These are shewn grouped three at’a time in Ex. 1. 
ihe group abc can be arranged as 

abc, acb ; bar, bca ; cab, cba. 

A permutations, and so 

do ali the other group.s ; 

5^3 = 5C;, X 6 = 60. 

Theorem ; .P, =n(n - 1) (n - 2) ... (n-r + 1). 

f"'; Pa>-<'<‘13 and a row of r pigeon- 

w ivV of H l"^ "liKh has to receive one parcel. Tlie number of 

arrinmnir tlic pigeon-holes is the number of waj’s of 

arranging n thmg.s r at a time, i.e. „P . 

Ihe first pigeon-hole can be filled in n ways. 

the if. fbere are n -1 parcels left, and therefore 

tiu second pigeon-hole can be filled in n - 1 wavs 

pigeon-holes can be filled in n{n-\) 

cvelu f associated ^nth 

eiery ^ay of idling the second. 

ivirceiriift pigeon-holes are filled, there are «-2 

n \vn.v ’ third pigeon-hole can be filled in 

;i{tt three pigeon-holes can be filled in 

pigeon-holes can be filled in 

filled in /)(«--fj*® '' pigeon-holes can be 
' -; ... pi - (r - i)[ ways; 

uPr-^n(,i ^\){n~2)... (n'-r + l). 

J .. = «(i/ - 1) {« _ 2)... (7i _ H + 1 j 


Evidently 
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The product of tlie n integers from n to 1 is uritten 
and called “ factorial n.'’ 

Clearly 


n or ! 


P _»(n-l)(^-2)... (n-r + 1) X (« - r)(»i - r- 1)... 2.1 
' (n -r) (n -r- 1)... 2.1 



Ex. 1. In how mnnjj ways ain the letters of the word postage 
be arranged ? In how many of these permutations do the. vowds 
occupy the even places ? In how many do the consonants occur 
together ? 


(1) The total number of arrangements is [7^=5040. 

(2) The three even places can be filled with vowels in '3 
ways : the remaining four places can be filled with com 
sonants in {_4 ways. 

Hence the number of arrangements in which the vowels 
occupy the even places is | 3 x! 4, i.e. 144. 


(3) Consider the four consonants j)stg. Regarding the 
arrangement as a single symbol, this symbol with the three 
vowels o, fir, e can be arranged in |4 ways. But in each of 

these, the four consonant.s can be arranged in | 4 ways amongst 
themselves without altering the positions of the vowels. 

Hence the number of arrangements in which the consonants 
occur together is [_4 x 14, i.e. 576. 


Ex. 2. Find the number of permutations of n different things 
r at a time in which two specified thitigs occur together. 

First deduct the two specified thing.s ; then the number of 
permutation.s of (n - 2) things taken (r - 2) at a time is 

Now add the two specified things, regarded temporarily as 
a single thing, to each of these permutations, then the double 
thing may occupy any of the (r-l) places; hence, the 
number of permutations becomes (r - l)rt- 2 pr- 2 * 

Finally, a.s the places of the two specified things may be 
interchanged, the required number of permutations is 

2(r - 1 )n- 2 K -2 = 2(r - 1) /[n^. 
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Theorem: ^0, =„?,/[£. 

means the number of groups or selections which can be 
made by taking n different things r at a time. The r things 

in e^h of these groups may be arranged among themselves 
m or |_n ways. 

One group gives [^permutations. 

Two groups give 2 |^permutations. 

Three groups give 3 l^permutations ; 

and groups give x [r^ permutations. 

But the number of permutations of n different things r at a 
time is ® 

-*• = x|j- 

or „C = „P,/[r. 

This raaj' be ^v^itten 

Q ^ Mn~l)in~2)...(7i- r + \) 

" ' 172.3... r- 


n - I — 

r^n-r’ 


noticed that each time a group of r things is 
selected from n, n - r things are left; or, symboUcaUy, 

rp, . . , .. f<Pr=nO^ . ( 2 ) 

lliis IS also evident from equation (1) above, for 


n — I— 

n ^ n —^ ~ . 


n-r j?i -n -r 

^ [^ ~ 

\n-r [r 

cabuLti'on equation (2) often reduces the labour of 

Ex. 1. Find lonCgg. 

na = ; 

• • 100^98 ~ 100^2 

_100.99 
1.2 
= 4950. 


.1 
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Ex. 2. Skew that = +„_iC^i. 

\n - \ 


We have 




— 


n - i -r 


n - 1 


r-1 In-l-r^l’ 




^ n-\ 


+ 


r 1 n - r ^ 1 I r ^ 1 


n-rl 


( n ~r) + r 

t 1”-^ 


n 

n - 1 

|_r 

l«-r 



r 

\n - r 



The int4*rpretation of the identify above is that, of the 
number of groups or selections of r things uhich may be made 
from « things, contain one specified thing and 

„_,CV do not contain that sj)ecified filing. 

Thus, .suppose we have n letters a, 0, e, ...from which a 
selectirjti of r is to lie made. 

The nunibc^r containing a specified letter, say a, is the 
nuinlxT of way.s of choosing r - 1 letters (to put ^\ith a) from 
the n - 1 other letters ; 

.(I) 

The number of seleetif»ns which do not contain a is the 
number of ways of chof»sini: r letters from the group b, c d,..., 
i.e. from n - 1 things, uhich is 

n-/',.(2) 

Nf w the total number of .selections (»f r letters wliieh may 
be made from the given n letters is „C\, and these include 
(1) and (2) ; 

• O — ('■ 4 . f' 

• • n^ ' f “ 1 ^ fi— 
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The number of permutations of n things n at a time when 
p are alike of one kind, q alike of a second, r alike of a third 
and so on, is * 

n 

ip _q |7^-" 

Let .V he the required miinber of permutations. From any 
one of the.sc, if the p like things were different, we could make 
\p new j)erinutations. 

Thus if the p like things were all different, we should get 
-.V j ;j [K'nnutations. ® 

Similarly, if the q like things were different, we should 
get \q new permutations from each of the second set of 
pernmtation.s. 

Tims, if the p like things and the q like things were all 
different, we should get .Y | p permutations in all. 

The proce.s.s is continued until all the sets of like things are 
different, and we then get the number of permutations of 
n things n at a time when they arc all different. This is | n. 

X [p = '« ; ~ 


A’ = 


P .7 


The number of ways in which a selection may be made from 

p ' q • r ^ . things when p are alike of one kind, q alike of a 

second, r alike of a third, and so on, is 

(P -1. 

lor of the p things we may take O, 1, 2 or n j'e the 

/) tinngs may be selected in p ^ I wavs. ' ' ■ ■ 

Similarly. <)f tlie q things we mav take 0, 1, 2, 3 .. or o 
the lljh ,'l + > '™.V3 : and so on fw 

Hence the /) rq r ... things may he selected in 

(/> - n (7 • l)(r > 1) ... way.s. 

Rut this includes the case when none of the p thing.s, none 

of the 9 things, none ef the r thing.s, etc., are taken, which is 
inadnus.sible. 

Hence the total numher of wavs is 

% 

(7>^U(7+ D(r+1) ... -1. 
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If all the things are different, p=q=r = ...=l, and the total 
number of combinations which can be formed of n different 
things, taking any or all of them at a time, is 2“ - 1. 

Tlie number of permutations of n different things r at a time 
when repetitions are allowed is n^ 

For suppose we have r places, each of which is to he filial 
by one letter from the n letters a, b, c, etc. The first i)lacc 
may be filled in n ways. Since repetitions of the letters are 
allowed, the second may also be filled in n ways. 

Therefore two places may be filled in n X7t or ways. 

Similarly, the third may be filled in n ways, since repetitions 
are allowed. 

Therefore three places may be filled in n- x n or way.s. 

Proceeding in this way, it is clear that the r places may be 
filled in ways. 


Ex. 1. How many permuiationj^ can he formed by taking all 
the letters of the tcord Exercises ? How many of these begin with 
3 e’s ? 

There arc 9 letters, of which 3 are e’s and 2 are <s's. 

10 


the number of permutations is 


3 


= 30240. 


Excluding the 3 e’s, there are 6 letters left, of which 2 
are .v’s. 

the number of permutations which begin with 3 e’s is 
the number of permutations of 6 things, 6 at a time, when 
2 are alike: 

i.e. |J5/(2 or 360. 


Ex. 2. In how many ways can p+g different things be 
divided into 2 groups, one containing p and the other q things ? 


For every group of p things .seleetcd from the p +q givm 
thing.s a group of q things is left. 

Hence the number of ways of dividing the p -^q things into 
the two groups is the same as the number of combinations of 
p +7 things ji at a time or 


\V +7 

\z 


P +? 


This is equal to 


or 
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Ex. 3. Fivd the number of loaya in which (i) a aelectum, 

(ii) an arranyemeni of 5 Utters can be made from ^ Utters of the 
word Mississippi. 

The letters of the given word are 4 ^’s, 4 i’s, 2 ^>’8 and 
1 m. 

The seUctions of 5 letters may be made up as follows : 

The group may contain 

(i) 4 like letters and 1 different, viz. + t, pov mi iiii +s, 

p OT m; giving 6 groups. 

(ii) 3 like letters and 2 different, viz. $38 +ip^ im or mp\ 

Hi +sp, sm or mp ; giving 6. * 

(iii) 3 Kke letters and 2 like letters of another kind, viz. 
8 SS + 11 or pp ; Hi + 3 $ or pp ; giving 4. 

(iv) 2 like letters and 3 difierent letters, viz. ss + ipmi 
ti +spm ; pp + 3 im ; giving 3. 

^ letters, 2 like letters of another kind and one 
ditterent letter, viz, ss + ii+p or m; pp+ss + i or m: 
pp + a +m or s ; giving 6. 

total number of selections of five letters 
=6+6+4+3+6 
= 25. 


of arrangements that can be made, 
note that (i) gives 6 [5/ permutations 

(") M 6 [5/[3 

M .. 4 [5/([3 [2) 


(iv) 


jy 


S\5/]2 




if 


W .. 6|5/(|2|2)„ 

.*. total number of permutations is 

6 (5/ |4+6 [5/ [3+4 [5/ ( [3 |2) + 3 [5/ [2 + 6 [5/ (12 12) 
= 30 +120+40 +180 + 180 
= 550. 
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Ex. 4. Shew that the number of combinations of the 4 letters 
a, b, c, d, taken three at a time, when repetitions are allmved, is 20. 

These combinations will be of the following kinds: 

(i) all letters alike ; 

(ii) two letters alike, the third different; 

(iii) all letters different. 

There are 4 combinations of type (i) : aaa, bbb, etc. 

» » 3x4 „ type (ii) : aab, aac, aad, etc. 

.. 1 . 4^*3 >. type (iii). 

The total number is 4 + 12 + 4, t.c. 20. 

The number of combinations of n things, r at a time, when 
repetitions are allowed, Is written 

Ex. 5. Sheio that of the combinations of n letters a, b, c, d, 
eJc., taken r at a time, repetitions being allowed, there arc 
in ivhich the letter a occurs. 

The „//r_i groups in which the n letters can be combined 
r -1 at a time can be classified as follows : 

Those containing no letter a. 

,, ,, a once. 

,, a twice. 

The last containing a (r - 1) times. 

If now another letter a is inserted in each of tlie above 
groups, we obtain combinations of the n letters r at a time 
(repetitions being allowed) grouped as follows : 

Those containing the letter a once, 
t, ,, ,, a twice. 

.. a three times. 

1’he last containing the letter a r time.s. 

That Ls, the letter a occurs in of the combinations. 

Ex. 0. Fin/I a formula for 

a)nflider n letters a, b, c, d, ..., and, for brevity, denote the 
combinations of these n letters r at a time, repetitions being 
allowed, as the „//, groups. 

If the „//, groups were all written out, it is clear that each 
letter would occur the same number of times. 
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As each jjroup contains r letters, the total number of letters 
is X r, and so the letter a occurs x r//i times. 

Next, consider all the n^^r-i group.s written out. The 
letter a would occur nl^r-i x (^ - l)/« times. If now the letter 
Q were inserted in each of tlie group.s, the letter a would 

occur ^ (r - l)/rt times, for there are n//r-i 

additional appearances, and, as in Ex. o. these groups would 
become exactly those of the groups in which a occurs. 

Thcrefuro nllr = n//r-l X ^ 1 

'.(I) 

Writing r - 1 for r, (1) becomes 

x'i^“.(2) 


Similarly, 



n^Ir-3 X 


n + r 
r~2 





X 





n - 1 




(r-1) 


Multiplying equations (1) to (r - I) together, 

n - TT ^ ^ - 2)(h+ r-3) ...(n 4 - 2 )(H1) 

r.(r-l)(r-2)...(3).(-2) 

rsow „//, IS clearly n ; 

. ,, -r- 1) (w 4.r - 2) ... (« 4- n . » 

. • 71 / i e “ ' —---—= . _ f 


EXERCISES XXXIl. 

!• How many pormiitations can be marie front the letters of 
the word (i) tlirot' at a time, (ii) five nt a time 1 

2. Ho\^' inany <litTt*rf*nt nuinher'^ of livo diuits can be made 
from the diirits I, 2. ,1, 4, o, i\, 7, S, 5^ (i) if no elicit occui's more 
than once in each number^ (ii) if any dipt can bo rcix?ated tis 
often ns dosin‘d ? 

3. In how many ways (i) can 3 h'ttors be ]>ostod in 4 letter 
boxes, (II) can n letter's bo posted in A* letter boxes ? 
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4. A party of three Ls to be chosen from six Englislimen, 
seven ^.lericans and five Frenchmen, the party containing one 
of eacii nationality. In how many ways can tiiis be done ? 
And in how many of tlie different groupings are a particular 
Englishman included and a j)articular Atnerican excluded ? 

5. Nine boxes are to bo filled with nine parcels, one in each 
box. In how many ways can this be done if four boxes are too 
small for five of the parcels ? 

6. In how many ways can five ladies and five men make 
couples for a dance V 

7. In how many ways can four ladies and fo»ir men form two 
doubles for tennis, ou(rh side consisting of a lady and a man ? 

8. In how many different ways can seven people be arranged 
at a round table ? 

9. Answer Ex. 8 if two particular peo[)le may not sit together. 

10. How many numbers of (i) 3 digits (ii) not more than 

^ can be made from 0, 1, 2, 3, 4» no digit occurring more 

than once in any number ? 

11. A compositor drops the letters of the word advertises picks 
them up and replaces them at random. How many possible 
mistakes can ho make ? 

12. In how many ways can all the letters of the word Con- 
nfantinople be arranged ? How many of those begin with two t s ? 
How many eiul with s 1 How many Imve s in the third place 
and c at the end ? 

13. In how many ways can 71 letters be arranged in a row so 
that two particular letters do not occur at either beginning or 
oiul of the row ? 

14. If f/, r, 9 , t aro primes, in how many ways can the pro¬ 
duct pq^r^sl bo oxpre.sse<l os the product of two factors ? 

15. In how many ways can five girls and five bovs form them- 
selves in a eirclo, so that eu< li boy is between two girls ? 

16. A party of nine fiersons are to travel in two vehicles, one 
of which will not hold more tliun seven and the other not more 
than four : in how many ways can the jiarty travel ? 

17. Find the number of pennutations of n things taken r at a 
tune. 

How many words of three letters can be formed from tlio wor<l 
Ze]>peli}i, a vowel being always in tlie niidille ? [S.W.) 

18. Find the formula for the number of combinations of n dif¬ 
ferent tilings taken r at a time. 

In how many ways can any four letters be selected from the 
word Derjree ? fs W 1 
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19. If denote the number of combinations of n things taken 
r at a time, prove, without quoting formulae, that 

n+j^r = I + n^r ’ 

and verify this by using the formula for 

In how many ways can three sovereigns bo given away, when 
t^l^ere are four applicants, and any applicant may have either 
<>, K 2, or 3 sovereigns ? [Man.] 

20. Sliew that the number of selections of r things which can be 
made from n different things is 

fii 

Explain why the number is the same if each selection contains 
n ~ r things instentl of r. 

Among the twenty members of a cricket club, there are two 
wicket-keepers and Hve members who can bowl. In how many 
ways can an elcNi-n be clu^sen to include only one of the wicket*- 
keepers and at least tlireo bowlers ? * [Durliam.] 

21. A cricket team of ele\en men is to be chosen from fourteen 

men. of whom hve can l>owl and two others cun keep wicket. If 
the team is to inchule at least one wicket-keeper and three bowlers, 
m how many ways may the choice be made ? [B.U.] 

22. Find the number of ways in which the six letters A, D, C, 

/ . yv. J' can be arranged in a row so that the two vowels never 
«-ome togctlicr. 

sovereigns be distributed among 
i.\ a{ phcanls, each applu ant receiving none, one, or more ? 

9*1 V If -1 , 

« nine-holo 

b>ill ^ If I *1*^ i»all. an<l the remaining hole.s with a light 

sh. w that the number ot dillcrcnt ways he may go round the course 

[H.V.] 

24. Fmd the number of permutations of a-^h+c tliin--«? of 

of a hii ;* anotlier kind, and c alike 

in rt third kiiui, taKf*n all 

How many wor.ls of four l.‘tTers. each eoiLsisting of two con- 

in word > 7'* ‘r out of the letters occurring 

o7 ir a r fn,f oitl.er the vowels and consonants can 

oc ui aiuinutely or the eonsenants can come together in the 

noddle ot the word but not at the beginning or end of the 7ord 1 

[B.U.] 

papers set at the Inter. B.Sc. 

the numlfcr of selections r at a 
time that can be maile from n different thin-s. 
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A committee of four is to be chosen from five Englislimen and 
three Americans. In liow many ways can tliis be done so that 
the committee contains (a) at least one Englishman, (6) at least 
one of each nationality ? 

26. Find the number of pennutations of n different things 
taken r at a time. 

At an examination there are eight candidates front one school 
and six from another. In how many ways can they be seated at 
two tables each holding sc\en so that no candidates from the 
same scliool sliall sit next to each other, the seats being on one 
side of the table only ? 

27. Prove the formulae for the number of permutations and of 
combinations of n things taken r at a time. 

A mechanism consists of five part.s : there are three set.s of 
these mechanism.s, and the fifteen component.s have all got mixo<i 
together. The five j)arts are easily distinguished the one from 
the other, b\tt similar parts require a skilled j>erson to distinguish 
between them. What is the greate.st number of different and 
uiLsucee.ssfuI trials that an xinskilled person could make before 
getting the three sets disentangled ? 

28. Finrl the number of permutatioas of n thing.s taken all 
together when p are of one kind, q of another kind and r of a 
third kind. 

The crew of an eight-oar boat is to be chosen from twelve men, 
of whom three can row on the stroke side only ; find the niunber 
of ways in which the crew can be selected. 


Product of Linear Factors. In the expansion of a continued 
product like 

(a -f/>) (a: -f- 7 /) (p + r + ^) -f-m -t-n)..., 

each term must contain one letter from each of the brackets. 

Consider (a +b) (x +y) =nx +ay -f 6 x +(>>/. 

Each terra on the right contains one letter from each of tho 
twf) brackets (a +b), {x +i/). 

Again, multiplying l)y p +q -f-r -f-a, 

{a +b)(x +y){p +q + r +8) ={ax +ai/ +hx +by) (p +7- +5). 

On expanding the right-hand side it will be found that 
each term of the expan.sion contains one letter from each of 
the three brackets 

{a+b),[x+y) and (p-t- 7 -t r-t-s). 

The process can evidently be extended indelinitely. 
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Ex. hnd the coefficient of and of x in the expansion of 

(^+a) (.r-26) (x+3c). 

The terms involving are obtained by taking a- from any 
two of the brackets and not from the third ^ 

These terms are .r2(3c), x^{~2b) and .r2(a). 

I he required coefficient is therefore (o ~2b +3c) 

The terms involving a: are obtained by taking a; from any 
one bracket and not from the remaining two 

These terms are -2b x 3c), x(« x 3c) and x(a x -2b). 

Ihe required coefficient is therefore (3ac - 2a6 - 66c). 

The Binomial Theorem. Consider the expansion of 

, . , (a+^>)(a+6)(a+6),,. 

to n factors. 

If a 13 chosen from each bracket, we get the term a" 

Jf a 13 chosen from {n - 1) brackets and b from the remkinintr 

brIokets!°.c^®C, choosing 1 bracket from n 

Therefore there are „C, terms equal to a"“i6. 

two, we geVa^"-^6?"' But remaining 

c .,11 II to^fbr nnt i ^ number of ways of doing this is 
bmcketr/e" Z choosing 2 brackets from n 

Uierefore there are terms equal to 

we get ~ ^ ^ from the remaining r, 

tr. th ( 7 ^ number of wavs of doing this is equal 

to the^number of ways of choosing r brackets from n brackets. 

Therefore there are „r, terms equal to a-rbr 
ina 3 , choosmg 6 from all the brackets, we get the term 6". 

^ ^ „C,a’’-‘b^ + ■■■ +„Cra<'-'b' + ...+b’‘. 

This is the Binomial Theorem for a positive intecral index— 

tK™ r’ 
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equal to the exponent. In other words, the degree of each 
terra is equal to u. 

Further, the cociheient of the general term is „Cr or 
(see p. 2(>4), 

cxpoiK-nt^powcr of either cicinent. 

It should be clear that the coefficients of and of 

are equal. 

Ex. 1. Expand (3^-2)*. 

Using the Binomial Theorem, the expansion is 

(3y)" + 4C'i(3y)"{ -2) + - 2)" + 4 ^* 3 (Sy)( - 2)* + ( - 2)^ 

i.e. 81/-216^®+216y2_9Gy + lC. 


Ex. 2. What is the coefficient of x*® in the expansion of 
(x-2)i» ? 

The term involving will contain ( -2)*, and the multiply¬ 
ing factor is 19 C 8 . 

The required coefficient is therefore -2)*, or x 2®. 

On multiplying out, this coefficient is 1,736,448. 

When the coefficient is a large number like this, it is usual 
not to multiply out. Thus, in this example, the required 
coefficient may be left in the form x( 2 )®. 


Ex. 3. Find the term independent of x in ^2x^-r--^ 


3xV • 




The terra independent of x in term 

involving x*^ in ( 6 x* - 1 )®. 


(Gx® - 1 )• = ( 6 x®)« + eC’i(G.r®)®( - 1) + «C 2 (Gx®)<( - 1 )2 + ... + ( - 1 ) 6 . 
The term containing x*^ 5 C 3 ( 6 x®)^( - 1 )®, i.e. ~ x 6 ^ x x*^. 

The required term is therefore ~ ^ ^ 5^3 ^ ; 


2® G.5.4 160 

— • --- nr — __- 

1 . 2.3 27 • 


t.e. 
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Ex. 4. Find the coefficient of a:® in the expansion of 

{l+3x+2x^y. 


In the formula for the expansion of (o+ 6 )«, write (l + 3x) 
for a and 2 a;® for b. 

Then (1 + 3.r+2a:3)7 = (l +3a:)7+ 7 ^ 1(1 +3a;)«(2a:3) 

+ 7 ( 72 ( 1 + 3a:)5(2x®)2 + ... +(2x®)^..(l) 
The coefficient of .t® in (1 + 3x)’ is >jCq 3®; 

i.e. 7 X 729 or 5103. 


The coefficient of in 7 ( 7,(1 + 3x)«(2x®) is the coefficient of 
X® in 7 ( 7 i(l +3x)« . 2, and is ,(7, XeCg x33 x2 ; 

i.e. 7 X 20 X 27 X 2, or 7560. 

The coefficient of x« in ^0^(1 +3x)®(2x®)2 is the coefficient of 
x® in 7 ( 72(1 + 3x)® . 22, and is 7 C 2 x 1 x 2® ; 


I.e. 


21x4 or 84. 


Tlie remaining terms in (1) all contain powers of x higher 
than the sixth. ® 

Therefore the required coefficient is 5103 + 7560 + 84 or 12747. 


Ex. 5. Find the ratio of the (r + 1)‘* term to the r“ term in 
the expansion of (x +y)”. 

The expansion is 

a:" +„C.a:"-V + „C2a:"-=y2 +... +„C.a:''-ry'- +... +y’<. 

The first term is .x". 

The second term is 

The third term is ; and so on. 

The (r + 1 )“* term is „(7rX"-'•^^ 

the r"* term i.s or „C,._,x"-’-+V^ 1 

.*. the required ratio is ^ 


t.e. 


n{n-l)(n ~2 )... {n^r+2) (n-r + l) 

1.2.3.'.(>-l).r 
I ■2.3...fr~n 


V 


7i(n-l)(n-2)...(n-r+2) X 

n-r + 1 y 

r ' x’ 


z.e. 
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Ex. 6 . Find the greatest term in the expansion of (2x + 3y)^^ 
when x = 5 arid y = 3. 

Let Tf denote the terra. 

Using Example 5 above, we have 


T 


r+l 


Tr 


Now 


w - r + 1 3;/ 24 - r 
r 2 x r 

T, 


0 

10 


H-1 


> n. 


( 1 ) 


if 


r lO'^ ’ 


if 216-9r>inr, 


if 216 > 19r, i.e. if r < llv,. 

Therefore the inequality (1) holds if r = l, 2. 3. ... 11, and 
the terms Tj, T.^, T^, ... T ,2 increase in magnitude. 

In the same way, if r> llyV, we shall have < T,. 
Therefore the terras Tjj, 2', 3 , ... decrease in magnitude. 
Therefore 2 ’i 2 is the greatest term. 

Its value is 23^11 (2x)*^(3y)*^ or 22^11 10^-.9^. 


Ex. 7. In the expansion of (3x-4y)2i, find the numerically 
greatest coefficient of x^ when y = \. 

Let (3x -4y)2^=Nix2i +AV 20 +A%iX +iV 22 : then 

Ni=3-*, A ^2 = 2 i^i ^ (-4y), A''3 = 2 iC 2 X 3^® X {-4y)“, etc. 

The question means : find the greatest of the numbers 
Nj, N 2 , N 3 , etc., when y = 4. 

Now A\+i = .jiC, X S'*-'' X ( -4y}’', 

A% = 2iO,_,x3'>-'+>x(_4y)-->: 

N 


r+l _ 


21 - r +1 -4v 

r 3 


(See Ex. 5.) 


As the numerically greatest coefficient is required, we can 
neglect the minus sign, and, using y = \y 


V Y 

r+l r> 


if 


r+I 

22 -r 2 , 

— 


t.e. 


if 44 - 2r > 3r, 
if 5r<44, i.e, if r <Si. 


t.e. 
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As in Examjile if r> 8 ^, < A,. 

Thus A 1 , A’g, 1 V 3 ,... Xq increase in magnitude, 
and Ag, A’jo, A’,,, ... A ’’22 decrease in magnitude. 
Therefore A^'j, is the numericallj^ greatest coefficient. 

Its value is ^^Ce 32>-8( _ 4yj8 . 

i.r. 2,Cg . 31^(2)®, using y = L 

Properties of the Coefficients in the Binomial Expansion. 
The expansion of (1 +r)" is 

1 l-r — + f.C'g.C® + ... + „Cr 3 r’'+ ... +a*”. 

For convenience, this is sometimes written 

(I +^)'‘=Co+C,r+CV 2 *...+ C\x- + ..,+ r,,r«. 
where Cg = C,. = 1 , C3 = r„_3 = , and so on. 

Ex. 1 . Find the value of +C.,~ + ...where 

(1 +.r)"=Co+C,r+...+ C^x». 

We have d +-r)" = 0 ^-.c.x+ 0 , 3-2 +...+C,.r'-+ ... + C,x" ; 

(*+j:) ^'^'0 "''-’, r-^C 3 /r= + ... + C,/.r'- + ... + r„;x”, 

^V + . ... + r,= ;... + C„= Ahe term inde- 


n 

(1 1 


i.r. in 


(1 + .r)2n 


■n 


I his is the coefficient of x" in (1 -x)2» 

and 


X 

2n^n» 


^ *2n 


Ex. 2. Shew that Co - U\ + -...+(- 1 ) 

The expres.'<ion on the left is 

»(«-!)(«-2) 

2 1.2.3 1.2.374—(”+1) terms, 


r 


1 


n + 1 ti +1 ■ 
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i»9. 


t.e. 


1 


- ^ , IX (n+l)n , {n+l)7?fn-l) 

(K + l)n(n-l)(n-2) ... 1 

- 1 2 3 4 -!) terms |, 

7j + n+l^ 2+ n+lC’a “•■•+(- l)”,i+iO„+,].(1 ) 

Now = i - +(-ir^ViC,.,,; 

• • 0 = 1- [,,+ 1^1 - o+iCa + ... + ( - l)"n+i<^n+l] ; 

.*. from (1), Co-lC^ +^C,-... + ( - = . 

Ex. 3. In the expansion of {px+qy)», find the excess of (he 
odd tenns over (he even terms when a* = 1 and y =2. 

The expansion is Tj + 7’. +... + +... + wliere T, 

is the r*** term. 

We have to find T, - T, +... + ( - when x=l 

and y = 2. 

That is, the value of the expansion of (px-qy)'^ when a = l 
and .7 = 2. 

This is {p-2q)^. 

Ex. 4*. Express in partial fractions 

\n 


x(x + l)(x +2)... (x + ») 


Let 


n 


x(x + l)(x +2)... (x +7l) 


— ^0 , 


= - - + - -’r +-- 

X X + 1 X +2 


^ + ... + 


r 

X +r 


+ •.. + 


n 


X + n 


Multiplying by (x +r), we have 


n 


x(x + I)... (X - l)(x + r + 1)... (x + n) 


=(^”+x1;'i +••• (*+>■) 


X + 

A 


+ (■ , +... +-^Vx+r), 

\x+r + l x+nj^ '' 

Now, as this is an identity, we may put x= -r. 
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The left-hand side becomes 


\n 


which is 


(-r)(-r + l)...(-2)(-l).l(2)...(n-r) 

All the right-hand side vanishes, except the term 

A, = (-iy.c,. 

^o = (-l)»<7„ = C„, 

A, = (-1)XC,= _C„ 

^2 = (-1)“C, = (72. 
etc., etc. 

.-. -= ^«—a_+_a-_ 

a:(a; + l)...(a:+n) a; a;-j-l^a;+2 x+n ' 

Approxunations. 

Ex. 1. Evaluate (0-98)® to five decimal places. 

(0‘98)* = {1 - a:)® where a; =0 02 

= 1 - Ga: + 15a:2 _ 20a:3 + 15 ^ _ 6a;S +a;«. 

Now = (0 02)® =0 00000016 ; 

15x4=0-0000024. 

beyond a;^ .^,1 required 

.. (0-98)®== 1 - 6(0-02) +15(0-02)2 _ 20(0-02)3 +15(0*02)® 
or 1 -0-12 +0 006 - 0-00016 + 0 0000024 

or 1-0060024 - 0-12016 

or 0-88584 to five decimal places. 

Ex. 2. Skew that, if x is so small that its sauare and Maher 
powers can be neglect J, the approximate value d ^ 

(1+3x)«(1-2x)12 is l+21x. 

f\V‘ higher powers of x are negligible, 

anH 1 “"f 12 1 +15^1(31:). i.e. 1 -f45x, 

and (1 m approximately 1 -2x), i.e. 1 - 2421 . 

11 expression is, therefore, 

‘'msliL'cett itsL" is negligible. 
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Binomial Theorem for any Index. It can be proved that 



+ .r)" = 1 + ^_ "(«-I)U-2) 

1.2 1.2.3 


+ 



for all values of n. provided the following conditions are 
satisfied :—The expression on the left which is raised to the 
power of n must contain two terms, (i) one of which must be 
um/t/ and (ii) the other, z, must iie between - 1 ajul ^ 1 . 

An expression of the form (n + 6 )" can be put in the required 
form by writing it as a"(l + 6 , 0 )'* if 6 <fl, or as 6"(1 + 0 / 6 )'* 

It should be noticed that if n is not a positive mtcger, the 
right-hand side of (1) is an infinite series. The meaning of 
identity (1) is that (I +.r)’* is the limit to which the sum of p 
terras of the series on the right tends as p tend.s to infinity. 

Ex. 1. Find series for (1 ~z)-^ and (1 ~z)~- where 

- 1 < .r < 1. 


We have (1 -r)-^ = I + ( - I)( - j-) +^^— 


= 1 +z + z^ +etc. 

(1 - :r)-^ = 1 + ( - 2)( - a-) + ^ ~ - aO’i 

1.2.3 ^ -r; +... 

= l 4 2 ;r + 3^2 + 4^3 + ... . 


These expansions are very useful and should be remembered. 
Similarly (I +j*}-^ = 1 -z+x- -z^+ctc. 
and (1 +x)- 2 *= I- 2 r+ 3 ^- 2 - 4 x 3 + 010 . 


Ex. 2. Find n/99-H to 8 decimal places. 

s%-8 = (100 - 0-2)* = iaO^( I -0-002)^ 
i.e. s'99-8 = I0(I where x=0002. 
Now, by the Binomial Tljeorem, since x < 1 , 


(l-x)^ = l +j(-x)+-|-^>(-x)2+ii ^^<-g) (-:,)3^etc. 
*=1 -lx-ix2- j*gX3+... . 
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Substituting 0-002 for x, 

U* =0-001, =0-0000005, =0-0000000005, 

and succeeding terms are smaller still ; 

v%Ph^ 10{I-0-0010005005} 
or 9-99S994995 

or 9-99S99500 to S decimal places. 

Ex. 3. Prove that, if x is positive and small, 

{2-3.r2)2 0 3 

equal to 4 - - . 

(2-3r2)2 1 ^ 

(r -7)^( 1 ^ 2x) =(rrj?«- ^ 

' (1 - j ® (1 - 2j: + - 8x» +...)} 

-2^+4.r=-Sr3+...) 

- 12a-=(I -2j: +4^2 - )} 

neglecting powers of x higher than tl.e third 

(2-ar=12 1 

■■ (1 r.2l)“(rT7p{-‘-«j;+'li-=-8.r3 + ...} 

S.r“ 


or 4 - 


(1 


EXERCISES XXXIII. 

1. I-]x|)ajKl 

2. l-ind (l'Ol)C (0 ‘o=. ov;miii)=, (.‘i-o:*)-*, 

.l>e" cvenlh 'ierm of r "='4 ^ 

the n^iddle tern, of,, 
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5. Find the coefficient of in (2 + a-)” ; of a.” in (x-6)‘^: of 

in (3a;“-a-)» ; of iin^2x-^j ; of a* in ^ax*+^y^ 

6. Find the term independent of x in (x - 1/x)®; in (2x2 + 1/x)**. 

7. Find the coefficient of x® in (I +x+x2)®; of x^* in 

{l-2x®)(I+x)iO; 
and of X* in (1 - X + x* - x^)®. 

8. Expand (2a+ 36)®. Shew that if a = ? and 6 = i^. the sum 

of the odd terms in the expansion exceeds the sum of tlje even 
terms by 1. [I.C.E.] 

9. Find the term wliich does not contain x in the expansion 

of (2x+ J/6x)*o. [I.C.E.] 

10. If X is so small that x*. x® and higher powers of x may be 
neglected, find the approximate value of 

U + 1 - 3.)‘ ; and of 

11. Shew that tlie approximate value of 

(1 +x)«(l -x)»(l -2x) is 1 - 6x*, 
if powers of x above the second are negligible. 

12. Find the numerically greatest coefficient in the expansion 
of (x + y)“, (2 - Jx)“ and (1 + 3x)*®. 

13. Find the numerically greatest term in the expansion of 
(4 - .3x)’ when x = jj and (2x + 5y)** when x= 10 and y = 2. 

14. Find the sum of the coefficients in the expansion of 

15. The 21st and 22nd terms in the expansion of (l+x)*‘ are 
equal. Find x. 

16. Shew that the siurj of the coefiicient.s of the odd powers of a 
is equal to the sum of tho coefficients of the even powers of a in 
(l+«)". 

^7*'? n^r = n- 2 ^r + 2 .„_ 2 <?,..,+„_jC,._j. hv u.«iing the 
Binomial Tlieorern to expand both sides of tlio iilcntity 

(1 +x)" = (l +x)»(l +x)"-*. 

18. Provo „C,. = „_ 3 C, + 3.„.3<7^, + 3.„_jC,_j + „.,C,._,. 
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19. If {\+x)^ = C^+C^x+C^ + ... + C^^-\- + 

prove that Cq + C, + Cg + ... + C'„ = 2«, 

Co - Cl + Cg = 0, 

Cl + 2C2 + aCg + ... + nC„ = n 2 «-S 

CoCi + CiCg + CgCg +... + C„_iC„ = ^^Cn-x. 

Co=*-Cia + C2»-„. + (-l)«C„* 

= 0, if n is odd. 



if n is even, 


1.2C2 + 2 . 3 Ca + 3.4C4 +... + (n— l)nC„ = n(n— 1 ) 2 "“*, 

Co C, C. 

T + -^+-5^ + ...=2«/(n + l). 


r r 20-30 are taken from papers set at the Inter. B.Sc. 

t X>« \J • J* 

20. Provo the Binomial Theorem for a positive integral index, 
hum to n terms the series "Cj . ^ + "Cg. y + "C 3 . . 

Expand ^1 — a :2 + ag jjg term containing x*. 

intograu'L-poient.*™*'’ Theorem for a positive 

If X be small, shew that 




= 1 “ I AX* approximately, 


intepraT’Binomial Theorem when the index is positive and 

Theorem for a positive integral index. 
k' numerically greatest term in the expansion of 
(a + 6 ) may be found, and find it when a = 100 , 6 = - 15, n = 15. 

^ Binomial Theorem. 

rrT.io%LT^ a coefficient of x*, and determine the numerically 

greatest term or teniis wJien x = I and y = i. ^ 


I 
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25. If (1+:r)" = a(,4-aia:+ 02 ^:*+ ...+a„a:” where n is an integer, 
prove that 

ao= + a|> + 02= +... + a„= = , 

and that Oo-2ai + So^1)"(n + l)a„ = 0. 

26. Prove that when n is a positive integer, 

. n(n—1) n(n —l)(n —2) , 

1 + n+ —' + - -r4r-- + ... + ^i+ 1 =2". 


L2 


lA 


Find also the value of tlie expression wlien the signs are alter* 
nately positive and negative. 


27. Expand (o + 6)” by the Binomial Theorem, n being a positive 
integer. 

Shew tliat each term may bo obtained from the preceding by 
multiplication by (n —r-f l)6/{ro), where r takes alt integral values 
fron» ] to n. 

Hence shew that eacli term is less than the preceding term if 

« < 0 /6. 

Evaluate (T00458)** correct to five significant figures. 


28. What i.s the sum of 

1 + 9x + 36x* + 84x3 + i26x«-J- 126x6 + 84a:« 4-SCo:’+ Dx* + x* y 
Give its values when x =99 and when x = — 0‘09. 

Prove tlic general law by which the coefficient.s of powers of x 
can be successively deterinineil the one from the other in the 
general ca.so. 


29. In the expan-sion of (2x4-3//)*’ by the Binomial Theorem, 
find (i) tlie greatest coenicient, (ii) the greatest coefiicient of y' 
when x~}^, (iii) the greatest coefficient of x' when //= j. 

Find an apjiro.ximate value of 

(1 4*0-002)’(1 -0-003)*-=-(1-0o0o)*3. 

30. Shew how to find the greatest term in {x4-t/)'', and wlicn 
n=17, X = 2, y — S’ eoinijuto its value. iiy expanding the 
binomiols os far a.s x* obtain an up]>roxi)nnto v'aliio of 

(1 4-2.r)>*4-(l -3x)>'' 

when X =0-(l2. 


31. E.xpand in ascending powers of x, as far as the .5'** term. 



State the conditions in which the ex})an.sion is legitimate. 
Show that 1 - i - i • - i . iV • 1 H ^ 
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32. Explain the s\TTibol „Cr, and establish the formula by 
which it can be evaluated. 

r^Cr = n-lC\ + ^ 

Write down the 4“> teim, ami also the term, of the expan¬ 
sion of (23! - where n>r. [S.W.] 

33. Write down the coeHicicnt of x* in the expansion of 

i-^ir 

By means of the Binomial Theorem evaluate (0-995)'’ correct to 
five places of decimaU. 

34. Lxjjand (1 — 3x-»-.r*)^ in powers of x as far as the term 
containing; .r*. 

W hat is the algebraic sum of the coefTicionts in the complete 
expansion ? [U.U.] 

35. State and prove the Binomial Theorem for a positiv'© 
integral index. 

1 he coeftipients of three consecutive terms in the expan,sion of 
(1 are m tlio ratio I : 7 : 42. Find m. [B.U.] 

36. Find the term independent of x in the expansion of 




Kyahmto (4;08)”i correct to four places of decimals bv means 
<>t linionual I heorein, and verify the result by the use of 

[Durham.] 

37. I'.xpand (.S-Or) 5 jr, ^ sf-rics of ascendine powers of x, 

s a ing the condition uudcr which the exi.>ansion i.s legitimate. 
Hence shew rhat ® 


I 1.4 


1.4.7 


[Man.] 


* ^ s. Hi. 24 '••• * ~X'rj 

38. Prove tliat. if x is positive and small, 

( 1 - x'h I 4 - yja. 

pro\ e that 5 is approximately equal 

‘ [Man.] 

(1 cocnk icnt of j-'* in the expansion of 

\ 1 1 C/JT ‘i~ yV j IS 

□ " + 1 , 


to 


+ 


»<» - DHi - 2) ... (11 - 2r 1) 


< n- 


- a«-2r 


+ . . .. 


Find a definite expression for tliis series if a =2. 


[L.U.] 
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SUmUTION OF SERIES 

Summation of Series. If the n*** term of a series is a simple 
function of n, its sum to any number of terms can often be 
found. 


Ex. 1. Find the sum of the first n natural numbers. 

The series is 1+2+3 

This is clearly an aritiunetic progression with common 
difference unity. 

The sum is ^{n +1). 

This formula should be tested and remembered. 


Ex. 2. Find the sum of the squares of the first n natural 
numbers. 

The series is 1 ^+ 2 ^+ 3 ^+ 4 -+...+n 2 _ 

Now (h + 1)3 - = 3,(2 + 3« + 1 . 

\\Viting n - 1 for n, we have 

n3 - (n - 1)3=3(« - 1)2 +3(« - 1) + 1. 

Similarly, 

(K - 1 )3 _ _ 2)3 = 3(« - 2)2 + 3(h - 2) + 1 : 

and so on. 

Finally, 23-13 = 3.12+3.1+1. 

There arc n of these identities. 

Adding them, we have 

(n +1)3-13=3(12+22+... +n 2 )+ 3 (i + 2+...+«)+«. ...(1) 

If .S ’2 denote the sum of the .squares of the first n natural 
numbers, and .S\ the sum of the first 71 natural numbers, 

(1) becomes (n + 1 )3 _ l = ‘SS^ + 3.S’, + n ; 

or, using Example 1, 

(h + I )3 - I - n =3.S'a +[!//(« +1) ; 

.-. 3.S2=(n+I)'{(7i + l)2-l-3„). 


Therefore the sum of the squares of the first n natural 

numlxTs is , 

n(« + I )(27i + 1) 

0 

This result should be tested and remembered. 
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Ex. 3. Find the sum of the cubes of the first n naturcil 
numbers. 

We have (n+ 1)«- 7 i*= 47 i 3 +6n2+4n + 1 . 

Writing {n - 1 ) for n, 

==4(71 - 1)3 + 6(71 -1)2 +4(?j -1) +1. 

Similarly, 

{n~l)*-{n~ 2)* = 4(ra - 2)® + 6(7i - 2)2 + 4(7i - 2) +1 ; 
and so on. 

Finally, 2^ - 1< =4 . l^ +6 .12 +4.1 +1. 

Adding, and denoting the sum of the cubes by ^ 3 , we have 

(ft + !)«-! =4^3 +652 +45, +ft 

= 4^3 +7l(7t + l)(2ft + 1) +27l(ft +1) +71, 

using Examples 1 and 2 . 


45,:= 


(71+1)4-1 -77-?l(7i + l)(2ft +1) -27i(7l+l) 

(K + l){(ft + l)3-i_2ft2_n-2n} 

(ft + l){ft3+n2}; 


5 . 




‘> I — *^1 • 


Tin's result .should be tested and remembered. 
form^la 7 fOT%. ™P'dly by using the 


It is useful to denote the r‘ 

by the symbols « 2 ,... 7 /,,. ’ 


7 i‘** terms of a series 


Ex. 4. 5 u77i to 71 terms 3.7+7.11 +11.15+.... 

that the first factors of the terms form the arithmetic 

n 4ft-l Thc’s^ ’ the term is 3+4(71-1). 

than the first factor of any term i.s always 4 more 

The given series is, therefore. +« 2 +W 3 where 

7(„=(4h - U(4tt+3). 

This formula for u„ can be tested a.s follows. 

PnttiUS « Zo’ ~/o "'hif^h is the first term. 

anH o ^ “ f)(®+3)j which is the second term ; 

and so on. 
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Now w„ = 16n2+8n-3, 

«„_, = lG(n-l)8+8(n-l)-3. 


w, = lC(l)2 + 8(I)-3; 

Wi + Wo+••.+«„ = -3n 

_ 16w(n + I)(2n +1) 7?(n+l) . 

6 ^ ^ * 2 ” 

= ^[8(2n2+3n +1) +12(n +l)-9] 

= |[lGn2+36n +11], 


Ex. 5. Let starid for the sum of n terms of an arithmetic 
progression u-kose common difference, is d, arid let stand for 
the sum of the squares of the same terms. Prove that ' 

nX^ - A',® = YVnM*(n2 _ 2j 

Lot a be the first terra of the arithmetic progression. 


n 


Then ^ {2a + {n - l)c?} =7U2 + 


n(n - l)rf 


X^ = /i®a® + ?j®(n “ 1 )da + 


7i2(n - 1 )2rf2 


Again, X 2 =a^ +(a +d)^ +{a +2^)® + ... +{«+(« ~\)d)^ 

= n(a®) +2arf{l +2 +3 +... +(n - 1)} 

+ rf2{l®+2®+3® + ... -t-(«-I)2} 

= na'- + 2ad + df <!! - ' . 

() 


nAj =n2a2+a<in2(7t - 1)+(i® 
Frora (1) and (2) 


n2(n-l)(27i-l) 

(i 


TlAg-A,® 7 i 2(7J - l)(2n - 1) 7l2(7l-l) 

G 4— 


2 


{!) 


(2) 
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Ex. 6. Sum to 14 terms the series 

, 13 13.12 13.12.11 

4 4.8 4.8.12 ■^"*- 

The series may be written 

which are the first four terms of the expansion of ^1 
Hence the sum to 14 terms is ^1 or 

Ex. 7. Sum to infinity the series 

1.4.7 


-D‘’ 


, 1 1.4 

1 -= + 


* 4 “ • • • • 


5 5.10 5.10.15 

The coefficient of any term in a binomial expansion is of the 

n(»-l){n-2)... 

1.2.3... 

in which the successive factors of the numerator differ by unity, 
while the denominator is a factorial. 

The given series may be wTitten 

3® 4.4.x 3» 


1 ' ^ 

1 ^ “ + 2-1-? _ ** - I 

5 1.2*5* 1,2.3 5* 


3 / 5 + 1.2 \5>' + r7273- •W+-’ 

which 13 (l+|)\ or (8/5)-*, or 5 / 5 / 2 . 


EXERCISES XXXIV. 

do^ formulae for the sum, the sum of the squares, 
and the sum of the cubes of the first n - 1 natural numbere/ 

2. Sum to n terms the following series : 

(i) 1.2 + 2.3 + 3.4+.„ ; 

(ii) 1.3 + 5.7 + 9. 11+.., ; 

(iii) H.2 + 2a.3 + 3».4 + ... ; 

(iv) l* + 3* + 52+.... 
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EXERCISES 

3. Find the sum of the series 

r- + 2- + ... + n^. 

In a geometrical progression the sum of tlie first n tonns is . 9 ,, 
the sum of the first 2 n terms is and tiie sum of t)ie fir-t 3« 
terms is Sj; prove that 

V + ^2^ = *'i(«2 + 53 )- [B-C.] 

4. Find the sum of the squares of the first n positive numbers. 

If 5,, are respectively the sum, and the sum of the squares, 

of n successive positive integers beginning with a, shew tiiat 
71^2is indepentlent of a. [Man.] 

5. If 8 be the sum of the first n natural number>-, prove tliat 8 - 
is the sum of their cubes. 

Sum to n terms the series whoso term is n( 2 n 2 _ j). jf 
sum be equal to the sum of the first m natural numbers, prove 
that m inu.st be an odd number and that the sum of the first 
n natural numbor.s is I(m+ I). [H.U ] 

6. Sum the .series : 

(i) 4 -^+h “••• " terms, and to infinity ; 

(ii) 2.3 + 4.5 + 6.7 +... to 7i terms. [Man.] 

7. Find the sum of the cubes of all the integers from 1 up to n. 

Sum the series : 

(i) 1.2* + 2.3* + 3.4^ + ... + n(n + l)*; 

(ii) . 2 + 2*. 3 + 3“. 4+...+n=(n + 1). [B.U.] 

8. Sum to 2« terms the scries 1 * - 2- + 3* — 4 =* + ... . 

9. Find the sum of tlie 4“* powers of the first n natural 
numbers. 


10. Find the sum of tlie geometrical jirogression 

a +ar + ... +ar"->. 

If iS' = a + 2<ir + 3ar* + ... + nar"-*, 

prove that .5(1 -r) + =a + ar + ... +ar'*~>, 

and lienee find the value of *9. [B.U.] 

11. Sum the series : 


(i) 

(ii) 

(iii) 


a _ 1 _ _... to 2rt terms. 

12 - %/72 + 0 - ... to infinity. 

n «(«-!) n(n-l)(n-2)_ 

5 *^ 5.10 5 . 10 . 15 ~ 

[Durham.] 
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12. Siun to 8 terms the series ^ + 1 8 12 ^ _ 

13. Sum to inHnity the series 1 +^ + ^l^++ 

14. Sum to infinity the series 

1— J — J.yV—J .^.T • — ••• • 

15. Sum to infinity the series 

1 + . rf’f t iV . 2^ . . . 

16. Sum to infinity the series 


« • • • 
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CHAPTER XI. 

VECTORS. APPLICATIONS TO TRIGONOMETRY. 

INVERSE NOTATION. 

Vectors and Scalars. Quantities like dis])lacenionts, which 
are not determined completely unless their directions as well 
as their magnitudes arc specified, are called directed quantities 
or vectors. 

When a body moves, its velocity at any instant has a definite 
direction ; when a body undergoes change of motion, the 
change is in a definite <Ii‘rcction ; in all cases of motion ideas 
of magniliule and direction are associated. So, too, in all cases 
when forces are considered. If we are told that a body is 
being acted on by a force of 50 lb., the statement is incom- 
plete and indefinite. We may ask if the body is pushed or 
pulled : if it i.s being urged to the north-east or lihed vertically ; 
and only if the direction as well as the magnitude of the force 
are stated, is the .statement complete, precise and definite. 

Among vectors are cla.ssified : displace¬ 
ments, velocities, accelerations, forces, mo¬ 
ments, magnetic and electric fields, and so 
on. On the other hand, such quantities as 
time, temperature, ma.s.s, work, etc., are 
essentially non-directive ; they are called 
scalar quantities or scalars. 

Representation of Vectors. Since a vector 
is a quantity in which a direction is as.sociated 
with a magnitude, it can be represented by 
a line whose <Urcction is parallel to the direc¬ 
tion of the vector and whose length measures 
the magnitude of the vector. To avoid 
ambiguity, an arrowhead should he place<l on 
the line to indicate the sense of the vector. Addition of vectors. 

In Fig. 123, AC i.s a side of the triangle ABC, which ‘las 
length only. 
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But AC means the vector whose magnitiide is AC and whose 
direction is sheuTi by the arrowhead on the line AC. 

Vectors may also be written as a„, 6^, etc., in which the 
suthxes a, /J, etc., give the directions referred to some standard 
line and a, />, etc., give the magnitudes. 

E.k. 1. Illustrate luj a figure the vector 220-. 

I^‘t OZ be the standard direction (Fig. 124). 

Take .^)P = 20°, and from O set off 2 units along OP. 

Then OP is 220'. 

If Q.Ri, etc., be drawn equal and parallel to DP as in 
the hgure, then 

Qllil =^2-^2 =ctc. =22 o-- 



P' 

FlO. 125. 


Ex. 2. Illustrate Inj a figure the vector - 3i2o-. 

direction (Fig. 125). 

or,, ^fni^ .V’ ’ ^ 3 units m the direction 

opposite to 01 , thus r oae liitig the point P. 

It shm.U „<,W 1,C clear that - 3.^, 3,.^,,,^, are 

ddterent ways of uriting tlie vector OP 
In general, - . ...r =«„ ..so'. 

Addition and Subtraction of Vectors. From Fig. 123. it 
IS ek-ar that a displacement represented bv AB, together with 
.1 fhsplaeement represented by li(\ are equivalent to the 
smirle displacement represented by .-if'. Further, if AB, 

ini‘n/ i\ <if any other tvpo than displace- 

■n i - m r «|uivalont to the third, 

ihis may be c.xpressed as follows : 

AB - BC = .IC. ... 


( 1 ) 
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where the symbol + may be translated as “ followed by ” or 
“ together with.” 

Identity (1) at first sight appears to violate the theorem 
that two sides of a triangle are greater than the third. But 
this theorem, which would be expressed a.s AB BC > AC\ 
refers to the magnitudes of the lines only, and the symbol + 
has its usual arithmetical significance ; whereas m identity ( 1 ) 
the directions of the lines are taken into account as well as their 
magnitudes, and the symbol + has an extended meaning. 

The left-hand side of identity (1) is an example of vector 
addition, and the right-hand side, AC, is the vector sum of 
AB and BC. _ _ _ 

It is customary to call AB and BC components of AC : 
while AC \s the resultant oi AB and BC. 

Ex. 1. EvoX\LO.l€. 4‘3|o^" and 4’3nm=-J-V’ 5 ^ 5 *. 

Let OZ be the standard direction. OA represents the 
vector 7 - 545 . and OB the vector 4-3ioo* 126). 



Completing the parallelogram OACB, AC is evidently OB ; 

+AC=^(JC. 

Again, 4-3,00 +7-545 

By measurement OC~ 10-6 and ZOC = (y4^ ; 

7-545-+ 4-3,00 = 4-3,00 + 7-545. = 10 -Ce 4 .. 

In genera), a® + 5 ^ +ry +etc. = 5 ^ +aa +Cy +etc. 

= Cy+63+00 +etc., etc. 

In words, tlje re.sultant of a number of vectors i.s independent 
of the order in which the vectors are added together. 
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Ex. 2. Evaluate 

Tlie expression means a displacement of 8 - 650 . together with 
a disi)lacoment of -SAjj®.- 

In Fig. 127, _ _ 

0 . 1 = 8 - 630 . and 0B=o-4iyQ.. 

BO is produced to C\ so that OC = BO. 

Then 00= ~'O' 4 ]] 0 .. 

From .4, AD is drawn parallel and equal to OC ; 

AD= -5-4 1 , 0 .; 

8■G5o.-^r4,,o■=CT-^.10=^=7■^)2,l.3o.. 

From tlu' al)t)ve examples on addition and subtraction of 
vectors, it should be clear that Oa ■^f>a =(« 



FlQ. U7. Fio. lis. 


Coordinates and Vectors. Let (x. ij) be the rectangular 
coordinates of a point B referred to axes OX, 0) . and let OZ 
be the standard direction. Draw /'.V perpendicular to OX. 

Tlien if /JtX (~fX=x.^. XP=i/ 

'I'liis is illustrated in Fig. 12S. 

I'or the point .r=4 : _ 

.r..v ^ a \-eetor in direction OX with magnitude 4, i.e. 0.\ i- 
For the jioint 7^. x = - 4 ; 

xa =a vector in direction OA* with magnitude - 4, i.c. OA 
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For the point P^, == - 5 ; 

=a vector in direction OX with magnitude - 5, i.e. OA'g. 
For the point P^, x = 6 ; 

x^ =a vector in direction OX with magnitude G, i.e. OX^. 
Again, for the point P,, y =5 ; 

=*a vector in direction OI’ with magnitude 5, i.e. 

For the point P^, i/ = 3 ; 

i” direction OY with magnitude 3, i.e. X^P^. 

For the point P 3 , y= - 2 ; 

vector in direction OY with magnitude -2, 

i.e. A'gPa- 

For the point P 4 , y = -1 \ 

vector in direction OY with magnitude-7, 

i.e. ATP^. 

Projection of Vectors. projection of a vector AB in 

any direction is the vector ab, where a, b, are the feet of the 



Fig.120. 

perpendiculars let fall from A, B, upon any line parallel to the 
given (lircction. 

Tlur^in Fitr. 129 the projection of AB in the direction OX 
is a/>, or 

Again, in Fig. 128, 

x<,=OA'=the projection of OP in tlie direction OX. 
y..n —XP = projection of OP in the direction OY. 
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Projection and the Circular Functions. Let OX. be any line 
and let OY make +90® with OX (Fig. 130). Let (x, y) be the 
rectangular coordinates of P referred to OX and 0 F as axes, and 
let (r, tf) be the polar coordinates referred to O as origin and 
OX as initial line. 



Then, by definition (p. 152), cos d=x/r, 

sin d =y'r. 

A 

Let OZ be the standard direction, and let ZOX =<f>. 

Tlien OP = r^d+ 4 ,). 

Now the projection of OP in the direction OX =OX 

= (r cos 0)^y 

{.r. the projection of in the direction <f> is the vector 
(r cos f^)^. Thus the projection of a vector in any direction is 
another vector whose direction coincides with the given direc¬ 
tion and whose magnitude is the magnitude of the given vector 
multiplied by the cosine of the angle between the two directions. 
Again, the projection of OP in the direction OY 

= XP 


=r(rsin 

Thus if OX coincides with the standard direction, </» =0, 
the projection of OP in the direction OX is rcos and 

the projection of OP in the direction OF is r sin 

2 
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Again, OQ is the vector - 3300 - and OX' shews the direc- 
tion 20°. 

The angle between the direction of the given vector, viz. 
- 3300*. and the direction of OX' is 300° - 20°, U. 280°. 

By formula, the projection of OQ in the direction OX' 

is - 3 cos 280°2(r) “O*52O8o0.. _ 

By drawing, the projection is OM, of which the direction 
is 26 ° + 180° and the length is 0-5208. 


The sum of the projections in a given direction of any number 

• « ■ ___ 



In Fig. 133 AD is the resultant of AB, BC, CD. 

Tlie sum of the projections of these components is 

<i6+6c+cd, t.e. ady 

which is the projection of AD. _ _ _ 

Again, PS is the resultant of P(?, QR. RS. 

The sum of tlie projections of these components is 

pq->!-qr + rs, i.e. ps, 
which is the projection of PS. 

Clearly the sum of the projections in any direction of a 
number of vectors represented by the sides of any polygon 
taken in order is zero. 

Ex. 1. Calculate the vector sum 

Let OP^. OP.,, 07*3 be the three 
vectors, and let OZ be the standard 
directi<»n (Fig. 134). If is their 
resultant, then the pr(»jcction of in 
the direction OZ is the sum of the 
projections of the given vectors ; 

rcos t/ =.j-2 cos 10° *3-7 cos 50° +41 cos 110° % 6-097. 




RESULTANT VECTOR 


301 


Again, the projection of ra in the direction 02'= the sum 
of the projections of the given vectors ; 

rsin^=5-2 sin 10“ +3 7 sin 50°+ 41 sin 110° %7-590 ; 
tan ; whence ^^51° 13', 

and 097= +7-5902 9.73 

Therefore tlie vector sum is 9-735i is. 

Ex. 2. Find P 0 if Pt, = 4 - 130 .+2-880.-3-Oi5o-. 

As in the last example, 

Pcos (^=4-1 cos 30° +2-8 cos 80° +( -3 0 cos 150°) % G-635. 

P sin 4-1 sin 30° +2-8 sin 80° +( - 3 0 sin 150°) = 3-307. 

tan 0^ ' ' i ; whence = 26° 30', 
o-u3i> 

and rW6-6352 +3-307= =^7-41; 

P« ^7-41,0 30- 

Ex. 3. Find the resultant of the following system of forces 
acting at a point : 5-2 lit. in the direction E. 10° A., 3-7 lb. in the 
direction P. 50°A’’.. and 41 lb. in the direction A. 20° IT. 

Taking the standard direction as due E., the problem i.s to find 
the sum of the vectors 5-2,o-, 3-75„. and 41,,n . (See Fig. 134.) 

As in Example 1, the sum is tl»e vector 9-73,,- 

The resultant force is therefore 9-73 lb. ui the direction 
E. 51° 13' N. 


Ex. 4. A .'^hip .mils 10 7nilcs to the South-West, but it i.\- in 
a current which simultaneously carries it 3 iuiles due yotih. 
Find the actual motion of the. ship in magnitude and dirtc'iou. 

Let the motion of the ship be r miles in the direction e* 
West of North ; then, taking the standard direction as due N 

r„=3„+IO,„. 

As in Example 1. 

rcos 3 + lOcos 13 . 5 °-4-07, 
rsin 6' = 0 + lOsin 135°= 7 07 ; 
r-v4-072+7-072, i.e. 8-2 


and 


tan 0 - 


7-07 
4-07 ’ 


whenre 0 110° 50'. 


The ae-tual motion of the ship is therefore 8-2 miles in a 
direction 29° 50' South of West. 
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EXERCISES XXXV. 

1. Find the resultant of 2*4j2o* and S*?*-; 5*2^5- and 4-6sj'; 
2'Oj-and 4-3iw'; 3'7 im’ and 2‘lw. 

2. Shew tliat the resultant of 3*7no-. 2'l9o» and l'9o- is indepen¬ 
dent of the order in which they are taken. 

3. Shew that the resultant of 2-7ao’. S-W and - 3 ‘ 25 r is 
independent of the order in which they are taken. 

4. Evaluate (i) 3-lso’ —2'5ao-; (ii) — 4*lioo'+ 6 ' 23 o*. 

5. A ship sails 8-4 miles to the North-East» but it is in a current 
which siinultaneou-sly carries it 4-2 miles due West. Find the 
actual motion of the vessel in magnitude and direction. 

6. Find the resultant speed of the components 3*8 ft. per sec. 
E. 10^ N., and 4-5 ft. per sec. E. 70® N. 

7. What single force, and in what direction, is equivalent to 
the following components ? 

(a) 20 lb. E. and 30 lb. N. 

{6) 5-7 lb. E. 10® N. and 8-3 lb. N. 30® W. 

(c) 8-2 tons S. 33® E. and 10-2 tons W. 17® S. 

(d) 9-8 kg. W. 13® N. and 7-7 kg. S, 22® E. 

8. One component of the vector 7'5w' is 10'7jw. Find the 
other component. 

9. One component of the vector 10'7 b,' is I-S*. Find the 
other component. 

10. What are the vertical and horizontal components of a force 
of 5-8 tons which makes an angle of 27® with the vertical ? 

11. Three forces of 6-8 lb., 5’4 lb. and 8*4 lb. act upon a point in 
such a way that their resultant is zero. Determine the angles 
between tlie directions of the forces. 

12. Find the resultant of the following system of forces : 3*7 lb. 
duo E.. 3-5 lb. N.E., 3 lb. N.W., 1-5 lb. duo W. and 2-7 lb. due S. 

13. There are tliree vectors in one plane, .4=2*5*,, J5 = 3*W, 
C = 2-7,ir* Fiiul 

(i) .1-hB-fC ; (ii) + ; (iii) C - B-h A ; 

(iv) 4 - B : (v) C-B. 

Prove by drawing that .4—B —C = --4 — (B + C), also that 

4-B-hC = 4-(B-C). 

14. Find Pe if Pe = 3*7:o' - 5*2 m. — 4*5i,o’* 
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15. Express the followinp; vectors in terms of vectors of which 
the directions are 0 ’ and 90" referred to tlie stan<lard direction. 


(i) 5-7 s5. 

(iv) n60,..o. 
(vii) 8-45isj‘. 
(x) / 83 js5 . 


(ii) 17-8,a. 

(v) 0-87.^ . 
(viii) 47-4-»:o. 
(xi) 7-83«-. 


(iii) 67-Or;0- 

(vi) 1*56^. 
(ix) 0 084„a 
(xii) 7-25, 3 i-. 


16. Express as vectors the projectiorLS in the standard three- 
tion of 

17'83a-, 67-0 j3>, 1-56|3), 7-83|.-j5, 72*5.«> , 

64-.5/7y-, 15'6ioo-, 116-JSI5 , 783;[-_* , 0-085,. 


17. Express as vectors in a direction making 00* witli the 
standard direction the projections of the vectors of Kx. 10 . 

18. The coordinates of a point P are x, y referred to perpendi¬ 
cular axes OX, OY throufjh the oriKin O. Expro.ss OP in terms 
of vectors of wliich the directions are OX and OY. 

Give results when tlio coordinates of P are 2-3, 1-7 ; - 2-5, 2-4 : 

— 31, —2-0; and 2-1, -1-8. 


19. If tlie axis OX in E.xercise 18 makes an anirle a with 
the standard direction OZ, find the projoctiorts of OP in the 
direction OZ and in a direction perpendicular to OZ for eacli of 
the given points. 


20. Plot tlio following vectors OP on squared paper, ami find 
the coordinates of P in each case: 7-2is , 1-4,5 8 , 30 , 4-3.,„ , 
3-7a« . OX is the starulard direction. 

21. Provo that cos a + cos ^-f cos -f= 0 and 

sin a + .sin ^a-(-“^^+Bin 


by projecting AU, DC, CA in a direction making « witli AB and 
in a perpendicular direction, where ABC is an e<iuilateral triangle. 

22. A BCDE is a regular }>ontagon. By projecting AB, SC', CD, 
DE, and EA in a direction making u. with AB and in a i>erpon- 
dioular direction, obtain the following identities: 

(i) cosa. + cos(//. + -fCOs(oL + ;Sn-) -i-cos(a. -f gn-) -f-cosfet -f gTr) = 0 ; 

(ii) sin o, -f sin(«.-f gn-) + 8 in(«. -f jl^Tr) -f sinf/i. -f- gn) + sin(«i. -f- ^tt) = 0 . 


23. Obtain identities similar to those in Exercise 22 by con¬ 
sidering a regular hexagon. 
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Circular Functions of Compound Angles. If B are any 
angles, 

cos (A + B) = cos A cos B - sin A sin R.(1) 

and sin (A +B) =sin A cos B +cos A sin B.(2) 

A 

In Fig. 135 let OZ be the standard direction; ZOX = A 
and XOP = B. Then ZOP = A + B, and if OP = r, the polar 



FlO. 13S. 

coordinates of P referred to OX are r, B, and the rectangular 
coordinates of P referred to OX and a line making -^90® with 
OY are .r, //, wliere x = rcosB and y = r.sinB whatever the 
magnitude of B may be. 

As OZ is the standard direction, 

OP = rA^rt\ A'B=y.^+^: 

aiifl the projection of OP in any direction is e{{iial to the sum 

of the projections of DA’ and XP in that direction. 

I. Projecting in the direction OZ, we have 

r cos {.-I - B) = 0 " cos A y cos (A -r- 

= r cos B cos A + r sin B cos (A + ^ «■); 

cos (A - B) =cos Bcos A -^.sin Bcos (A + Ijt). 

Now cos(A + ln')= -sinA, (seep. 168); 

cos (A 4 B) = cos A cos B - sin A sin B. 

Tl. Projecting in the direction OZ', which makes 90® with 
OZ, we have 

r sin (A ^ B) —X sin A - y sin (A - Iir), 

= r cos B sin A r sin B sin(A + ; 

sin (A -B)=cosBsinA -i-sin Bcos A. 
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In the preceding, no restriction wliatever has been placed 
on the values of A and B ; they may be angles of any inagni- 
tude, whether positive or negative. 

In (1) write A=0 and B = —4>. 

Then cos ( 6 ^ — ^>) = cos cos {—<!>)— sin 6 sin { — </'); 

(see p, 166), cos {d - <fi) *cos tf cos - sin sin <f). ...( 3 ) 
Similarly (2) gives 

sin ( 6 ^ - «/>) =sin 0 cos <f) - cos 6 ^ sin .( 4 ) 

These formulae may also be proved directly as follows : 

In Fig, 136, let OZ be the standard 

direction; zbx=A and XOP = - B. 

Then ZOP =A-B, and if OP = r, 
the polar coordinates of P referred 
to OX are (r, - B) aiul the rect¬ 
angular coordinates of P arc (.r, y) 
referred to OX and a lino O Y making 
90* with OX. 

As OZ is the standard direction, 

OP = r^_,,, OX =x^ and 

Further, the projection of OP in any_direction is eqrial to 
the sum of the projections of ON and XP in that direction. 

I. Projecting in the direction OZ, we have 
rcos(/l -/I) =.rcos+ycos(A +.V), 

==r co.s( - B) cos A + r sin ( - B) cos f^l + ; 

cos {A - B) =cos ( - B) c<}.s .4 4- sin ( - /^) ( - sin ,1) 

= cos B cos A 4 - sin B sin .1. 

II. Projecting in the direction OZ', which makes DO* 
with OZ, 

r Hin{A - B) sin A 4 -//sin(--l 4 .V) 

= rcos( -B) sin A 4 -r sin( - 5) cos A ■, 

8in(-4 - B) =cos( - B) sin A 4 -sin ( - B) cos A 

* 8 in A cos B - cos A sin B. 



^'P = yA+z. 
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Ex. 1. If sma = | co.<^=| = , find s{n{a+(3) and 

cc3{a +{3), 8in{a -fS) and co3{a -/i), where a is an oOtuse angle 
and (i is an acute angle. 


Since sina = cos-a = 1 - ' J = .fs. 

As a is obtuse, cos a = - 

Since cos /3 = \-l, sin^/? = 1 - ] * 

As /3 is acute, sin /? = 

sin (a +13) = sin a cos ^ + cos a sin /? = g • j-j - y • /j =0- 
cos (a +/3) =*cos acos/tf -sinasin^ = - •} . [j - y • Vs = ” jy* 
sin (a -13) = sin a cos (3 - cos a sin /^ = J { j + y • /y = 3-5. 
cos (a -/3) = cos a cos + sinasin^= " 5 • l5 + 5 • 13 - ” 


Ex. 2. E.rpand +0). 

sin (.-I + R + C) =sin .1 cos(B +C) +cos*4 sin{i? +C) 

- sin .4 (cos B cos C - sin R sin C) 

+ cos A (sin B cos C + cos B sin C) 

= sin -4 cos B cos C + sin R cos C cos A 
+ sin C cos .4 cos B - sin .4 sin B sin C. 

Important Example. 

Ex. 3. E.rprc3S a cos0+hsii\6 in the form 

rcos{d -a). 

In the right-angled triangle (Fig. 137) the 
sides containin g the right angle are a, b ; the 
hypotenuse is Ja- -rb-. 

Evidently cosa = fl'\ ^^ 2 ^ sina = 6 s a-+6-; 

a cos ^-f 6 sin 0 - s iPT6-f—cos ^sint> 

In fl- -f-o* s a- + 0 “ 

= \'a- +b- {cos a cos 6 sin a sin 6^} ; 

a cos 6 -^b sin 0 =\'^a- -^b“cos(0 - o), where tan a ~b.a. 
Similarly 

a cos -f-bsin 0 =N^a“ +b“Sm(d where tan (3 =a -b. 
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Ex. 4. Express 15 sin 0+8 cos 0 in the form r cos{6 - and 
hence, or otherwise, find all the values of 0 between 0® anid 36f>°. 
whiek satisfy the equation 15 sj/t 0 + 8 cos 0 = -8-5. [L.U.] 

Using Fig. 138, the hypotenuse is \^152+8“ = 17, ami 
sin /3 = ] 5, cos P = 

15 sin 0+8 cos 0 = 17 (| f sin 0 + y®- cos 0) 

= 17 (sin/8 .sin 0 +co8/3cos0) 

= 17 cos {0 -y3), 

where tan /3= V®, * e* where /3 = 61® 56'. 

The given equation can be written 
17 cos (0-61'’56')= -8-5; 

003(0-61“ 56')= - 0 5 = cos(180“-60“); 
0-6U56' =n360“±120°. (Seep. 171.) 

.-. 0 =n 360“ +181“ 56' or n 360“-58“ 4'. 

The only solutions betw'een 0 and 360® are found by putting 
n =0 in the first value for 0 and n = 1 in the second. 

The solutions are 0 = 181® 58' and 301® 58' 



Ex. 5. Prove inn{A +B) = 

sin (.4 + B) 


tan A +/fln. B 


tan (A + B) = 


1 - tan A tan B' 

sin A cos B + cos .4 sin B 


cos (A + B) cos A cos B - sin -4 sin B' 


and dividing numerator and denominator by cosAcosB, wo 

tanA+tanB 

tan(A+B)=j-^^^g. 


Similarly, tan (A - B) = 


tan A - tan B 
1 tan A tan B ’ 


Application to Algebraic Geometry. 

Angle between the lines y =mx +c and y = m'x +c'. 

If the given lines make the angle.s 0 and 0 ' rc.spcctively 
with the axis of X, the angle between them is 0 - 0 ', where 

tan 0 =m and tan 0 '=m'. 

Now tan(0 - O') ={tan 0 - tan 0')/(l +tan 0 tan O') ; 

0 - 0 ' is the angle whose tangent is 

® 1 +mm 
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Corollary. If the lines are given by ax ^ bij + c =0 &nd 
a'x ^b't/ -hc' -0, the angle between them is the angle whose 

tangent is 

a a'' !f. aa'^ ah-ah 


( t* it I % k _ X. . - 

rb^b') V"bly) aa'-^bb'- 

*Angle between the lines ax- +2hxy - by- =0. 

If the given lines make angles 0 and W with the axis of X, 
ax- - 2h.vij +6y^ =0 represents the same lines as 

{y - x tan - .r tan O') =0, 
i c. }f-xtj(ta,n 0 +tan 6’) - j-Man 0tan 6' =0. 
Comparing coeilicients. we have 

tan0tany' = ^^. tan ^ - tan . 

Squaring the second and subtracting four times the first. 


we have 


W--4ab 

(tan 6 - tan 0 )^~ —vo — J 


2Jh--ab 

tantf-tan^ — f— . 

Tficrefore the tangent of one of the angles between tlie gRen 
lines is 

h ■V'b)' a^b ’ 

tlie angle being acute or obtuse according as this expression 
is jiositive or negative. 

Ex. 1. Thp ba.'!>' liC of a frianrjlr A Bf" fixed. Find the 

Inrifi of >he. joint -I if B -C -B, a constant. 

Ta't 0 be the mid-point of Bt, 
and take axe.s OX. O) as shewn in 
Fig. 130. If BC^'la, C is the point 
{a. 0). B is ( -«. 0). 

Let tlie equation of AC be 
!/ = m (.r - a) 

and the equation of .1/^ be 

If = m' {x -^a). 

Then tan B = m' and tan C = - ni; 





no. UD. 


tan /3 = 


tan B - tan C w 


1 tan B tan C 1 - mm 


( 1 ) 
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If /I is the point (A, J:), 

then k = vi{h~a) and k = m’{h-¥a) .(2) 

Substituting for m and m' from (2), equation (1) becomes 



(A2_A-2)tan/i-2AA=anan/? ; 

and this is the condition that the point (A, A.) lies on the locus 
whose equation is 

{x- - 1 / 2 ) tan /? ~2xy p 


EXERCISES XXXVI. 

1. If cos^i. = iJ and cos/i=}^. find sin(fi. + /3), cos(a. + f3), 
8in(»A - /i) and cosfa. — /i), where <i. aiul /J are botli acute angles. 

2. If sin(> = ^'V = find sin(^ + <A), cos(t^ + <#>), 

Bin{0 — <fi) and cos(tf — 0), wlioro 0 is an obtuse angle and 0 Ls an 
acute angle. 

3. Expand cos(.-l +D+C). 

4. Express tan (.4 + li + C) in terms of tan , tan Zi and tan C. 

5. Putting v'ls=4r>® and /i = 30* in formulae (1) and (2), 
page 304, find sin 75'’ and cos 75“. 

6. Find cos lo®, sin 15“’ and tun 1.5®. 

7. Provo that sin (60® — //) + sin (GO® + (?) = v^3 cos 0. 

8. Provo that sin(/l +Z?)sin(.d -Z?) = sin®.4 -sin-Z?, and that 

co.s(/4 + Z?) cos(.l - D) *=cos-.4 — sin*Z?. 

9. Simplify 

(i) sin 4.4 cos 2^ + cos 4/1 sin 2.-1 ; 

(ii) co.s(<9 + 0)cos 0 +sin(^ + 0) sui 0: 

(iii) cos(4 + Z?)+sin4 sin B. 

10. Provo that tan 0 + tan 0 = , 

^ cost/cos 0 

. . • f. Hin(/Z — A) 

cot A — cot B = . — 1 -. 

sill B sin 4 


and that 
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11. If sin{^ + a) = nsin(<9-a), shew 


that cot0 = 


n- 1 
n-r 1 


COtOL. 


12. If tana = .\ and tan/3~i. calculate tan(a. + ^) and 
tan(a - /3). where ft lies between 180® and 270® and ^ is an acute 
angle. Verify your result by using the tables. 


13. Shew that 



_ 1 ta n ^ 
“ 1 - tan 


TT 


and that 



1 - ta n ^ 
1 + tan 


14. Simplify cos 0 + sin <^sin(tf - (/>) and sin t?+ sin i/>cos(0 + <f»). 

15. (i) Provo that cos 2.4 = 2 cos*.4 - 1, and hence or other¬ 

wise prove that tan 15® = 2-.^.3. 

(ii) Provo that 

sin(-4 + B -f C) =sin -4 cos Boos C + sin Scos Ceos .4 

+ sin Ceos .4 cos B - sin .4 sin Bsin C. [I.C.E.] 

16. Find all the angles between 0° and 360® which .satisfy 

(i) 2 sin + 3cos = 2; (ii) 3cos 6? - sin ()= 2*5; 

(iii) 3sin 0 - 2cosd)= - 1; (iv) Stan & + 1 =2sec 0. 

Examples 17*24 are taken from papers set at the Inter. B.Sc. 
[L.U.] 

17. If rco.sa = - 7 and rsinu. = 4 and r i.s positive, find r and a. 
Hence or otherwise solve coinj^letely the ecpmtion 

4 sin 0 -"i cos = 5. 

18. If rcosrt = a and rsinfi. = 6 and r Is positive, shew that 
there is only one value of >*. between 0® and .360®. Find the value 
of a and the positive value of r if a = 2 and 6 = - 3. 

Hence or otherwise liml all t he solutions of 2 cos - 3 sin d^ = ! ’5 
which lie between O' aiul 360®. 

19. Shew that the exj'ression ncosT+bsin x is never nunteri* 
eallv greater than {a- +b-), and find the values of x for which it 
as>;umeH tliis value. 

Kind the aniiles lyinc between - 180® and 180® which satisfy 
th«! ofjuntion 6 cos fy - S sin (^ = 0. 

20. Write down the ex]‘ansion of cosA-i-B in terms of tlie 
sines and cosines of .1 aiul B. 

If sin.l=U-2 aiul cosB = 0*7. find all the possible values of 

cos .4 + B. 

Slicw tliat a co.s W-s't 4-6sin d can be expressed in tlio fonn 
. \ cos (f -- I), and graph the function from t^ = 0 to d^ = r when a = 2, 

{) — 1 o and •/. = . 

6 
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21. Express a cos B + 6sin 0 in the form r sin(^ -i- <^j). 

If 6^1, ^8 are the two smallest positive roots of tJie equation 

a cos B + 6sin B = c, 


prove that 


tal\{B^ + = 


- 62 ' 


22. Two circular pegs of radii r and i? have their centres c 

apart, and tlie two arms of a right-angled L piece touch the 
peg.s. Find an expression for the square of the length of the 
line joining the pf)ints of contact in terms of c, r, H, and the 
angle «. which one arm makes with c. iShow that the maximum 
distance is ^;c- + + 2c\^Ji~ + r*). 

23. Find the acute angle between the lines 

(i) 3x+4i/ + 2 = 0; 

(ii) 6x —7^ = 0, x + y-t-l = 0; 

(iii) 3x^ — 4xt/+ If-ss 0 ; (iv) 6.r* + Try — J/* = 0. 

24. Find the angle between the lines t/ = tnx + c and i/ = m'x + c', 
and use the re.s\ilt to find the condition that these lines .should 
be (1) parallel, <2) j)erpendicular. 

25. Find the tangent of the angle between the straight lines 
y~mx+c, 1 / — m'x +c' i and state carefully the meaning of your 
result. 

Find completely the locus of a point such that the angle 
between the lines joining it to the points (a, 0), ( - a, 0) is constant 
and equal to ; sketch the figure. [S.W'.J 

26. Shew that one of the angles. between the lines 

y = mx + c, y — m'x + c' 

i.s given by tan f/.( 1-f mm') = m - m'; and state carefully which 
of the angles is thus found. 

Lines through the points (.3, 4), ( - 4, 3) resi)ectively are <lrnwn 
at an angle of 45'’; find the loctjs of their intei-section and give 
a diagram. J 

27. Find an oxprcs.sion for tlie angle between the two lines 

a,x + hfi/ + r, = O ond + 521/ + ^2 = 0. 

From the vertices of a triangle AHC, perf>on<liculnrs/-!//, HE 
are drawn fn tbe opjiosit*? siites. If the ecpiutions of AH, HC 
and CA are respectively 

X - 3ij + 4 = (•, X + »/ - 2 — 0, 3x - 4y + 7 = 0, 
find the ecjuation,s of AIJ and HE. [Man.] 
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28. OABC is a rectangle in which OA = 5 in. and OC = 3 in.: D 

and E are points in OB such that CB = 2CA’ = 3CD. Taking 0-4, 
OC as axes of A' and Y respectively, find the erjuations of OB, AC, 
AE, the coordinates o^ the point of intersection P of OD and 
AE, and the angle OPA. [Durham.] 

29. Find the angle between the straight lines whose equations 
are aj + 6f/ + c‘ = 0, a'x + b'y + c' — 0. 

Prove that the centres and the points of intersection of the 
circles whose equations are 

x2 + - 10»/+ 15 = 0, + -8x-6y + 15 = 0 

form the vertices of a square. [H-D.] 

•30. Find the equation.s of the lines which jia.ss through the 
I)oint {h, k) and make angles «/» with the line ax + 6y + c = 0. 

•31. Prove that the equation ax^-rihxyby-= Ci rcj>re.«ents two 
straight lines through the origin ; fintl vmdor what conditions tlie 
lines are real, and obtain a formula for the angle between them. 

Provo tlmt the lines x- ~ y- ~2kvy are at right angles for all 
values of k, and find their inclinations to OX when ^• = 2. [S.\A.] 


Multiple and Submultiple Angles. 

Putting -I ~B ill Formula (D. p. 304, we have, 


and sinct* co.<-. 1 


Also 

and 


cos 2.4 
- sin-.l = 1. cos2.4 


= co.s*.l -.«in*-4.'j 
= 2 cos= -4-1 

= l-2sm=.4. J 


2sinv4 = 1 - cos 2.1 \ 
2 cos-.l = I -^cos2.!. I 


( 1 ) 

( 2 ) 


Similarly, putting -4 =/I in Formula (2). p. 304, we have 

sin 2.1 =2 sin .4 cos -4.(3) 


Evident IV 


tan 2.1 


2 sin .4 cos .4 

r> 4 • i> I • 

cos--4 -sm-.l 


Dividing top and bottom by cos--4, 


tan 2.1 


2 tan .4 
1 tan-.l’ 



These formidae should bo learnt and memorised in words. 
E/t. (2i gives "Twice the square of the sine of any angle 
equals one niinu.s the c<»sine of twice the angle” and “Twice 
the S(|uare of the cosine of an angle equals one plus the cosine 
of twice the angle.” 
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Alternatively, “ One minus the cosine of any angle is twice 
the square of the sine of half the angle ” and “ One plus the 
cosine of any angle is twice the square of the cosine of half 
the angle.” 

Ex. 1. Find cos3A and 5/w3w4. 
cos 3A = cos (2.4 + A ) 

= co.s 2.4 cos A - sin 2.4 sin A 
= (2 cos®.4 - 1) cos .4-2 sin® .4 cos A 
= 2cos®A -cos.i4 -2cos.4(l -cos®.4) 

= 4 cos® A - 3 cos A . 
sin 3.4 = sin (2.4 + A ) 

= sin 2 A cos A + cos 2/1 sin .4 
= 2 sin ^ cos®-4 + (l - 2 sin®.4) sin .4 
= 2 sin -4(1 - sin®.4) +sin A - 2 sin®.4 
a= 3 sin .4-4 sin®.4. 


Ex. 2. Given (? = 18°, shew (hat 8in36 =cos2S, andhcncejind 
sin 18^. 

Ase=18^ 3^=54** and 2£/ = 36°. 

3d and 20 are complementary and sin 30 = cos 26^; 

3 sin W-4 sin®^ = 1 - 2 sin®(^; 

4 sin®i^ - 2 sin® - 3 sin + 1 =0. 

By inspection, sin 0 = 1 satisfies this ecjuation. 
liy division, we find the left-hand side is 

(sin (y - 1 )(4 sin®i# +2sin - 1). 

As sin 18®^ 1, 4 6in®6^+2 sin y - 1 =0. 

. . sin a- y ^ , 

sin 1S®= —since sin 18° is positive. 

Ex. 3. Prove that 2.vi«®(|7r ~0) = l -sin20. 

2 Hin®(jTr - 0 ) = \ - cos 2(J 77- -(/) = ! - cos(ljr - 2^) = 1 - sin 20 , 

1 - cos 20 
1 -vcos 20' 

2Kin2^ 1-cos 26/ 


Ex. 4. Prove that tan^O = 


We have 


tan®6/ = 


2 cos®6/ 1 -t-cos 20' 
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Ex. 5. Prove that 

1 -tan^A 


c.os2A = 


1 ->rtan^A 


and sin2A = 


2 tan A 
1 +tan^A' 


cos-.4 


We have cos 2A =coa^A - sm*A = ’ 


and dividing top and bottom by cos^^, this becomes 

1 -tan^^4 
1 +tan®-4‘ 

^ . 2 sin .4 cos A 

Also sin 2 A = 2 sin A cos A = ^ 

and dividing top and bottom by cosM, this becomes 

2 tan A 
1 +tan®A' 


EXERCISES XXXVII. 


1 VxnA 


_ 1 -COS 2A . . 

(ii) cot 6 > - tan 0 = 2 cos 20 cosec 20. 

3. Prove cos 36*—sin 18* = 0-5. 

4. Prove (i) 2 cos®^^ —* 4 ^= 1 +sin2.4 ; 

(ii) co3*^-sin^0 = cos 20 . 

5. Prove cos^^+ cos*^<^ + + cos®^</> - 0 )= 2 * 

1 -tan-f^- oj 

6 . Prove sin 20 =-;-i:* 

l+tan=(^- 0 ) 

7. Prove that 

8 in= (ar + y) - sin* (x - y) = sin 2 x sin 2 i,'. 

8 . Express cos 40 in terms of cos 0. 

9. Express cos 50 in terms of cos 0 and sin 50 m terms of sin 0. 

10. Find cos* 0 as a linear function of cos 40 and cos 20. 
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Sums and Products. 

We have sin {A + B) = sin A cos B + cos A sin B ; 

sin (A - B) = sin A cos B - cos A sin B. 

By addition, 2 sin A cos B =sin(.4 + B) +sin{.4 - B). 

In words, 2 sin (any angle) cos (another angle) 

= sin(sum) + sin (difference),.(1) 

where “difference” is the result of taking the second angle 
from the first. 

By subtraction, 2 cos A sin B = sin {A + B) -sin(A - B). 

In words, 2 cos (any angle) sin (another angle) 

= sin (sum) - sin (difference).(2) 

Again, cos {A + B) = cos A cos B - sin A sin B ; 

cos(A - B) =cos A cos B +sin A sin B. 

By addition, 2 cos A cos B =cos(.4 + B) +cos(.'l - B). 

In words, 2 cos (any angle) cos (another angle) 

=scos(sum) + cos (difference).(3) 

By subtraction, 2 sin A sin B =cos(A - B) -cos(*4 + B). 

In words, 2sin(any angle) sin (another angle) 

= cos (difference) - cos (sum).(4) 

Ex. 1. 2 sin 0 A cosSA =sin(GA+5A)+sin(6.4-5.-1) 

= sin 11A + sin A. 

Ex. 2. 2 cos 7^ sin 20= sin (7^ +2(^) - sin (70 -20) 

= sin 90 - sin 50. 


Ex. 3. 2 cos 0sin4 0 =sin(0 +40) - sin(0 -40) 

= sin 50 - sin ( - 30) 

= sin .50 +sin 30. 

Ex. 4. 2 sin (45° - x) sin (4.5° 4 x) =cos( - 2x) - cos (90°) 

= cos 2jr. 


EXERCISES XXXVUl. 

Express as sums or difTorencea the following : 

1. 28in20co80. 2. 2 co.s 5.1 sin 24. 

3. 2 cos 64> cos 34»- 4. 2 sin 2jr sin 5x. 

6, sinSopCosTo.. 6. sin3^8tn2y. 
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_ , 6x 9x 

7. sin-rt cos-ij-. 


9. sin4^sin(d + ^). 


^v+a'^cosf^-a^. 


^cos^ 


11. cos^^ 

13. sm(3^ + «^.)cos(^^-2^). 


8. cos2xcos{x-y). 

10 . + 

12, cos^0+^)sm^^+0 

14. cos(nn'--a)cos(n7r+o.)i 


It has been shewn that 

sin{^ +B)+8in(^ - B) = 2 sin .4 cos B. 

Writing & for {A +B) and <#. for (.4 -B), 

e_^ 

A- 2 * ^ 2 ’ 

^+<f» e- 4 > 

/. sin 0 + sin ^ s= 2 sin —^—cos-^—. 

In words, 

the sum of two sines = 2 sin (half sum) cos (half difference). (5) 
Again, sin(.4 +B)- sin(.4 -B)=2 cos*4 sinB; 

e + 4> . 6-ii> 

i.e. sin - sin «^> = 2 cos — jj— sm — 5 —. 


In words, the difference of two sines 

st 2 cos(half sum)sin(half difference).( 6 ) 

Again, cos (A + B) + cos (A - B) = 2 cos A cos B; 

« _ ^ +<i> 6 -<h 

i.c. cos $ + cos 4 > = 2 cos — 5 — cos . 

In words, the sum of two cosines 

5 = 2 cos{half sum) cos (half difference).(7) 

Finally, cos (A + B) - cos (A - B) = - 2 sin A sin B 

= 2 sin A sin( - B); 

0 + <f> . <f> d 

i.p. cos 6 - cos 4> =2 sin • ^ -- sm . 

In words, the differences of two cosines 

= 2 sin (half sum) sin (half difference reversed)....... (8) 
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Ex. 1 


Ex. 2 


Ex. 4 


. o • ^ ^ . 8ar + 4r Sx - 4a: 

sin 8x + sin 4x = 2 sin-;— cos 


2 

= 2 sin 6.r cos 2x. 


9 


. _ . o/j o 0^+2^ . €>$-26 

sin 6$ -sin2CT =2 cos —— sin —— 

= 2 cos 4$ sin 20. 


Ex. 3. cos 3-4 +C0S 11^=2 cos 


3.4 4-11-1 3.4-11^ 


cos 


= 2 cos 7.-1 cos ( - 4-4) 

= 2 cos 7--1 cos 4.4. 

^ • 20°+CO* . 00°-20° 
cos 20 - cos CO =2 sin -^—2- 

^2 sin 40° sin 20°. 


EXERCISES XXXIX. 

Express tho following as products: 

1. sin 14x + sin f)x. 

3. cos 7x- + cos .'ix. 

5. sin 80° + sin 20°. 


7. cos 90° — cos 20°. 


2. sin 1 \0 - sin "70. 

4. cos 2'/. — cos n</.. 

6. cos7x —cos3x. 

8. sinf" - ,4^ + sin^^ + .4^. 


9. sin + .r^ - sin^'^ - 10. cos - cos(^^ + 

11. coH{n7r+fx.) — cos{n7r — f/-). 

12. cosfA+cos(a+ /?)+cos(«x + 2^). 

13. sin (/. + sin(»ji. + fi) + sint'i. + 2/3). 

14. sin 20° + sin 100° + sin 60°. 


IX. 


-/? 


ic c!i .1 - Sin'1. - Kin/3 . 

lo. Shew tliat ', = tan 

co.s (t. + cos fi 2 

1C t’u .1 - sin(y + 3</>)+Hin(3y+</') e, t\ 

16. Show that . = 2cos(y + </>). 

sin2y + sin2c/, 

sin 2r +sin 3x ^ x 
COS 2x - cos 3z 2 * 


17. Siiow that 
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18. Let P 0 be points wlwse polar coordinates are (r, ty) and 
(r, </>) respectively referred to OX as initial line ^d O as on^n. 
(Take <!>> 6 and each angle < r). Complete the rhombus OPb>Q 

and let the diagonals intersect at i?. _ _ 

Shew that (1) the sum of the projections of OP and OQ ui any 
direction is twice the projection of OR in that direction; (2) the 
projection of OP in any direction minus the projection of OQ m that 
direction is twice the projection of QR in the same direction. 

From (1) and (2), by projecting in the directions OX and OY 

(which makes + 90° with OX), prove that 

cos y + cos <^=2 cos 


cos 6 - cos 2 sin 


_ o 


6+ 'h 

•> 

COS 

0 — 
o ' 





• 


2 

sm 

O ^ 

y-t-<h 



•> 

cos 

o ' 




y-f-6 

» 

<f>- d 

•> 

sm 

0 


Miscellaneous Examples. 

Es.. 1. Shew that Acosxcos(^x ^ 3x. 

2 cos^x +jcos =cos(2x +27r) cos ("2 ) 

= cos 2x - 1. 

4 cos.r cos^xcos^x - =2 cos x cos 2x - cos x 

= (cos 3x + cos x) - cos X 
= cos 3x. 

Ex. 2. Shew that =sin \00sin40. 

sin^Td-sin^St^^-Hl -cosl4tf)-l(l -co'iQO) 

= ?, (cos Od - cos 14o) 

. . I4d-6d 

= sm-— sin-^- 


= sin lOdsin 4d. 
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Ex. 3. Find all the values of x uhich satisfy the equation 

sin 3.r — sin x ^sin ox. 

The equation may be written sin 5^: +sin r =sin 3.r ; 

2 sin 3x cos 2jr sin 3.r ; 
sin 3.r (2 cos 2x - 1) =0 : 

X must satisfy either sin 3.r =0 or cos 2.r = i ; 
3x=n7r or 2x=2r7r±i7r. 

These formulae give all the values of x required. 


Ex. 4. Simplify cos^x+cos-^^ 

The expression 

= ^ [^(1 +COS 2x) + |l +cos^-^ ^ ~ “'0)] 

= ^ 1^3 + cos 2x + cos + 2x^ + cos 

— ^1^3 +COS2.C +2 |cos ~ cos 2xjJ 
= [3 + cos 2.r - cos 2r] 


— n 
•» 


(See also example 21, p. 303.) 

Ex. 5. If A + B +C =Tr, shew that 


ABC 

sin A -^sin B -^sinC =4 cos cos cos . 


sin A + sin/? =2sin , -cos 


. A +/i 
•? 


.1 -B 

o 


^ 0 A-B . A + /? TT C 

= 2 cos cos ——, since —^— = - 


■> 


and 


sin C = 2 sin cos ^ 


= 2 cos 


C 

2 

C 

o 


A 

-B 

cos — 

2 +sin 

A 

- B 

cos — 

— + cos 

B 

A 


A +/? 
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Ex. 6. IfA+B+0=ir, shew that 

1 +C 05 2A +cos2B+cos2C= -^cosAcosBmsC. 

cos 2 S+cos 2 C= 2 coa(B+C)cos(R-C) 

= -2cosAcos(B-C), since B+C=5r-A. 


And 1 +co3 2A=2cos^4; 

1+cos2A+cos2B+C032C' 

= 2cos A {cos A -cos(B -C)} 

= 2cos A{ -cos(B +C) -cos(B -C)} 

= - 4 cos A cos B cos C. 

Ex. 7. Express 18 cos 0 +13 sm 0 = 22 as a quadratic equa- 
Hon in t, where t^tanand thus solve the equation. 

Using Ex. 5, p. 314, 


cos 0 = 


1-^2 

\+t^ 


and 



Substitute in the given equation, rearrange, and we have 

18(1-(2)+26(=22{1+(®); 

20/2-13( + 2=0. 
i.e. / = i or %; 

■ 10 = n.l8O® + 14®2' or A:. 180® + 21°48', 
t.e. ”^=n.360“ + 2S°4' or fc .360"+43"36'. 

This method of solution should be compared with that of 
Ex. 4, p. 307. 


EXERCISES XL. 

1. (i) Given tnn(^ = x, express sin 0, cos sin2^, cos2fJ, in 

terms of a: only. i • / j _ 

(ii) Write down the expre&sions for sin(A+B) and sm(^ .d; 
in terms of the sines and the cosines of .4 and B: 
tiio expression for the difference of two sines m terms of the trig 
onometrical functions of the semi-sum and semi-difference o^^^e 

angles. ^ 


2. Prove that 

tan (I + x) - tan (| - x) = 2 tan 2x. 
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3. Express sin 3.4 in terms of sin^, and cos 3.^ in terms of 
cos A. 

Shew that 

tan3^ =tan(60°-^) tan.4 tan(60^+^). [L.U.] 

4. Prove that 

^ 45®+ 0, 45“-(9 s'2 cos 6^-1 

tan^—tan . 


Deduce the values, 

tan7r = (^'2-l)(^/3-^/2), 
tan 37.1“ = (^'2 + l)(v'3 - ^'2). 


[L.U.] 


5. Shew that if tan ^ ])e of jjivon inajjnitnde, 6^ bcinc less than 
27r radians, tlien tan.^6^ may liave eitlier of two values whoso 
product is - 1, 

Having given timt ton ^ = {.t® - t/*)/2j'y, 
express tan in terms of z and y. (L.U.j 


6. Show that 


sin 0 — sin 20 + sin 30= 4 sin ^ cos 0 cos 


7. Show that 

.sin 7x — .sin 3x — sin 5x + sin x ^ 

— --o - = tan 2x. 

cos i.r + co.s 3x - cos ox - cosx 


8. Solve tho equations: 

(i) sin®X + cos 2x = cosx; (ii) sin 6^+ sin 2t? = co.s t? + cos 20 ; 
(iii) cos 3xcosx = cos 4xcosx ; (iv) tan 2</> + 3 cot ^ = 0; 

(v) cot 30 +cot 0 = 0. 

9. Between what limits must 0 lie if sin®0> cos®0 ? 

10. Show that a co.s 0 + 6 sin 0 lies between 

+ v^a*+6® and -^'a''+6®. 

11. Provo that sin 40“ + cos 10“ = ^3 co.s 20“. 

12. Prove that 8 sin 10“sin 50“ sin 70“= 1. 

13. If cot 0= 2-4, find tho value of sit> 0 and of tan 20. Explain 
why sin 0 lia-s two values and tan 20 only one value. 

14. If f = tan show that 

.. 1 - /* , . ^ 2 / 
cos0=j^^s a?id 

Honco arul otlierwiso find all tho angles between 0 and 360“ that 
satisfy the equation 52 cos 0 + 39 sin 0 = 60. [L.U.] 
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15. If cosd = x and sin0=i/, express cos3^ + sin2^-sin40 m 
terms of a? and y, and when 6 lies between r and 35r/2 express the 
result in terms of x only. Find possible values of x that will 

make the expression vanish. [L.U.J 

16. Solve the equations: 

(i) sin2x + sin4x = cosX; (ii) sin0 + sin30 + sin50 = O; 

(iii) sin X + cos X = sin 2x + cos 2x. 

17. Prove that 

sin 20 + sin 2^ + sin 2^ - sin 2 (^ 

= 4 sin(0 + (/>) sin(^ + ^) sin(^ + 0). 


18. If -4 +B + C = 7r, prove the following identities : 

A. B C 

(i) sin-4 4 -sin B-sin C = 4sin ^ sin ^ cos 

^ . A B . C 

(ii) 1 4 - cos -4 4 - cos B - cos C = 4 cos cos sin ^ • 

(iii) cos*.4 4 -cos*B 4 -cos*C4-2cos.4 cos Boos C - 1 = 0. 
^ 8in2.4 -8in2B4-sin2C 

iur2B4-8in2C-sin2.4 


= cot A tan B. 


(v) sin2.4 4-sin2B4-sin2C = 48inA sinBsinC. 

(vi) cos® 2.4 4- cos® 2B 4- cos® 2C - 1 = 2 cos 2A cos 2B cos 2C. 

19. Express tan(A 4-B4-C) in terms of tan^I, tanB and tanC. 
If .4 4 -B 4 -C = ?r, shew that 

tan .4 4- tan B 4- tan C = tan A tan B tan C. 

If ^ 4 - B 4 -C = (2ii4-1)^, shew that 

1 - tan .4 tan B - tan B tan C - tan C tan A = 0. 


20. Prove that 
sin 2.4 


(i) 

' ' 1 - cos 2.4 


(ii) =v'2sm(45“4-2.4); 
1 + tan”-4 

(iii) if .4 4-B 4-C = 90°, then 

tan .4 tan B 4- tan B tan C 4- tan C tan A 




[L.U.] 


*21. Prove that 

sin X sin (j/ - s) 4-sin y sin (z -x) 4-sinssin(x -y) = 0. 
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•22. Prove that 

4sin^sin(^" + 0j = sin?0. 

*23. li A +B +C = 7r, prove tliat 

sin2.4 (cot B - cot C) + sin® Z?(cot C~cotA) 

*24 +sin*C(cot.l-cot5)v:0. 

cos ff + cos (/> + cos a: = 0 and sin (9 + sin + sin x 
shew that cot ^ = cot f and cos^=i' 

'25. If a cos u.+ 6 sin a. = c and a cos/3 + 6sin/3 = c, 

shew that cos^(f^ + ff ) sin J (^x.-t-/?) cos1{»a-/5) 

a '6 'c ' 

•26. Eliminate between the equations 

tan if + sin if =p, tan $ - sin 6 — q. 

Simple Properties of the Triangle. 

^ triangle, the sides are proportional to the sines of 
ine opposite angles. 



FJO. 140. 

In Fig. 140, take the direction of AB as the standard direc- 
tion, and let AZ' make 90° with A^B. 

~AC = b^ and BC =a,^_„. 

Projecting on ~AZ\ 

the projection of AC'= the projection of /TC; 

Bin .1 =« sin(180° - i/) =a sin B j 

. sin A sin B 

~b~- 


a 
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In (iii), RZ> = ccos^R/)=ccos(180°-5)= -ccosB 
and .4Z)=csmABZ)=csm{180®-J5)=csin B ; 

b^=AD~ +CD'^ =c^sm^B +{a -ccos B)^; 

=c- + 0 ^ ~2cacos B. 

Alternatively, using 11 ., p. 324, 

b cos A = c ~ a cos B, 
and using I., p. 323, 6 sin A = a sin 5. 

Squaring and adding, = ^2 ^ ^2 _ 2ac cos B. 

Similarly, for all triangles, 

= 6" + - 26c cos A 

and c* = +6* - 2a6 cos C. 

IV. The area of any triangle is equal to half the product of 
two sides multiplied by the sine of the angle included by them. 

Using Fig. 141, and denoting the area by A, 

in (i), A = |a . A Z) = Jacsin B ; 

in (ii), A = la.AB = lac, since sin .R = 1; 

in (iii), A = Aa . .>-1 Z> = .Aac sin (180® - B) 

- A ac sin B. 

Similarly, for all triangles, 

A = A6c sin A = lab sin C. 

(See Ex. 5, p. 132.) 


Ex. 1. In any triangle, prove that 

c{ain’A +8111^ B) sin C {a sin A +6sm B). 


We have 


a _ ^ _ 1 

sin A ~ sin B ~ sin C~I-’ 


say; 


la = Bin A, kb^sinB, kc=sinC. 
The left-hand side of the given identity is 

cik^a^+kVt^) or /:“c(a^+6"). 

The right-hand side of the given identity is 

kc {aka + bkb) or k'C (a* + 6®); 
c(8in*yl +8in*B) =8in G(asin A +6 sin B). 


n -F A 
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Kx 2 Jn triangle, prove that 
a cos B -b cos A = —- 


Using formula III.j p. 324, 

cos B - 


cos = 


c® +a^ -b^ 


'2ac 


a cos B — b cos A — 


62 +c 2 -a 2 ^ 

2hc ’ 

c-+a^-b- 6*+c2-o* 


2c 

02 - 6 * 


2c 


Us. 3. In any triangle, shew that 

asiMB-C) +bsin{C-A) +csin(A-B) =0. 

a=2RsmA, 6=2J?sin5 and c=2i2sinC', 
the left-hand side of the given identity is 

2i?sin-4 sin{B-C)+2i28in Bsm(0--4) 

+2iJsinC8in(.4 -S).(1) 

Now, since ^+5+^ = 180 , 

2 sin /I sin{B - C) =2 sin(5 +C) sm{B -C), 

=cos 2C - cos 2 B. 

Hence expression (1) 

= /?{cos 2C - cos 2 J3 + cos 2A - cos 2C +cos 2B - cos 2^4} 
= 0 . 

F-c 4 X is any point on the side BC of a triangle ABC. 

1 (the angle AXC^O and M/XC = m/n, A 

shew that 

(m. + n)cotO = ncot B - mcot C. 


In Fig. 142, 
AX 


BX 


sin B sin BAX 



FIG- 142. 


AX sin B 


(1) 





327 
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Similarly, . 

sinC sinAAC” 

. A-Y _ sin C 

CX ~~ sin (W + C) .. 

since the angle XAC=7r 


( 2 ) 


Dividing (1) 

by (2), 



CX 

sin 

(O+C) sinB 



BX 

sin 

(O-B) ’ sinC* 



t.c. ^ 

sin 

0 cos C + cos 0 sin C sin 

B 

7n 


sin C 

' sin 9 cos B - 

•cos 

• n 

t.e. — 

sin 

Scot 0 ■+- cos 9 

cot C +cot 9 


w 

sin 

0 cot B - cos tf ~ 

cot B - cot 9 ' 



• 

4 # 

n(cot B - cot 9) 

“m(cot C +cot 9 ); 



(m+n)cot9 

= n cot B -m cot 

C. 


This example may also be solved as follows. 

Let P be the foot of the perpendicular from A on BC 
Then 

n cot R - m cot C = n 

AP AP 

niBX +XP}-m(XC~XP) 

AP 


{m +n)A'G 
AP ’ 

ncotP-mcotC = (m + 7i)cot0. 


BX 


m 


XC-n- 


Ex. 5. Skew that (c +a) sin =6 cos ^(C - A). 

Using formula I., p. 323, 

c +a =2P(8in C ^ sin A) =4Psm ^ (C +A)cos ^ (C - A), 
and «'=2PsinP=4PsiniPco8iP. 

Therefore, since sin ^ (C + A) *cos |P, 

(c + a)8in iP = 6 cos |(C’ - A). 
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Inverse Notation. The angle whose sine is a: is often written 
sin-la;. But as the number of angl^, the sine of e^h of 
which is a;, is unlimited, it is usual to restrict am x to 
mean the acute angle whose sine is .r. 

Thus sin-i(-i)=-Q. 

Similarly, tan-^a: is the acute angle whose tangent is x. 

Thus tan-V3 = 5 * tan-i( -1) = 

Again, cos-'x means the smallest positive angle whose 
cosine is x. _ 

TT "JT 

Thus co 3 -i(i )=3 and cos'M-i) =-3 ■ 


Ex. 1. Shew that 

sin-^ ^- cos-i 

Let a=sin-H. i3=sin-iff, .y^cos-i^. 

Then Bina=^. sin/3 = |^ and co37=l|. 

and we have to shew that a = /? - y. 

Note that a, fS and y are all positive acute angles. 


Henco 


. /, /56\8 33 

)S/3 = + 1 - (^gg j =gg. 

rrrss 

in7=+Vl-169=13 • 


Now, sin (/8 - y) = sin ^ cos y - cos ^ sin y 

!?_?? A 

“65 13 65 13 

672 -165 
" 65.13 


3 

“5‘ 

/3-y=a. 

Hence /3 - y is a positive acute angle whoso sine is 3/5. 



INVERSE NOTATION 

Ex. 2. Prove that 

tan-'^l -tan-'^^=2tan~'l. 
l-*et tan“'J=a, tan“*yY=^ and tan“*i=y. 
We have to shew that a-ft^2y, 
where tana = i, tan^=yV and tan y=l. 

Now 
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and 


tan (a - ^) = _ tzjr ^ , 

1 + tan a tan/? 1 +tT ^ 

. o 2 tan y Z 

^ 1 -tan*y 1 - 


/. a-/?=2y. 

*Ex. 3. Firul a vahie of x which satisfies the equation 


2 tan-^x +sec-^x = ^. 


Let 


tan-^z = a and sec"^x=/?, 
so that 

and tan a = a: = sec /?. 


2a./?=^ 


( 1 ) 

( 2 ) 


Using (1), 2a=^-/? and tan2a=cot/?; 


2 tan a 


1 -tan*a 


- = cot /? = 


1 


i e., using (2), 


2x 


1 


s'sec’*/? - 1 ’ 


Squaring, 


1 - 


t.e. 


4ar2(r2 - 1) *(1 _.r2)2, 

(a:2-l)(4jr2-a*2 + l)=0. 

The first factor gives a: = ± 1 ; the second factor gives unreal 
solutions. 

lesting a: = 1, the left-hand side of the given equation is 

2 tan“^ 1 +sec“’ I, 

t.e. 2 . . +0 or 

4 2 

Testing x= ~\, the left-hand side of the given equation is 

2 tan-'( - 1) +8CC-* ( - 1), 

<-:) 


i.e. 


.TT or h; 


X s* ± 1 are solutions. 
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EXERCISES XLI. 

1. The sides of a triangle are 5, 6 and 7 ft. long. Find the 
smallest angle. 

2. In any triangle, prove that 

(i) (6 + c) cos .4 + (c + a) cos Z? + (o + 6) cos C ^ a + 6 + c; 

(ii) sin .-1 + sin B > sin C ; 

(iii) 6 sin®^ + c sin-^ = i (f> + c -a); 

asinC . . n sin(_Bj 2 £] . 

(IV) tan .-1 ' bsin(C -A) -a* 

(vi) 26c cos .4 + 2ca cos B + 2a6 cos C = a- + 6 - + c*. 

3. Prove, using projection methods, that 

6 cos(C - +ccos(B + (^) = a cos 6. 

4. Tlie si<les of a triangle are x, y, +y--rxy; find the 
greatest angle. 

5. Find the lengths of the medians and the length of ^the 
bisector of the angle .4 of a triangle in terms of the sides <J. C. 

6 . In any triangle, prove that 

( 6 - - C-) cot .4 + (c™ - (r“) cot B + (a^ - 6 *) cot C = 0. 

7. If A' is the midillc point of .4B in the triangle -4BC. and if 
.•1/^ is porpcMuiiciilar to BC and cots CX in 1 , shew that 

ab sin C 
~a + 6 cos C ’ 

8 . The siilo ItC of a triangle .4 BC i.s divided at X so that 
7 . BX = r.XC. Shew that, if the angles B.4A’, A'.4C are /i, y> 
respectively, then 7 c .sin /J = r 6 sin y. 

9. If ABCT) is a cyclic cjuadrilateral, shew that 

2 (.4 B . .4 D + BC. CD) cos .4 = .4 B^ + .4 D^ - BC- - CD-. 

10. 'I'lie sides of a triangle are 4, 5, 6 ft. long: shew that one 
anizle is twiet' otio of Xho others. 


11. Provo thnt» in any triangle. ^ 

(i) a cos = (6 + c) sin -.J ; (ii) a sin —= (6 - c) cos 

tiiven 6 = 50-28. c = 63-28, .4 =46= 29'. find the other 9 ‘de.^*^nd 
angles. 



EXERCISES 


331 


12. Shew that the area of a trianiiIo=__ 

^ 2 (cot S +cot O’ 

in^D trianpio ABC inocfs BC 

Ui n. Shew that the perpoxidiculars from B and C on AD are 
mven hv 


AD tan 6 tan ' 

4 

tan tan ^ 


where 0 is the angle ADC. Shew also that the area of the 

triangle A DC is 


^D*tan-5-! 1 + 


tan*^ 


[ taii‘0~ tan^^J 


14. In any triangle, show that 

cot C = - cosec B — cot B = cosec A — cot A. 

*- c 

“ mountain from a place due K. of it is 45 = : 

heiXt it becomes 40=. Fmd tl)o 

ol the mountain. 

oircfe ^ '»ove rouiKl a 

a tan^enf »;adms a. while tljo other end Q moves along 

distan^Xi ^fnl^ ‘'’’T'® a Prove that the 

nibtanco X of Q from O is gi\ en by 

^ a:-- 2ajsin (y = f-- 2 a*(l - cos ^), 

’Where OCP=0. (L U I 

to order to fix the position of a point P at .sea with rcfcrciu o 

are known'• "• ^■ 

founrl points on laiul, are measurod witli a si'xtant and 

ohtAir.,-,^ 1? p. and ti. + B. Describe a geometric al method for 
A(^ j_ iL.*^,V*® position of P on u }>Ian, anti show that if B/‘ nH*ets 

AE : EC :: cot /i - cot A : cot it. - cot C, 

W lore A and C are tlio angles at A and C of the triangle AB(’ 

17 T . 

an aro nn < en.ls of 

Provo tui ‘ «“htentls an angle 2ft m radians at the eentre. 

mat. If the arc P(J bisects the area of the triangle PTQ. 

20 = tan ft 4- sin <;os ft. 

and 6^ the tables that the value of ft Ii<*s between 5.5= 

[UU.J 
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18. A derrick, consisting of three unequal pol^. has to be 
made with its feet at the comers of tnangle 

which ^B= 14 ft. and BC= 16 ft. The upper en^ of the t^e 
poles are held together at D by an iron frame, ^he point B m 

the t>lane of ABC vertically under Z) is 8 ft. from 9 

fnd To ?t C, ^hile dI is 18 ft. Calculate the lengths of Ae 

poles and the anglas .4DJ5, ADC. ^ 


19. Prove that 

a/3 i 1 on- 

(i) co8“^-^ + cos ;^-X2' 

1 . , 1 Stt 

(u) tan-i 1 + cot-1 _ + sin-i g “ ^ ^ 

(iii) 2cot-*2 + sin-i|=|; 

(iv) tan-* 3 + tan-* J = tan"* 1-i ; 

(v) cos-* J - sin”* if = 2 tan”* 

♦20. Find the value of x which satisdes: 

(i) 2 tan-* 2 x-sin-*x = cos-*x; 

(ii) tan-* 2x + cos"*® ; 


(iii) cos-*x + 28in-*a= 


Stt 

T’ 



CHAPTER Xn. 


THE SOLUTION OF TRIANGLES. FURTHER PRO- 
PERTIES OF TRIANGLES. POLAR EQUATIONS OF 
LINE AND CIRCLE. 


^ HEN certain of the j)arts of a triangle are given, it is po.ssible 
to find the remaining jjarts by using the formulae proved on 

pp. 323*325. But of these, the only one adapted for logarithmic 
calculation is ^ i b 

a b c 

sin A "id^^siiiC’* 

The remaining formulae are replaced by others, which are 
proved below. 


I. Given the sides, to find the angles. 

Since +c^ - 26c cos A, 

6« + c2 - a2 

cos A = ~ 


2bc 


( 1 ) 


26c 26c 

_(6-i-c+fl)(6+c-n) 


2 cos*- 2 -= 


26c 


It is usual to write 2a for a+6+c; i.e. s is the semi- 
perimeter of the triangle. 


• o 2a) _ 

• • ” 2 “ 20i -■ 


COS* g = 
3.33 


2 A _s{8 ~a) 


be 
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and since ^ is an acute angle. 


A ^ ms 

cos2 = +V"n 

Again, from (1), 

1 - cos A - 


-a) 


2 " ■ Y be 

a2-63+2fec-6* 


2ftc 

2=-2fe- 


(a-6+c)(a+6-c) 

26c 

(25-26) {2s-2c). 
26c * 


Finally, 


sinf = +^J 


. A 

. A =“^2 

‘“5“-A 

cos 2 


(s-b)(s-c) 


be 


V 


(3-b)(3-C) 

s(s -a) 


These formulae are adapted for logarithmic calculation, and 
enable us to solve any triangle when the sides are given. 

Ex. 1. Express the area of a triangle in terms of its sides. 
On p. 325 the are^ of a triangle ABC is given by 

A ^6c sin A ; 

A I • 

A = 6c am 2 


, /(« - 6) (5 - c) Is(s-a) 

-6c y ^ 


6c 

= ^{S(5 -o)(5-6)(5-C)}. 

Ex. 2. Find the angles of the triangle whose sides are 17*4, 
10‘6 and 8’1 inches. 

Let 0 = 17-4, 6 = 10-6 and c = 8-l ; 

.*. 2s=361, i.e. 5 = 1803; 

/, s-a=0-65, 3-6=7-45 and 3-c = 9-95. 
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Now fond-■/ 7-45 x9-95 

2 y s{s-a) V1805x0-65’ 

4 

log tan ^ = ^{0-8722 +0-9978 - 1-2565 - 1-8129> 

= A {0-8006} 

= 0-4003 ; 

i-4=68‘"18'. nc. A =136® 36'. 

Again, log tan ^ = i {0-9978 + T-8129 - 1-2565 -0-8722} 

= i {2-6820} 

= T-3410; 

4S = 12®22', i.e. £=24® 44'. 

(J — 

And log tan ^ =i{ 1-8129 +0-8722 - 1-2565 -0-9978} 

= i {2-4380} 

= 1-2154 ; 

*0=9^20', i.e. C = 18®40'. 

The value of C was found as a clieck on the accuracy of tlie 
work. Ii is clear that A + £ +6' = 180°. 

II. Given two sides and the included angle, to solve the 
tnangle. 

Since —-— = ^ — ^R 

sin A sin £ sin C “ ' 

b -c ^lUi sin £ - 2£sin C 

6 + c 2£ sin £ + 2R sin C 

_8in £ - sin C 

sin £ + .sin C 


_ 2sin 4 ( £ - C)co s HR + C) 
2 cos \(H - 6’) sin i (£ + C) 
= tan \ {B - C). cot ^{JS ■‘rC) 


tan tan - 


h — r. 


tan 


£ -6’ 


6 + c ’ 

b A 

,— cot 
b +c 2 


since —. 


£ + C 


TT 

2 


A 
2 » 
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The method of solving a triangle in this case is illustrated 
below. 

Ex. Solve the triangle when 

6=28-7, c = 15-6 and A =55® 22'. 

log tan = +0-2802-1-6464 = 1-7511; 

X(R-n=29®25', 

and i(R+C)=90®-U =62® 19'; 

■ adding, J5=0l®44' and subtraeting, C =32® 54'. 

. . « 28-7 

sin 55® 22' " sin 91 ® 44' ’ 
log a = 1 -4579 + 1 -9152 - 1 -9998 = 1 *3733 ; 

•. a =23-6. 


III. Given two angles and any side, the triangle can be 

.a b c 
solved by the formula — 


. For, if A, R andc 


sin A ~ sin B sin C 
are given, the angle C is known, being 180® - R - A ; 

csin R , , csin A 

6 is given by » and n is given by • 

IV. Given two sides and an angle not contained by them. 
This is known as tlie Ambiguous Case, for there may be two, 
one or no solutions. 

If A, a. and 6 are given, it can be shewn by drawing figures 
that tliore is always one solution if a > 6. 

Fig. 143 shews that 

(i) if a <6 and > 6 sin A, there are two triangles, 

ACR, and ACB^ : 

(ii) if fl < 6 and = 6 sin A, there is one triangle ; 
while (iii) if a <6 sin A. no triangle is possible. 

Ex. Solve the triangle, given A =40®, a=6-2, 6 = 8*5. 

a 6 6-2 8*5 


Since 


sin A “sin R ’ sin40® sinR _ 
log sin R= 0-9294 -*-1 8081 -0-7924 = 1-9451; 
• R = 6l®48' or 180°-61®48'. 



337 


SOLUTION OF TRIANGLES 

Using the notation of Fig. 143, =61® 48', 5^ = 118® 12'. 

If /lRi=Ciand ACB^=C^, then Cj = 180® - 40® - Cl ® 48' 

= 78® 12'; 


and 

Again 


6-2 


o y 


whence Ci=9-44. 


sin 78® 12' sin 40 

C'2 = 180®-40®-118® 12' 


= 21*48'; whence C2=3oS. 
Thus, the two solutions are 


(i) i5i=6l°48', Cj=78®12'. c,=9 44, 

(ii) ^2 = 118® 12', Cj =21*48', 02=3*58. 



FlO. U3. 


From Fig. 143 it should be clear that Cj+0^=26 cos A 
which gives a check on tlie accuracy of tlie calculation. 


EXERCISES XLir. 

Solve the triangles in Exatnj)Ics 1-3. 


0) 

A =3G^ 25', 

i?= 66^ 10', 

r • 

= 8 3; 

(h) 

135^, 

C = '1V, 

a ^ 

= 10 ; 

(iii) 

S = 75* 27', 

C = 45® f) , 

h 

= 28. 

(i) 

a = 34-5, 

5 = 28-2. 

c 

= 26-2 

(h) 

a = 560. 

5 = 7G0. 

c 

= 108 0 , 

(iii) 

a = 509. 

5 = 2-7.3, 

c 

= 3-92. 

(i) 

5 = 387, 

c = 428, 

A 

= 49° 30' ; 

(ii) 

a = 70-3. 

5 = .5«-7. 

C 

= 108° ; 

(iii) 

a = 34, 

• 

X 

o 

II 

U 

= 45° 37'. 


3 
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4, Ascertain how many triangles satisfy the following COD' 
ditions and solve each triangle completely. 


(i) C=150°, 

c 0‘3, 

6 = 7*5; 

(ii) C = 50°, 


6 = 7*5; 

(iii) C = 50°, 

c = 7*5, 

6 = 9*3 ; 

(iv) C = 50% 

c = 7*5, 

6= 10-3. 

the following triangles : 

(i) a = 44, 6 = 72, 

C=110° ; 

(ii) 6 = 37*4, 

.4=81° U', 

C = 35° 17' : 

(iii) 6 = 5, 

a = 0, 

c = 4 ; 

(iv) r= 107°, 

6 = 312. 

c = 456 ; 

(V) 6 = 9-52. 

c= 13-84, 

a = 9*87 : 

(vi) rt= 12-65, 

6 = 9-45, 

(.' = 72'’ 14'. 


6. By means of tables solve the ocivmtion 3 sin .t = 2 sin (70 - x). 
Shew that the solution may be found by a geomotnoal construc¬ 
tion as follows : des<Tibo a triangle AI}<' in which 

to .-ir is 3 : 2 and tlie angle BAC is “O' ; bisect BC at D, then 
the angle BAD is a sokuion of the equation. Verify by 
of the eonstniction the solution found from the tables. [L.U.J 

7. l’ro\e that, in any triangle, cos .1 = —- 1 and deduce 

the value of tan .1.1 in tiTins of the sides. “ 

Th<‘ sides of a* triangle are 123 yanis, 79 yards and 97 
Find its angles as aecurately os you can. [ti.U.J 

8. Obtain an expression for the radius of the circumcircle of 
a triangle in terms of the sides ami angles. 

Solve the triangle in which A* =« = 5-5 cm.. B = ~o . [I5.U.J 

9. Find the area of the quadrilateral field A BCD, when AB is 
parallel to DC, given that .IZ^. BC, CD arc 80, HO and 176 yards 
rf<{>cctively, and that the angle ,-1/IC is 103'' 23'. 

Find also the length of the diagonal AC. [B.L.J 

A ..is-b){s~c) 


T \ 5 

10. Prove that, in any triangle, tan*, = - 


Find the greatest angle, the area and the radius of the insenbea 
cii«-h' nf a triangle having the si<les 7-3, 6-8 and 9-7. [Durham.] 

11. Ksfabli.sh for a triangle the formula 

B-C 
ton-- 


b-c .4 

cot « 
6 -i-c 2 


Given 3 = 532-4, c = C47 1. .1 =73° 14', find B, C and a. 


[S.W.] 
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12. Explain liow to deteiTiiine the angles of a triangle, whose 

Siven, proving the formulae employed. 

The sides of a triangle are 777, 673, 400; find the angles, 
onew that one angle is accurately 60^. [L. L'.] 

13. Shew that there may be two triangles, or possibly no 
triangles at all, having assigned values for a, h, A. 

When a = 25, b = 30, .4 = SO*^, determine how many such triangles 
exist and complete their solution. [L.C.] 

Prove the formulae for any j>lane triangle 



tan , 

’ Sin — a) 


(ii) area = <»* tan A.4 . tan \IJ . tan ^ C. 

Find the perimeter of a triangle of angles 40°, 6.7’ ami 7.7° 
whoso area is 20 sq. ft. ' [L.U.] 

15. Explain how to soU'e a triangle when one .sitlo and two 
given, proving the neee.'^.sarv formula. 

AB IS a base line of length 3000 yards, and C\ J) arc i.oints 

that r5c = 32°15'. .4= 119° 5 . = COMO , 

i"'® andbeing on the same side of ZfC’; j'rove that tlie 

length of CD is 4405 yard.s approximately. [L.U.j 

I®' Prove that in a triangle 




(a-b )( s^c) 

be 


when 9 is half the sum of the .«iile.s a, b, c. 

\ qua<lrilateral A BCD has .sides AB = R. /fr = 7, rD = {), 

-4 — 10 and diagonal BD— 12, all in tlie same units. Kind its 
area and the angle at A. 

17, Prove that, in any triangle, tan.^.fj —/i) = — ^ cot 

Given a = 3621, 6 = 2854 and (7=39°, solve the triangle coin- 
pletely. 

18. In Fig,^143, a, b, A are given. If .-l/i,=ri, = 

= AJi^C = B„ ACB^=C^ and ACli^ = C\. prove the 
following relations : 221 

n ) c, — Cj = 2a cos //j ; 


(2) a CO.S 


(\-c 


® = 6 .sin A : 


(3) Cl* + Cj* - 2c,Oj cos 2.1 = 4a*cos*.'I ; 

(4) c,*+c,r 2 + ca»=a* -6*( 1 - 4 cos* A). 
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Practical Applications of Solutions of Triangles. 

Ex. 1. A hill-top is due South-west of a certain sMion at 
sea-level, from which its elevation is observed to be 23® 30'. A 
second station whose bearing is .V. G9® If./rom the first is 
situated at a height 8.50 ft. above sea-level, and from this staUmi 
the hill-tap bears due South and has an elevation of 9 . 
Find the height of the hill-top. 


Fig. 144 shews the plans .4, B. C of the first station, the 


second station and the 
hill-top respectively. 

If k ft. be the height 
of the hill-top above 
sea-levtd. 

AC = A cot 23® 30'. 
and 

iJC = (A - 850)cot IS® 9'. 

These should bo clear 
from the vertical sections 
shewn in the figure. 

The angle 

CliA =90® -21® =69®. 
The angle 

CAIi=2\°+4o^=Ci€i\ 
Usin 2 the formula 



FlO 114. 


a _ b 
sin .4 sin D 


we have 


(A -8.50) cot 18® 9' A cot 23® 30' 


• o 


sin b() 


sin 69® 


• \o^(^- ;'^'’'^') = logcot23®30’+Icgsin66®-logcot 18® 9' 
h J -log sin 69® 

= 0-3617 1-9607 -0-4844 -T-9702 

= 1-8678 ; 

/. A -850=0-7375A. 


whence 


* “0-2025 ■ 
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*Ex. 2. Two ‘planes intersect at right angles in the line XY. 
Another plane cuts them in lines AP, AQ. If the angle 
PAY = 0 and the angle QAY = <f), shew that the tangent of the 
angle which XY makes with the plane PAQ is 

{tan d tan t^Mditari^ 6 + 

Fig. 145 shews the vertical trace AP and the horizontal 



trace AQ of the given plane PAQ. X '}" is the horizontal 
trace of a new vertical plane perpendicular to AQ. BC is 
perpendicular to X' Y' and equal to BP, so that QC is the edge 
view of the plane PAQ. 

If now BD be drawn perpendicular to QC, BD is the length 
of the perpendicular from B to the plane PAQ. 

If a be the angle between X Y and the plane PAQ, 

%\x\<x = BDjAB .(1) 

Let A B =1, then PB = I tan 0 = BC, and BQ = I sin </>. 

Also BD X QC=QB x BC ; 

I sin ^ X f tan B I sin tan B 


BD = 


Using (1). 


•JP sin* + P tan* B Vsin* ^ + tan* B 

sin </> tan B 

sin a = —L ■ - - _ - ■ . - ; 

v^sin* </> 4- tan*y 

sin </> tan 0 

t&n OL = , - ——- -=—^1 - ^ " 

Vsin* + tan* B — sin* </> tan* B 

sin tun B 

s'^sin* 4* + tan* 0 cos*^ 
tan </» tan B 
Vtan* «/> 4- tan* B 
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Alternative Solution. 

Fig. 146 shews a perspective view of the plane PAQ. B is 
any point in X F, BP is in the vertical plane and perpendicdar 
to X y, BQ is in the horizontal plane and perpendicular to X J, 
BD is perpendicular to the plane PAQ. 



Clearly A B is perpendicular to the plane PBQ, and therefore 
P$ is perpendicular to A B. 

Also PQ is perpendicular to BD, since BD is perpendicular 

to the plane PAQ. . 

Hence PQy being perpendicular to both AB and BD, is 
perpendicular to the plane ABD, and therefore PQ is perpen¬ 
dicular to BE. 

Hence BExPQ = BPx BQ .(2) 

li A B = l and BA B = a, BE = I tan a, 

BP = I tan 9, 

BQ = I tan 

PQ = tan® 9+P tan^. 

Using (2), tan a J tan* 9 + tan*<^ = tan 6 tan <f>. 

. tan 9 tan 

tana= , , ♦ 

%/ tan* 9 + tan* ^ 

*Ex. 3. The edges of a parallelepiped are x, y, z, and (hs 
angles at a comer are 29, a and a. Shew that its volume is 

2xyz sin 9.J{sin‘^ a - sin^ 9). 

Fig. 147 shews one face OCDB and one inclined edge OA 
of the parallelepiped. AB is perpendicular to the plane OCD 
and AP is perpendicular to OB. 
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By symmetry, E lies in OD. 

Since AE perpendicular to the plane OCD, AE and OB 
are at right angles. Also AF and OB are at right angles. 

/. OB is perpendicular to the plane AFE ; 

FE is perpendicular to OB. 

A 



The volume of the parallelepiped 

= area OCDB x height AE .(1) 

Now, area OCDB =yz sin 20. 

Also OF = X cos a ; 

EF =XQos a tan 6, 
and AF=a:sina, 

AE =J {x-- sin- « - X' cos’^ a tan- 6'} 


cos 0 
X 

cos 0 


C {sin* a cos* 0 - cos* a sin* 
v^{sin*a -sin*6'}. 



Using (1), volume —yz sin 26 x 


X 


cos O '' 
= 2xyz sin ^,,/{8in*« 


(sin* a - sin* 0}. 
— sin* 6). 


EXERCISES XLIII. 

1. From a place A due North of a tower, the angular elevation 
of its top is 30^ : from D, duo East of and loO yards away from A, 
the angular elevation of the top of the tower is 18®. FintI the 
height of tho tower. 

2. PQRS 18 tho plan of a rectangular liall and PQ~4S ft. 
rho corner of the ceiling over R Kuht4«nds an angle of 18° at P 
and an angle of 30° at Q. h’irul tho hoiglit of tho room. 



344 INTERMEDIATE ^UTHE^UTICS: ANALYSIS 


3. In a tetrahedron ABCD^ AB = AC = AD = a and these 
lines make equal angles 6 with each other ; prove that the distance 
of A from the face BCD is 


/■ 1 + 2 cos h 

\ 3 



[B.U.] 


4. Define the angle between two planes. 

A pyramid on a square base, whoso side i.s 6 inches, has its 
sloping edges all of the same length, viz. 8 inches. 

Find (1) the volume of the pyramid, 

(2) the angle between a sloping face and the base. 

(3) the angle between two adjacent sloping faces. [B.U.J 


5. Three points, .4, B, C are in a straight line ; the distance 
AB is 5 miles and BC Ls 4 miles. A point O not in the line is 
6 } miles from .4, an<l the distance OC exceeds the distance OB 
by 3 miles. Calculate the distances OB and OC, and tlie angle 
OBA. fB.U.] 


6 . Tlu’i triangle ABC has a right angle at ,4, and AB is 70 
while .IC is 100. The plane of the triangle makes an angle of 
50* with a horizomal plane through BC ; find the height of .4 
above this plane, and the inclination of AB to the plane' 

[S.W.] 

7. A post AB is observed from two points P and Q in the 

same horizontal [>lane as B, the foot of the post. P and Q are 
200 ft. ai)art. The angles BFQ, BQP, APB are 65*. 60*, 20* 
res[)cetively. Fin«l the h(Mght of the post to the nearest quarter 
of a foot. TMnn 1 


8 . .A balloon is observed from two stations .4 and B at the 
same level, .4 being U«)0 ft. North of B. .At a given instant, the 
balloon appears fmjn .1 to be in a direction N. 33* 12' E. and to 
ha\ 0 anj^loyation , whilo from li it Appears in a direction 

N. 21*27 E. Obtain tho height of the balloon, and fimi the 
angle of elevation wliich sbouhl be observed at B. [Man.] 


9. obserx ers 500 yd. apart take the bearing and elevation 

of a balloon at tiie same instant. One fliuls that the bearing is 
N. 41 K. and tlie elevation 24* : the other finds that the bearing 


IS N. .12 h. and tho elevation 16*. Calculate the height of the 
balloon. [B.V.] 


10. .An aeroplane is observed by two men .4 and B stationed 
at consecutive milestones on a level roatl. \Mion it is over the 
road between them .4 observes it To have an elevation of 60* and 
B one ot 45*. Shortly afterwards the elevations have become 45* 
and 30 respectively. Assuming tlmt the aeroplane is flying 
horizontally at 40 miles per hour, find the time which has elapsed 
between the observations. [B.U.] 
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11. If a straight line a is perpendicular to each of two inter¬ 
secting straight lines, 6 and c, prove that it is perpendicular to 
the plane through 6 and c. 

Two skew straight lines AC, BD are both at right angles to 
AB. From a point P of AC a perpendicular PM is drawn to 
BD. Prove that ^ =--IP* sin® c*., where a. is the aiigle 

between the lines AC and BD. [Man.] 


12. A ship is steaming at 13 knots in a direction K. 57“ 48' N. 
and a lighthouse is observed to beai* F. 25° 37' N. Ton minxitos 
later the lighthouse bears E. 18° 53'N. How near will the ship 
approaeh tlie lighthouse ? 

13. From a ship two lighthouses X, Y, are observed to bear 
E 10° 37' S. and E. 59° 43' S. If the bearing of Y from A' is 
\V. 03° S. and the distance XY is 5 miles, find the distances of the 
shij) from X and Y. 

14. Three points A, B, C, are in a line inclined at an angle 6 
to the horizon. Of these points, A is the lowest atid C is the 
highest; and D is a point vertically above C. If AB=a, CD = h, 
the angle DAB=a, and the angle DBC=(i, prove that: 


cos 0 = 


a sin a sin ft 

a »» m ^ » 

h bin {ft - <t) 


15. The faces of a pyramid are isosceles triangles of vertical 
angle d, and each face is inclined to the base of the pyramid at 
an angle </>. Find the angle each sloping edge makes with tho 
base. 


16. The angle of elevation of the top of a raoiuitain is observed 
from a point A to be 24° and it bears duo East. From a j)oint B 
at the same lov'ol as A and bearing S. 5° \V. from A, the mountain 
ap|>ears in a direction N. 59° E. If AB is 1400 yards, find the 
height of the mountain. 

17. X is tlio foot of a vertical polo ; A and B are due East of X 
ami F i.« <luc South of B. XA = 10 ft., AB = 20 ft. and B F = 30 ft. 
If the elevation of tho pole at A is double that at B, find the 
height of tho pole and its angle of elevation at F. Find also tho 
angle which XA subtends at F. 

•18. ABC is a triangle having tho angle A 90° and AP is ])or- 
pendicular to tho j)lanc of tho triangle. If PB = l}, PC = c, and 
the angle BPC = >*., shew that tho sine of tho angle between tho 
planes BPC ami B.tC is 

V f (A + c® — 2hc cos a. I 
[ 5c sin u. ton u. /’ 
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•19. The angle of elevation of a tower fronr» a place, A. due 
South of it is ty. and from a place, B, due East of -4, the elevation 
is If AB=a, shew that the height of the tower is 

a sin 6^ sin ^ 

4^/;sin(ty-^)8in(ty + 4»)}' 

•20. A, B are the feet of two vertical poles. From a point G 
midwaj' between A and B the elevation of the first pole is observed 
to be a. CD is at right angles to and in the horizontal plane. 
At D the elevation of the first pole is ^ and of the second y. 
Shew that the heights of the poles are respectively 

_ Q sing, sin )3 _ . a sin a. co s /3 tan y 

^'{8in(a+/^)8in(a.-/i)} »^f{sin(fx. +fS)sm{u.-fi)}' 


MISCELLANEOUS EXERCISES. 

1. In any triangle prove tliat 

(i) a® =6* + — 26c cos-4 ; 

(ii) 4.4/)* = 6^+c* + 26c cos .4, 

where D is the middle point of t)»e side BC. [I.C.E.] 

2. The sitles of a triangle are in the proportion 11:9:4. 
Calculate the angles to the nearest minute, and make a rough 
check of your results by drawing a diagram to scale. 

3. (1) ith the usual notation, prove that the radius, i?, of 
the circumscribed circle of a triangle is equal to abcli{s. 

(2) .4 D, BE, CF are the perpendiculars from the vertices of a 
triangle upon the opposite sides. If 0 is the intersection of these 
lines, i)rove that 

CD OE OF 

sec .4 ^B “ sec C = ^ 

[I.C.E.] 

4. Two landmarks .4 and B are observed by a man to be at 

the same instant in a line duo Hast. After he has walked 41 
miles m a direction 30= North of East. .4 is observed to be due 
South, while B is 38= South of East. Find the distance between 
.4 and B. [Durham.] 

5. Express Scos^-Tsinf? in the form Aco3(t? + cL), and 
hence, or otherwise, solve the equation 

3 cos y - 7 sin ti = 5. 


[B.U.] 
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6 . Prove that 

2 sin a: + 3 cos a: = r sin {x + a.) 

where (r, a.) are polar coordinates of the point whose rectangular 
coordinates are 2, 3. Find the value of x whicli makes the given 
expression equal to 1 : find also the greatest value of the expres¬ 
sion. [S.W.] 

7. Prove the formula 


1 — cos X 
1 -+• cos X 


— tan* ^x. 


Find what values of x (if any) lying between 0 and 180° satisfy 
respectively the equations 

cos a: = — cos .}ar» cosx=-sin^x. [S.\V.] 

8. Tlie axis of a right cone whoso vertical angle is 2fA, passes 
through the centre of a sjjhero of radius r, the distance of the 
vertex of the cone from the centre of the sphere being c. fcjhow 
that the cone cuts the sphere in two circles, whoso radii x^ and x^ 
are the roots of the quadratic 

ar* - cx sin 2a.-»- (c* - t^) sin*c(.s= 0. [L-U.j 

9. Provo that cos 2<t. — cos 2/3 = 2 sin (/*. -f- /i)sin (/3 — a.). 

Resolve the exj>rossion 

ain{U + <!>) sin (<y — </>) -l-sinfAsin (<x -i- 2y) 
into two factors by applying the above formula or otherwise. 

10. Provo the formula giving the cosine of any angle in a 
triangle in terms of its sides. 

If a = 5'fl, 6 = 6-1, c = 7-6, find the greatest angle, and deduce 
the area, the unit of length being half an inch. 

Verify your re.sult approximately by coiustructing the triangle 
and mea-suring the shortest distance of a vertex from the ojjposite 
sitle. [S.W.J 

11. Provo : 

(1) 2 cot 2.-1 = cot A — tan A ; 

(2) fcot-^;—tan 2 y (1 - 2 tan A cot 2 A) = 4. [Leeds.] 

12. Find the angle.? between 0° and 360° which satisfy the 
equation.? : 

(i) 2 sin y- 1 - 3co3 y = 4 ; 

(ii) cos y . cot y = 1sin y. [S.W.J 
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13. Establish the identities : 


Prove 



1 - (sec H - tan _ 1 - sin S 
(sec tf + tan y)- - 1 ~ 1 + sin ’ 


(ii) cos 3.-1 = cos .1 . 


1 - tan A tan 2A 
1 + tan A tan 2*4 


tan 7.}= = (^'3 -v2)(v2-1). 


[S.W.] 


14. Provo the fomuila 

=s(s - a)(.9 - 6)(s — a). 

The side.s of a triangle are 05, 100, 105 ; find to three significant 
figures the ratio of its area to that of an equilateral triangle of 
the same perimeter. [8.W.] 

15. Prove the formula cos(.-l + Rj = cos ,4 cos Z? - sin A sin B by 
a method applicable to angles of any magnitude and sign; and 
deduce the value of cos 3.4 in terms'of cos -4. 

Provo that 

cos .4 + cos 2.-1 + cos 3.4 + cos 4.4 _ 5.4 
sin.4 + sin 2.4-4 -sin 3.4 -^sih4.-r “ 2 


16. Write <lown the fonnula for tan(d+<f)) in terras of tan 0 
and tan</j. Deduce that 

3 tan fi — tan^ fi 
1 - 'S'tahsy ■ 


tan 3*^ = 


Prom the ecjuation tan 3^y = cot 2d, or otherwise, prove that 
tan 18 js a root of the ccpiation in x 


5x* - lOx- +1=0, 

and deduce that, to four decimal places, tan* 18° is equal to 
0-1056. [S.W.J 

17. Prove : 

< ]) sin 3,4 - sin 2.1 - .«in .1 ^ 4 .^in .4 sin sin = 0. 


(2) cot (.4 - 15=)-tan (.4 ^ hV) = -^ ^ 

2 sin 2-4 - 1 * 

Deduce that tan 1.5’ = 2 - ^'3. 

(3) Prove that in any triangle 

fccos d = ccos (.4 -d)+a cos {C + 8), 
where 0 is any angle. 


[B.U.] 
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18. If r cos (6^ 4-y) = a cos (^/+ <x) 4-6 cos (# +/3), for all values of 
Oy shew that r* = a- + 6* + 2ab cos (fx. — fi), and 

, a sin rx. + 6 sin R 

tan y =-r-^. 

‘ a cos fx. + o cos fi 

Solve the equation 

2cos(e^+ 10*) + 3cos(0-20*) = 0, 

gi\ing all values of (j between 0® and 360°. (B.U.) 


19. Find the area of a regular pentagon the length of whose 
side i.s o, and find the \alue of a in order tliat the area may be 
equal to that of a circle of 1 foot radius. 

Prove that 

cos A + cos {A + 72°) + cos (A + 144°) + cos (A - 144°) 

+ cos {A - 72°) = 0. (B.U.) 


20. (i) Prove that, for angles of any magnitude, 

cos (A + i?) = cos A . cos B — sin A . sin B, 
and deduce the formula cos </> — cos = 2sin A((y + <f)), sin ^(6^ — </j). 

(Man.) 

&III 

21. Prove that 

tan A + tan B 


/' * 1 oi .1 X sin 3rf> cos 3d> ^ 

(ii) Shew that—r ;-^=2. 

sin tp cos <p 


tan (A + i?) = 


1 — tan A . tan B ’ 


and apply the formula to the following problem. 

I) is the middle point of AB, and DXYZ is drawn at right 
angles to AB, so that 

IXD^AB, 2YD^2AB and 22£> = 3Ai?; 

shew that the sum of the angles AXB, AYB, AZU is two right 
angles. (Man.) 


22. Prove that cos 6* = (1 — t*)/( 1 + t*) and sin y = 2t/( 1 + t“), 
where t staiuls for tan hO- 

Hence, or otherwi.se, by the help of tables, find the general 
solution of the equation 5 cos t/ + 6 sin f/ = 7. (Man.) 

23. Prove the following identitie.s : 

(i) cos (A — B)^ cos A cos B + sin A sin B ; 

(ii) cos* 0 + cos* (ex. + 6^) — sin* ex. = 2 cos a. cos (?cos(a. + 0'', 
and find the complete solution of the equation 

sin 3^ — sin 6^ = 1 — cos 20. 


(Durham.) 
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24. State and prove tlie formulae for 

C03 d + cos ffi and sin 0 — sin (ft 

as j)roducts. 

A ladder makes an angle tx. with the horizontal wlien resting 
against a wall. The foot is pulled outwards a distance x and the 
toj) falls a distance y along the wall, the inclination then becoming 
fS ; shew that 

y =xcot i {cL+ (3). 


25. Express sin ty, cos and tan t/in terms of tan 

cos a. + cos /S 


If tan = tan hx tan 1/3, prove that cos 0 — 


i + cos a. cos [3 ’ 


[B.U.] 


26. Pro \’0 that 


tan 2-4 = 


2 tan .4 


1 - iun3 -4 ’ 


tan 3.4 = 


3 tan .4 - tan^ .4 
1—3 tan^ A 


Se<rinent.s AB, BC, ('[) of a horizontal lino subtend equal 
aruzli's at a point O vertically above .4. If the length of t>.4 is a 
and that of .4Z^ is 6, prove that 


Cl) = 


6(6* + a =)2 


27. Proxe geometrica!l\- that 

cos , 1 -- cos li = 2 cos cos ^ ^ 

If tiinHUxn<t> = k-, .show that 

(1 ■+ A:) cos (-f .1,) = (1 - ^•) cos {'f — tb)- 

I 


[Man./ 


[Durham.] 


Hence solve the eijuation tati fy tan (d - G<»') = . 

28. Establish irconictrically the equations cos 2-ji. = 1 — 2sin* 
ein 2<i. = 2 sin < 1 . co.s ri., when- 2 ». is an acute angle. 

If tan-— cos 2/i, cxpn'.ss cos 2 x. in terms of tan*/J. [S.^V.] 

29. ProN’o the fortmilae 


sin ^ (.1 - C) = ^ co.s ; 


cusA(.l -/?)='*- 

c 

A triangle has a given base an<l a given perimeter. Provo that 
the vertical angle is greatest when the triangle is isosceles. 

[S.W.] 
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30. Tlte sides of a quadrilateral taken in order are of lengths 
a, b, c, d, and its diagonals, of lengths x, y, make an angle 0 with 
one anotlier. Prove that the area of the quadrilateral is ^xy sin V. 

Prove also that, if the quadrilateral is cyclic, then xy = ac + bd, 
and that in this case the sine of the angle between the sides a, 6 

is equal to sin 6. [Durham.] 

ab-¥cd 


31. Prove that 

. . , X + y 

tan~» X + tan~‘j/*5 tan"* ; 

and deduce the value of 

tan-* X + tan'* y + tan’ * z. 

Shew that the sum of the three acute angles 

tan'*^^,, tan-‘i.\', tan**,'*<) is 45®. (S.W'.] 


32. Explain tvhat is meant by sin'* 0’25. Prove that 

* ,2 TT .-wlli 

tan-* ^ * 2 

and find a value of x satisfying the equation 

cosoc"* X = 2cot"* 2 + COS"* i{. 

How wotxld you solve the eqtiation tan *2x=x ? [L.U.] 

33. Obtain expressions for cos ^.4 and sin A in terms of the 
sides of the triangle ABC. 

Hence, or otherwise, prove that if 2?, C are the angles of a 
triangle, then 

sin A + sin D + sin C = 4 cos ^A cos cos \C. 


34. In a triangle ABC. a = 389-1 ft., 5 = 247 8 ft., C 
calculate ^1, B, anti c. 


35. If t6Lngy=tf sliew that 

3 cos X + 4 sin x _ 1 -h 3 t 
3 - 5sinx I — 3«i‘ 

36. Solve the equations: 

(i) cos ^cos 20 = cos 30, 
(ii) fx-y=60®, 

1 

cos X - cos y = ^2 • 


;53°42'; 

[Leeds.] 


[L.U.] 


[L.U.J 
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Further Properties of Triangles. If the angles of a triangle 
ABC be bisected internally and externally, four points 7, /j, 
I^ and are obtained which are the centres of the inscribed 
and the three escribed circles (Fig. 148). 


To find r, the radius of the inscribed circle. 

From Fig. 14S, 

area of triangle BIC = }.l D . BC = \r .a. 


Similarly, area of triangle 
CIA^lrb, 



Fifl.148. 


area of triangle 

AIB = Irc. 

Adding, area of triangle 

ABC = \r{a +b +c), 
i.c. A = r.s; 

r=S's. 

To find Ti, the radius of the 
escribed circle touching BC. 

From Fig. 148, 
area of triangle 

BI^A = ( 1 ) 

Similarly, area of triangle 

/,C.4=lri6 .(2) 

and area of triangle 

BI,C = },r,a .(3) 


Adding (1) and (2) and .‘subtracting (3), 

area of triangle A BC = \r^{c +l> -o), 

i.e. A = rj(s-o); 


rj =A/(«-nt). 

Similarly. r 2 = A {s~h) and r 3 =A (s-c). 

Other formulae for r. r,, etc., can be obtained from Fig. 148. 
It can be proved geometrically that .477 = .*?, and CD=s-c. 
The triangle AIJ'.. therefore, gives r,=.vtanl.4; and 
the triangle IIK' gives r == (-j -c) tan iO. See'Ex. 1 of 
Exercises \LI\’. Another important formula is proved in 
the following example. 
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Ex. 1. Prove tJiat r =4Rain sin sin IC. 

From Fig, 148, BD = ID cot IBD, 

i.e. BD=r cot hB. Similarly, <?Z) = r cot iC. 
Adding, we have a =r(cot \B +cot hC) ; 

_ r(coa ^fisin IC +co3 ^Csin 4^) rsin +G). 

^ sin sin siniijsiniC’ 

_a sin J B sin iC _2.ff sin A sin AS sin JC 
cos cos i.4 

r =4Bsm A.4 sin JBsin JC. 

Ex. 2. Shew that the sides of the pedal triangle are a cos A 
bcosB and ccosC. 

From Fig. 149, the angles BFC and BEC are each 90* ; 


A 



BFEC is a cyclic quadrilateral. 

Hence the angle AEF — B and the angle AFE — C, 

From the triangle AFE, 

EF __ A E 
sin A sin C ' 

„ rt sin A ,, n 4 X 

EF (.4 Boos .1) 

sin 6 

_c8in A cos .1 
sin C 
= a cos A. 

Similarly the other sides of the pedal triangle DEF are 
6 cos B and c cos C. 

Ex. 3. Skew that AO =2Rcos A, where O is the orthocentre. 
From the triangle OAE (Fig. 149), 0.1 = .1 A’sec 0,1B ; 

0.4 =* ABscclOO* - C) =c cos A cosec 6' =27? cos .1. 
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EXERCISES XLIV. 


1. Using Fig. 148, shew that CD = (s - c), .-IE = From these 
and similar relations, deduce 

(i) r = - a) tan 4.4 = (s - 6) tan 41? = (« - c) tan ; 

(ii) rj = stan4-4; (iii) //i = acos|-4. 



Prove the following formulae : 

(i) Tj = r cot cot JC; (ii) I/r, + l.rj = 1 r-1 ; 

(iii) A = r.r, tan J-4; 

(iv) + r^r, * r^r„ = {r^ + Tj)(rj + r,)(ri + rj)/4i?; 

(v) rj = (5 - 6}cot K'= {« - c) cot 4B; 

(vi) A = r^cot ^.4 cot cot 4C; 


(vii) r,+ r 2 -rr 3 = r + 4B; 


(viii) 


b ~ c c - a 



a-b 




3. It R is the radius of the circurncirclo of a triangle .4BC, 
slicw that a = :2/i’sin.4 ; hence, if s is the semiperiineter of the 
triangle, prove that 

.V = /i{sin .4 - sin li -r sin C) = AR cos 4.4 cos 4/? cos .4C. 

[Man.] 


4. If r is the radiu-s of the inscribed circle of a triangle .4BC, 
l>t<)\e that r = asin A/isin JCsec 4.4, and also tinii r in tenns of 
t lie sides. 

Kind the radii of the 'nscribed nn<l circumscribed circles of the 
(iianglo whose sides are 777, t$73 and 400. [L.U.] 

5. Obt.aiu the lenuth of tlio ratlius {R) of the circumcircle of 
the triangle .4/?(’ in the fonn.s 

(i) «6r 4.S’. (ii) } (ft .*• o) see 4.4 sec 4 (i? - C). 

If 6 = 4.1 in., 0 = 0:1 in., .4 —47', find /?, C aiul R. [L.U.] 


6. Exj'rcss in terms of the sides of tlie triangle the distances 
"f its v<‘rtieos from the centre of tlie ins«*ribed circle, and 
' .ilculnte the distance frf>in .4, when a = 50, 6 = 37, c = 33. [L.U.] 


7. If r,. r, denote the radii of the c.scribed circles touching 
respectively the sides o. ft of a triangle, shew that 



and 


ri + r, c ’ 


where A = the area of the triangle and s the lialf sum of the sides. 
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If A =s 100 sq. in., rj = 10 in., = 50 in., find c and the altitude of 
the triangle. 

Prove that 6 - o = 8, and shew how to find b and a. [L.U.] 

8. P'^ove that in a plane triangle 

(i) the area = ia^sin B sin C cosec (B + C); 

(ii) tho radius of tlie inscribed circle 
= a sin JB sin ^ C cosec ^ (B + C). 

Calculate these for tho triangle in wliicJi a = 59 in., B = 35°, 
C=72°. [L.U.] 

9. Prove that r| = 4Bsin A.-i cos ABcos JC and write down 
similar expressions for and r^. 

10. Prove that, if /j, /j, 1 3 are tho centres of tlio escribed 
circles of tho triangle ABC and R is tho i-adius of tho circajn- 
scribing circle, then 

4R cos ^B cos AC, .d/g = 4Bsin ABcos AC, 
and Al 3 = 4R co.s ^B.sin ^C. 

Also prove that tho triangles I^BC, J^CA, I 3 AB are similar 
triangles whoso ureas are as sin* Jd : sin* \B : sin* JC. [L.U.J 

11. Fiiul tho sides and angles of the pedal triangle of a given 
triangle ABC, and tieduco that its area is 2A cos d cos Bcos C, 
where A is the area of tho latter triangle. 

Kind the arca.s of the triangles BOC, CO A, AOB, where O is the 
orthocentre. Hence, or otherwi.so, prove that 

cot B cot C + cot C cot A + cot A cot B » 1. [13. L". J 

12. Provo that in a triangle 

1 + cos 2d + cos 2B + cos 2C *= — 4 cos A cos B cos C. 

If perpendiculars AI), HE an<l CF he <lrawn from tho verti(“cs 
to tho opposite sides of a triangle ABC of area A, shew that tho 
area of the triangle AEF is Acos*d, and that tho area of tho 
triangle UEF is 2_^ cos A cos B cos C. [.Man. | 

13. Show that the ratlins of the circle circumscribing the potlal 
triangle is B/2, 

14. In a triangle ABC, prove that •. ^v = tho diameter of tho 
cirtrumcircle. 

If I is tho incentre of tho triangle, and J tho centre of (ho circle 
escribed to the sitle BC, prove that IJ is the diamt'lcr of a circle 
wlxich passes through B and C, and that IJ =aBec ^d. [I.M.E.j 
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The Polar Equation of a Straight Line. Let PQ be the 
given straight line (Fig. 150), O the pole and OX the initial 

line. 

Ijot p be the length of the perpendicular 
OD from the pole to the given line, and let 
the angle BOX be a; so that {p, a) are the 
polar coordinates of D. 

Let P,(r, tf) be any point on the given line. 

Then 



i.e. 


OPco^POD^OD, 

rco&{^ -u)=p .(1) 

This is tl'.e polar equation of the given line; that is, it is the 
relation which holds between the polar coordinates of any point 

constants p, a which determine the line. 
IfOl IS drawn so that the angle XO Y is 90®. the rectangular 
coordinates (.r, tj) of any point, referred to the axes OX, OY, 
are connected with its polar coordinates (r, &») by the relations 


rcos<y=.r and rs{nO=i/ .(2) 

Now (1) is r cos y cos a + rsin sin a =p, 

xcoa u + i/ain a = p, 

which is the equation of the straight line in rectangular 
coordinates, already obtained on page 18.5. 

Iran-sforming a polar equation to the corresponding equa¬ 
tion m rectangular coordinates is frequently useful, and 

is ea.sily carried out with the aid of the transformation 
formulae (2). 


i- of the line POQ (Fig. 151), 

for which the angle POX pqunli \ ^ 

y: 



Fio.ljl. 


For any point (r, ty) in OP, it is clear that S 
lor any point (r, y) in 


t 
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Thu5^ ^ = a is the equation of OP 

and 6^ = 7r +a is the equation of OQ. 

Using rectangular coordinates the whole of the line POQ 
is represented by y==rctana, 

or transforming to polars, 

tan d = tan a (since yjx = r sin d‘r cos 

Note that tan 0= tan a is the true polar equation of the line 
POQ, and that b=a, 6^ = ?r+a are the polar equations of the 
separate “ half-lines” OP, OQ respectively. 

Ex. 2. Find the distance between the j^oints (rj, 6^,) and 
(^2» ^2)' 

Let P, Q be the i)oints (Fig. 152). 


R 



o X 

FlO. 132. 


Then PQ^ = OP^ + OQ^ - 20P. OQ cos POQ 

cos(<y2 “ ^i)- 

Ex. 3. Find the area of the triangle formed by the points 

(n- ^^i). (^2. ^2). ('■3. ^a)- 

The area of the triangle PQH (Fig. 152) is 

A OPQ + A OQR - A OPB ; 

i.e. lr^r 2 sm(^^ - 0,) + ^r^r^axniO^ - 0^) - ^rir^sii\(0^ - 0^), 

i.e. lr,r,r, 

I '■3 ^2 ) 

N.Ji .—As in the case of rectangular coordinates (p. 240), 
this formula gives a positive result for the area, if it is on 
the left hand as the boundary is described from P through 
<? to Z^. 


D.T. 


W 




Flii* 15J. 
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Ex. 4. Whai does the equation cos(0 - a) =co8^ represent? 

^ If c()s((^ -«) =cos/3, 

then tf - u =2nn- ±13 .(1) 

In Fi<;. 153, the angle B0X=a+/3, the 
c angle COX =<i ~ fS. 

The equation of OB is 

d=a+(3 or tt = 2n^+a+(3. 

Tnc equation of OC is 

0=a-(3 or ty = 2nir+a-^. 

Thu.s, from (1), the given equation represents both arms of 
the angle BOC. 

lilx. 5. 0 is a fixed point. -I variable straight line through 

O cuts two fixed linrs in P and Q. On c 
OPQ a point R is taken so that 

a b _ c 

op^Oq~or- 

Find the locus of R. 

Using Fig. 154. let the ecjuations of the ^ 
fixed line.s CP. CQ be reos('>-a)=p and 
rcosl'^ - ji) respectively. 

A 

Let the coordinates of R be p, 4*', then XOP —4> and OR^p- 
Also OUcosl'/i-* n) «=/> and OQ cos (4> - (^) =q- 

(I h c 

FTP ‘ 00^0R' 

, neos{<r.-(/) cos{'l> - R) c yi\ 

p <I f> 

which is the retpiire'd l«>cu.s in polar coordinates, since it is a 
relation connecting e and */>. 

It is eu.sy to see that (1) represents a straight line by trans¬ 
forming to rectangular cjiordinates as follows : 

Miiltij)lying through by p and writing pcosfi = x and 
/)sin«;>=y, (1) becomes 

^ (j* cos a - p .sin a) * (r cos /> -* p sin /i) = c, 

which is of the first degree in .r and //, and therefore represents 
a straight line. 



Since 
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EXERCISES XLV. 

1. What is represented by the equations sin ^ = 0, sin ty = sin a. 
a cos <y + 6 sm = 0, 3 cos d + 4 sin & = 2-5 ? 

2. Plot the points (l, ^ ^2, , ^3. - , and find tlie sides 

and area of the triangle defined by these points, 

3. Find the sides and area of the triangle uhose vertices are 

(2.^. (4,*-) an., 

4. \\’hat does the equation ^ = a cos d + 6 cos (y + rx.) represent ? 

5. Sliew that the angle between the lines r cos (W - a.) = o and 

r cos (fy - =p' is a. — 

6. Provo that the perpendicular from (r,, t',) to tbo lino 

rcos(ty-«.)= 7 ^ is ±{r, cos(ty, 

Sliow that the plus sign is taken if r,. yy, and tlio origin are on 
opposite sides of the lino ; the minus sign, if they are on the same 
side. 

7. Find the polar equation of tho line joining the points (r,,iy,), 

{Hint .—If P, Q are these jioints und i? is any |>oint on 
tho lino, consider tho ureas of the triangles OPQ, OQIt, OliP.) 

8. Shew that tho lines r cos (ty - «.) =/> and r sin (yy - a.) = « me 
j>erpen<licular. 

9. Find tho equation of tho straight line tlirough the point 
{r^, /y,) perpendicular to the lino r cos (d - 

10. Two fixed straight line.s inlonscct at C. A variable straight 
lino passing through a fixotl iioint O cuts the two givcMi lines in 

P and Q. On OPQ a point li is taken so that 0 j> + qq 

Shew that tho locus of Ji is u straight lino pa.ssing througli 

11. Investigate tho polar equation of a stiaight lino. 

A straight lino OPQP is drawn from tho origin O to moot tho 
given straight linos r cos (^/- ^x.) as a, r <^os {0 - fS) = b, in P.Q. 
Find tho locus of /^ when it is so taken that 

I _ 1 _ 1 

Olt OP OQ' [S.W.] 

12. Find tho coordinates of tho point of intersection of tho lines 

rsin£y = 2a, r cos = a. 
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♦The Polar Equation of a Circle. 

(i) W hen the pole does not lie on the circle. 

Let (c, a), Fig. 155, be the polar coordinates of the centre C, 
Let the radius be a and let (r, a) be a«v point on the 
circumference. 

Then a- = r-+c^- 2rc cos POC, 

J.c. r--2rccos{0-a)+C“-a-=0, 
which is the required equation. 


p 




(ii) When the pole lies on the circle. 

Lot the centre he (a, a), so that the radius is a. Let OD 
be the diameter through the pole and P, {r, &•). any point on 
the eircurnference. (Fig. 156.) 

OP = ODcos{0~a). 

Lc. r = 2n cos((y - a), 
whicii is the required equation. 

Lx. I. If O is a fixed j)oint and a?iy straight line through O 

nu f t^ a circle in the points P and Q, the rectangle OP .00 is 
constant. ^ 

Take O as pole, and let the equation of the circle be 


- 2 cr cos - a) + c= - <72 = 0 .( 1 ) 



r--2crcos{(i-a) +C"~a- =0 
as the equation whose roots are OP, OQ ; 

., OP . OQ =c- ~a-, which is independent of p. 
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gi'-en circle 

Let CQ be a radius inakiiic an anerle 
a with the initial lino OX. ^ 

If j) is the perpendicular from O on the 
tangent at Q, the figure shews that 

p=a+OZ) =«(1 +cosa) = 2 rtcos 2 -^, o 

But the equation of the tangent at Q is 

rcos(e' -«) s=y>, 

i.e. rcos((y -a) =2a cos=“ 

Ex. 3 O IS a fixed point. Ant/ line through O cuts a ftred 
ctrclc in P and P'. I,, OPP’ a point Q U taken so tfuA ^ 

2 _ ] 1 
OQ OP OT" ■ 

Find the locus of Q. 

Let O be the pole (I'ig. Ir>8) and let 
r- - 2cr cos y + () 

the circle, so that the initial line 

T X through the centre. 

y ='^/. and ft, a the coordinate.s of Q. 
Ihen OP, OP’ are the roots of ^ 

r- - 2cr cos a + - a- = 0 ; 

1 1 OP+OP’ 2c COSO 



■ * OP'^ OP' OP . OP' 

. 2 2c cos a 

• ♦ ^ 
f* €• - a 


•> f 

c- - a- 


V 9 


which is tlie condition that Q. i.c. (p, a), should lie on the 
Straight line 

n — a" 
rcos 0 - -. 
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Ex. 4. Find the polar coordinates of the centres and the 
radii of the circles 

r = 4cos{(^-§jr) and r^-2rcos 0-2 =0, 
and skew that they cut orthogonally. 

From the form of its equation, the circle r = 4cos(<^-|y.') 
passes through the origin (Fig. 159) and has a diameter 4 
which makes an angle !jr with the initial line. 



Its centre 0 is therefore the point 2, !jr. 

The circle r- -2rcos ^ - 2 =0 can be written in rectangular 
coordinates as x- ^y- - 2.c -2=0, 

i.e. (r-l)- ‘-y-=3. 


Tlicrefore its centre is at the point (1.0) and its radius is ^■'3. 
The polar coordinates of the centre are (1, 0) (see figure), 
(.'ircles cut orthogonally if the square of the distance between 
the centres equals the sum of the squares of the radii. 

For the given circles the square of the distance between 
the centres (2, :|r) and (1,0) is 2® + 1- - 2.2 cos jjr, i.e. 7. 

The sum of the squares of the radii is 4 +3. i.e. 7. Therefore 
the circles cut orthogonally. 


EXERCISES XLVI. 

1. Shew that the equation of a circle who.-^e circumference 
pnjvscs thnnjj'li the pole can be cleducetl from tlie general polar 
eijiiation of u circlo by putting c=a. 

2 . iis represented by the equations 

(i) r = a. (ii) r=4cost^, (iii) r = 4 sec/9, 

(iv) r*-3r + 2 = 0. (v) r= - 3r cos + 2 = 0 ? 



EXERCISES 


363 


3. Find the polar coordinates of the points of intersection of 
rsiny=a and r cosec d = 2a. Plot both curves. 

4. The polar coordinates of the ends of a diameter of a circle 

are {r|, e/j). Wlmt is the equation of the circle ? 

. ^ (^i» ?/i)> Vi) are the rectangular coordinates of the 

points (rj, t/j), (tj, Wg) in Exainjile 4, deduce the equation of the 
circle m rectangular coordinates. 

. . polar equation of a circle, the centre being on the 

initial line. ^ 

\\’hat loci are represented by the equations 

rsmtf — a, r~as\nti, r = asin y + 6cos 
respectively ? Give figures. [S.W.] 

7. Shew that r cos (/y - y) + c cos (f/. — y) is a tangent to the 

circle r* _ 2 crco.s (<y - <t) + r* - 0 ^ = 0 . 

8. Shew that the circles 

(i) r = 2ocos<y and r=26sindy. 

(ij) r = 4 cos (ty - ^tt) and r* - Greos ty + 6 = 0, 
cut orthogonally. 

9. Draw graphs of the loci 

(i) r = 2 coscety, (ii) r = 4sinfy. 

Provo Uiat they cut at right angles ; and find the coordinates 
of the point.s of intersection. j 

10. Draw the jiolar lo(?i 

r = 2co.s W + 4 sin t) and * 

r 2 4’ 

ami prove that they cut each other at right aiigle.s. 

11. .Shew that r = a 008 6 * +fesin^y and cos 0 sirwy 

cut orthogonally. (Hint. —Shew that the centre of tlie circle lies 
on the straight lino.) 


12. P is any point on a fixed circle and O is a fixed point on its 
circumference. On OP a point is token so t hat 

(j) =constant. (ii) OP. 0<? = coiLslant. 


Find the locus of Q in e*ach ca.se. 
diameter through O of the fixed circle 


[Take O as polo, and the 
as the initial line.] 
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13. P is any point on the circle whose equation is 

r* - 2rc cos(<^ - a.) + 0 * - a® = 0. 

If 0 is the polo and is a point on OP such that 

(ii> 0^’-0<?='=. 

find the locus of Q in each case. 

14. 0 is tlie ]iolo and OPQ is a triangle of given species (i.c. 
its angles are gi\'cn). If P moves in the circle whose equation is 

r- — 2rc cos + c- — n- = 0, 

show that the locus of Q is the circle whose equation is 

A-r- — 2 oAt cos(^ - a) + c® — a® =0, 
wliere A’ is the constant ratio OP'OQ nn<l ft. is the angle POQ. 

15. Find the condition that the circles 

r- - 2cr cos (y - a.) + c* - n* = 0 
and n + 2c'r cos (i^ - ft.') + c'~ - a - = 0 
cut orthogonally. 

16. .lDCr> is a ihomhu.s formed of smoothly jointed rods of 
length a. 'I’lie cornci-s li, f> arc connected by etpial rods BO. l>0 
of Icngtli U { >«) to a fixed point O about which the whole can 
turn. rro\e that, if C moves along a straight lino at a distance 
c from <K tla* locus of .1 is the circle 

re = {h- - a®) cos 0, 

r being tlie distance from O, and the initial line being that along 
which c is mctxsured. [L.U.] 



CHAPTER XIII. 

THE CALCULUS. SIMPLE APPLICATIONS. 


Measurement of Rates, Speed, etc. A train is said to be 
moving at the rate of 20 miles per hour at a certain instant 
Does this moan that it has travelled 20 miles in the la.st hour, 
or that it will travel 20 miles in the next hour ? Evidentiv 
not, for it may only have left the station 5 minutes ago, and 
it may be stopped within the next minute. Similar con¬ 
siderations will shew that the statement does not necessarily 
mean that the train will travel 

1 mile in the next 3 minutes, 

or52 S ft. (0 01 mile) in the next 1-8 seconds (0 03 minute), 
or r)-2H ft. in the next 018 second, 
or 0-.528 ft. in the next 0 018 second. 

Rut the distances in the above table would be those 
actually covered by the train in the times stated, if the train 
moved steadily; yet it cannot he inferred that any delinite 
distance would he travelled in any definite time* interval, 
when the speed at a particular instant only is given. One 
can say. however, that if the speed of the train is 20 mile.s 
per hour at a certain moment, then in the succeeding n’** 
part of 1 hour the train will travel one part of 20 miles, 
provided n is large enough, i.e. provided that the time interval 
is small enough, or, roughly speaking, is so short tliat the 
speed of the train does not alter appreciably. 

.Suppo.se a body to have moved through s ft. in / seconds, 
and that it moves through a further Av ft. in the next At 
seconds. What is its average speed during the interval of At 
seconds ? Since in this interval the body moves through 
As ft., it travels As ft. in At seconds. Now, if it moved 
uniformly so as to pass over the same distance in the 

365 


same 
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time interval, it would pass over ^jSt ft. in 1 second at this 
uniform speed. This imiform speed, As/Ai ft. per second, is 
called the average speed during the interval. 

In words, the average speed during any time interval is 
measured by the quotient 

distance covered in the interval 
time occupied 

Three trains A, B and C travel on parallel lines. At a 
certain instant they are all opposite a point P, and 5 seconds 
later they are all opposite another point Q. The maps of the 
paths (Fig. ICO) shew the positions occupied by the trains at 
the ends of successive seconds. 


Tinif* in 

Diitanco In feet travelled by 

s^conis. 

•4 

B 

c 

I ! 

18-0 

10-0 

' 1-50 

2 

25>-0 

20-0 ! 

1 50 

3 

380 

30-0 ' 

140 

4 

4.50 

40-0 

27-0 

5 

50-0 

500 

.500 


The table gives the same information as the maps, and 
is represented by the displacement-time graphs in the same 


hgurc. 


Since each train travels 50 ft. in 5 seconds, the average 
speed of each during this interval is 10 ft. per second, and 
this is also the speed of B at any instant, since B is moving 
uniformlv. 

V 

Now, during the first second .1 moves 18 ft.. B 10 ft. 
and C 1-5 ft., so that, as far as the first second is concerned, 
-1 moves faster than B and C slower than B. 

.\ glance at the displacement-time graph makes this clear; 
for. near the point O. the grapli for A is steeper and the graph 
for C i.s less steep than that for B. 

Again, diiring the last second A moves 5 ft., B 10 ft. and C 
2.3 ft., so tliat ft)r this second A moves slower than B and 
C faster ; while, near the point B, the graph for A is less steep 
than that for 5. and that for C is steeper. 

From the above it may he inferred that there is a connection 
between the slope of the graph and the speed. 
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RATES AND SPEEDS 

Considering the motion of A in more detail, it is clear that 
During the 1st second, the average speed is 18 ft. per sec. 

» 2nd ,, .. n 

» 3rd 90 ,, 

4th ,, 7-0 

9 » otli ,, o'O ,, 




So that A’b speed varies. How is the speed at any instant, 
Bay after 1 second, to be found ? 
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The graph (Fig. 161) gives the displacement of the train A 
from the point P on a larger scale, the ordinates at H, L, M, 
X. R giving the displacements of the train from P at the end 
of successive seconds. 

Now. the average speed of this train over the distance 
1^50) is 8 ft. per second, for it covers 32 ft. in 
4 seconds. The slope of the line HR (Fig. 161) is (50 - 18) 4, 
i.e. 8 (see p. 36). Hence, the average speed over the distance 
-L.lfi is measured by the slope of the line HR. But the 
speed the train at Ao is greater than this average speed, 

since the graph at H is steeper than the line HR at H. 



Fig. IG1.“ IK tcrmination of avernpc by actual epceds. 

Again, tlio average speed over tlie distance A;-!- (Fig. U>(>) 
i-j 0 ft. per .>^econd. for it covers 27 ft. in 3 seconds, and the 
.*■101)0 of tlie line HX (Fig. Kd) is (45-18) 3, i.f. 9. Hence 
the average .'ipeed over the distance AjAs is measured by the 
slope of the line HX. But the speed of the train at .-L is 
greater than this average speed, since the graph at H is 
stcej er than the straight line HX at H. 
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In the same way the average speed over is 10 0 ft per 

sec. and this is the slope of the line //M ; and still the speed 
at A^ IS ^eater than this average speed. Inspection shews 
that lines like I/Jf. //*Y, etc., get steeper and steeper, apijroach- 
mg a hmitrng position //K, as the moving end of the line 
approaches //. That is. as the time interval is diminished, 
the line through B tends towards a definite position BA' 
which is the tangent to the graph at H. The slope of the 
line through B always measures the average sjieed of the 
tram during the interval, and the slope of the tangent 

at H measures the speed of the train at the instant when 
It IS at Ao. 


Recapitulation in Tabular Form. Readings taken from 
graph (Fig. 160). 


Time iDUTval 
M secoutid. 

Distance TravelUd 
feet. 

Aviroue Spei*d 
ft. per sec. 

SJo|h; of CoffespondiDff 
Cliord. 

4 

60 - J 8 = 32 

8 

8 

3 

45- 18 = 27 

9 

0 

2 

380- 18 = 20 

100 

loo 

1 

290- 18= 11 0 

no 

1 1*0 

0-5 

23-7 - 18= 5-7 

11-4 

11-4 


Now, the slope of the line BK (Fig. 161) 


^ or dinate of K - o rdin ate o f // _ 30 - 18 
abscissa of K - abscissa of // ^1 “ 

and this is the limit of as tends to zero. That is. 

the speed of A after 1 second is 12 ft. per second. 


Slope of any Curve at a Point. Let P, Q be any two points 
whose coordinates are (x, >/). (x + Aar. y + Ay). (Fig. 162.) 


The slope of the chord PQ is 


A.V 

Ax* 


Tlie slojic of the curve at P is the 
slope of the tangent PT, and this is 
the limit as Ax approaches z<‘ro of 
i.e. 


lim 
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By the preceding paragraph, it should be clear that the slope 
of the curve at the point P measures the rate of increase of y 
with respect to x. (See pp. 36-39.) 


Lira ^ is WTitten 



It must be clearly understood that ^ is merely an abbre¬ 
viated form of lira As here defined, ^ cannot be 

Ax dx 

regarded as a fraction. 

If the slope of the curve at a point is positive, as in the 

figure, is positive and y increases with x. Similarly, if the 
dx 

slope is negative, is negative and y decreases as x 
increases. 


X.B .—The graph of y =c is a straight line parallel to the axis 
of .r, and the slope at all points is zero ; 


ify“C. 



The graph of y = mx -fc is a straight line, the slope of which 
at all points is m ; 

. -e du 

.. \ly=^mx+c, 


Ex. 1. Given y = 2-4x^®, calculate the values of Ay and 
Av Ax when x=0-4 for the following values of Ax: 0-1, 0'05, 
UOl. 


i* 

log I 

3-8 logx 

logU 

0-4 

1-6021 

1 - 

2-4880 

2-8682 

0-5 

T-cono 

2-8562 

T-2364 

0-45 

1-6.532 I 

2-6822 

1-0624 

0-41 

T-G128 

2-5286 

2-9088 


u 

1 

^ 1 

1 

1 

1 Ay 

1 

^1/ 

Ax 

0-07382 

1 

1 

0-1 

0-0986 

0-986 

0-1724 

1 1 

' 0-05 

0-0418 

: 0-836 

0-1156 

1 

1 0-01 

0-00724' 

0-724 

0-08106 


1 




SLOPE OF A CURVE 371 

table shews that as Ax diminishes, the values of Ay/Ax 
for this curve also diminish. Now Ay/Ax is the slope of the 
» points on the curve. In Fig. 163 let P, A, 

B, C be the points whose abscissae are 0-4, 0 41 0-45 and 0 5 
r^pectively. The slopes of the lines PC, PB, PA clearly 
dimmish, but tend towards a definite limit, viz. the slope 
of ^e tangent P. From Fig. 163 the slope of the tangent 



The slope of the line joining the points whose abscissae 
arc 0-4 and 0-4001 can be calculated, if seven-figure logarithms 
are used, as follow’s : 


X 

1 

J Kx 

•J H loR X 

1 l<»H u 

If 

1 



(Ji 

0-4001 

\ •(;(»2<XKXJ 

1 •fJi»210«G 

*J-487«2.>0 

‘2-4K82407 

■ 2-siiso;{*j2 

2-8C84rjI9 

007.'17‘J7i 

00738072 

0-0(K>l 

0'0000701 ^ 

0-7OI 


Hence, there is a close agreement between the values 
obtained arithmetically and graphically for tJie slope of the 

curve y =.2-4.c^*'at the point a; =0-4. 
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Ex. 2. Given y=5‘3e~^'^*, calculate the values of Ay and 
AyfAx when x = 1 for the following values of Ax: 0*1,005, 001. 


* ! 

log]/ 

y 

AT : 


Ay 

1 1 

T-5517 

! 0-3562 

1 

01 

- 0 0843 

-0-843 

M 

T-4344 

0-2719 

0-05 

- 0-0449 

-0-898 

l-Oo 

T-4931 

0-3113 

1 

0-01 

1 

1 

1 -0-0095 

1 

-0-95 

101 

1-5400 

0-3467 


1 

1 



As in the last example, Ay/Ax tends to a definite limit 
as Ac diminishes. From Fig. 164 the limit is -FN/ND 



(^-0'96); therefore at P the slope of the curve is -0*96. 
Using seven-figure logarithms and taking Ax =0-001, Ay/Ax 
is found to bo -0-90. 

Illustrations, (i) Coefficient of Expansion. —To determine ex¬ 
perimentally the mean coefficient of linear expansion of 
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T^'^’ -^’ ^ are measured at the temperatures 

■i, J . Ine cocmcient a is then 

1 L'-Z, . 1 

Z' T^T' * c*mrd AC (Fig. I Co), 

where OA and BC are the length.s at temperatures T and T' 

respectively. 

Now the graph connecting the length of a rod with its 
temperature IS approximately linear, so that the slope of 
the chord AC is approximately the slope of the tangent at 

IGo), and a can therefore be written as ^ This 

last expression is the actual coefficient of linear expansion 
tlie rod at the temperature 2’ when its length is L. 

is the rate of increase of length with temperature ; ^ 
len^h increase of length with temperature per unit 



(ii) Expanding: Circle. —Imagine a circle to expand (Fig. ICC). 

Let A be the area when the radius is r and A + AA the area 
when the radius is r 4-Ar. 

Then A =irr^ and A + AA =n-(r + Ar)2 ; 

A A = 2rr Ar +7r (Ar)^ ; 

AA 

=27rr + TT Ar. 

Taking the limit as Ar-A), we have =2jrr 

dr * 
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i.e. the rate of increase of area with the radius is equal to 
the circumference of the circle. 

(iii) Expanding Sphere —Imagine a sphere to expand. 

Let V and V+AV be the volumes corresponding to the 
radii r and r +Ar. 

Then V = and T + A T = ^ * (r + Ar)=*; 

AF = i7r{3r2Ar + 3r(Arf + (Ar)3}; 

=\l’ = 5<r{3r=+3r(Ar) + (drn. 


Taking the limit as Ar—^-0, we have =4jrr", 

i.c. the rate of increase of volume with radius is 4r times 
the square of tlu^ radius. Note that 4rr^ is the area of the 
surface of a sphere of radius r. 

iivl Acceleration. —If the velocity of a body moving in a 

dv . 

straight line is v ft. per second, t seconds after the start, is 

the rate of increase of v with respect to f, i.e. measiues the 
acceleration. 

(v) Elasticity of Gas. —.Suppose a volume of gas v to be at 
pressure p. If the pressure be made p+Ap, the volume 



hecomc-s y+Ar (Fig. 1G7). Obviously, if Ap is positive, Ay 
will be negative. The strain is defined as the change of 
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volume per unit of volume, and is therefore -Ar/u. The 
eiastlcltr at pressure p is defined as the ratio of the change 

strain produced, ~Avfv, when Ap is 
indefinitely small, t.e. the elasticity is 


Av 


Ap 


or - V 


dp 


Iim-Apl~, t.e. lim-u v.* - c , 

(vi) Back E.M.P.— If a current of electricity is altering in 
any way, there is a reaction or back electromotive force due to 
self-induction which is proportional to the rate of change of 
current. Thus, if i denotes current and t time, 

»• 

the back electromotive force oc -r • 

at 

(vii) Me^ement of Strees.—If the total pressure on an 

intensity of stress, or stress per unit area, p 
13 if the distribution of stress is not uniform, and AP 

be the small stress on a very small element of area AA' sur¬ 
rounding a point A, then 

the intensity of stress at A is 

U*S 

■ . . of Beams. —Find the connection betxceen the 

6ea sAcariw/ force cf any point of a loaded 

s+.as 


mQ 





Flo lOf*. 


^nsider the equilibrium of an element PQ of length Ax of 
^ beam loaded and supported in any manner whatever. 

Let S, M be the shearing force aiid bending moment respec¬ 
tively at the section P (Fig. 108). Then the S.F. and B.M. at 
section (;> arc *S’+A.S' and M ^ AM. If the load per unit 
length is W, we have, resolving vertically, 

-S’ -f- AS = S + irAx, or A.S' = H’Ar • 


]y 


AS 
Ax ■ 


and, in the limit, W = 


dS 

dx 


( 1 ) 
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Again, taking moments about Q : 

TI7Ar)2 


SAr + 


+ J/ = .1/ +A.V, or S + = ^ . 


And, since TrAr/2->0 as Ar-:•<), we hare 


= dx 


(2) 


In words, the shearing force is the rate of increase of bending 
moment with length; the load per unit length is the rate of 
increase of shear with length. 

The Differential Coefficient. Illustrations (ii) and (iii) given 
in the preceding paragraph are really examples of the method 
of finding the differential coefficient of one variable with 
respect to another. 

is called the differential coefficient or derivative of y with 

(IX 

respect to x. 

liy^fix), 2/-*.Av=/(j:+Ar): 

Ay=f{x+Xt)-f{.r) 

,nd 

ax At 

The derivative of /(t) is sometimes written fix). 

Ex. 1. Find the diffcri'nlial coejicient of 1 r irith respect to x. 

Let V = ^, then y +Sy = -^: 

''x X + A.r 

_ 1_1 _ -Ax 

‘^"x-Ax x”x(x+Ax)’ 


. ^'7 1- 1 

. . - = lim —, - 

d-f iT-o x(x-^Ax) 
Ex. 2. Find the derivative of ^'x. 

Let y = v'x. then y + A^ = s x + Ax ; 


I 


X 


, ,-r- , n''x*Ax-^/x s/x+Ax+v-T. 

- I - -"CraVx’ 

I 


i.e. 


. x-^Xr-x St/ 

Su = _ -, or - -- 

s x-^Sx -^y^ x Sx s X + Sx + yjx 

. ^ I _^ 1 . 

dx , XVAr * s x 2, x- 


• • 
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Ex. 3. If f{x) = 3a.r- + abx + c, find J'{x). 

We have/{j: +Ax) =3a{x-^obiz+Xv) +c 

= 3az^+6ax . Xf+3aiXv)^ +5bx +5b . Xc -j-c 

=f{x) +(Xc)(6ax +ob) +3a(Ar)= ; 

. f(x+Xr)-f(x) ^ . 

• • -^ ^- = oax +ob + 3a . Xv ; 

= Jim +ob +3a . Xv) 

Gax + ob. 

At thi.s stable it is convenient to a.ssume tlic truth of the 
foliownig results. Proofs for the cases when n Jias rational 
values will be found in Vh. XIV. 


If i/^ax“. 

If i/^{ax-] b) ', 


di/ 

d.v 

= by-'. 


If f/ is the sum of a number of functions of r. is the sum 
of their derivatives ; c.y. if t/=ax^-i-bx- +cx+d, then 

= 3ax^ + 2bx + c. 
ax 

Ex. 1 . Find fhv cfinaitons of (he. tamjent and normal to the 
parabola y^4xi at the point (1, 4). 

.Since y=4x^, = 9.x. 

<lx 

Therefore, the slope of the tangent to this parabola at any 
point is 8 times the ahsois.xa at that jjoint. 

The slope at (1 , 4) is H x I , i.e. 8 . 

I he tangent is therefore the straight line passing through 
the point (I, 4), whose sloj;e is 8 . ^ 

Its equation is y - 4 = 8 (x - 1 ), i.e. y - 8 a; + 4 = 0 . 

The normal is a straight line through the point of contact 
at right angles to the tangent. Its equation is 

(y-4) = - - I), i.c.9y+x=33. 
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Ex. 2. The distance s ft., traversed by a point in t seconds 
from the start, is given by s =at Find its velocity and 

acceleration after t seconds and at the start. 

We have s = at ^ ^ + bt^ ; 

- ~=2-5a/'^-H26/. 
at 

BO that if i’ ft. per sec. is the velocity after t seconds, 

V = 2*5 at ' ^ +26f.{^/ 


Evidently when t =0, v =0. 

Again, *J=2-5xl-5a(»5 + oi,, 

80 that if/ ft. per sec. per sec. is the acceleration after f seconds, 

/ = 3-70(7/0 5 4.2b. 

Evidently when / =0, / = 26. 


EXERCISES XLVII. 


1. Tlio space s ft. pas.scd throimh by a body in a time t seconds 
is LMvon bv Find the values of s corresponding to the 

following values of /: I, 11. I'Ol, 1-001. What i.s the average 
spootl ill tho intervals 0‘1» 0*01 and 0*001 seconds after the first 
second ? t\'hat is the speed when t = 1 ? 


2 . Tn i .«:eeonil 3 a body travels a di.stanre s ft. reckoned from 
its stnrtini: point. It is known that s = 33-r 68/- 7/*. hat is 
tlio speed at the time / =4 ? At what time is the speed zero ? 

3. Find tho slope of the tancent to the curve y = (i~5x)^ at 
tlie i)oint (1, 1). 


4. As.siime y = 0 ")-r 2-3.i-. When .r becomes .r + Ax. y Ito- 
coine.s y-f-Ay. \\'rito down the \-alue of y-t-Ay, and calculate 
the \-alue of A.v'A.r. To what limit iloe.s this tend as Axis 
diminished indetinitt'lv ? 


5. If y = 2-4-f I-Oj--, calculate y when j-=2-3. Now calculate 
Ay when A.r equals 0-1, 0*01 and 0*001. Write down the corre* 

spontlinp values of in each case. What is when a' = 2-3 ? 


6 . The side of a square is increasing in length at the rate of 
O-Ol inch per second. At what rate is the area of the square 
increasing when the side is 6 inches ? 
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^ poured into a cylinder of radius r ft. at the 

rat© of U cubic ft. per second. At what rate is the depth of water 
increasing ? * 

9. W rite down the derivatives witli respect to j\ v. r. i. etc., of 
(i) hx^ + 2x^ + ox+\, (ii) ( 2 .v-f 1 ) 2 . (iU) 1 ^ 2 , 

viv) (at+ 6 ) 2 , (v) 01*2 + 6 ,. i'- c’{’. 

10. Find the equations of the tangents an<l normals to 

(i) y = or* - 4 j: + .3 at the point (1. 4). 

(ii) ^ = 2 j; 2 + 3/+ at the jioint (3, 55), 

(“i) i/=(4ax)- at the point (aC. 2a0. 

(>'■) ^ = 0 x 2 at the point {h.ah^). 

11; Find « hen ij = 2 x 2 - 6 x 2 + Q ^. _ 4 


At what point is zero ? Explain this geoinetrically. 

Find the slope at x = I I and x = 0-9, uml deduce the shape of 
the curve near the point .r= 1. (II U ] 

12. Differentiate x 2 _ o.r + 3. 

Find the ecpiation of the tangent at the jioint (2, 7) to the eur\o 
y = x2-2x+3. j 

13. Find the differential coefficient of x*. exi>Iainin‘' ^•ou^ 

procedure. * 

\\ rite <lown the differential coefficient of 


7x2 ^ 2.r + 3. 


tier.] 


14. Find the limits to which the following cxiire.'^.sions tend ns 
Ax tend.s to zero: 


{2(x + Ax)* 2x2)/-^'' = I ' 

(iii) {(x + Aj )^ -x’j/Ax. 


X + A.i- 




15. M rite down the ^liff'erentinl cocfficienfs of the f»)Ilowing 
expressions a-s limit.s, and evaluate each limit. 


(i) x2, 




(iii) 


3- 


(iv) 


aj- 4 6 


X- ■ ■ x+l- rx + d' 

(v) (x+l)2, (vi) (ax + 6)*, (\ii) n'x+1. (vlii) i('c. 
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Derived Curves. At every point of a smooth continuous 
curve there is a definite slope, and hence another curve can 
be plotted connecting the abscissae of the first curve with the 
corresponding slopes. The first derived curve of any primitive 
curve is such that its ordinates measure the slopes of the 
primitive curve at the corresiX)nding points. In Fig. 169 the 



curve P'Q'R'S'T'...is the first derived curve of PQRST...., 
and wa.s obtained by drawing tangents to the latter and 
nioasnring slopes; thus Q'L' measures the slope of the line 
Qtj. J{\W that of the line Hr, T‘X' that of the line Tt 
(whicli is negative), and so on. 

\Vhile errors are likely to arise in measuring the slope of 
a curve at a point (by this tangent method), it should be 
clear that these errors are not cumulative, and that by 
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DERI\"ED CURVES 

taking a series of points a fair idea of the variation in 
the slope can be obtained. 

(^aphic Determination of Slope. In obtaining the slope of 
a curve at any point by the tangent method, it is unneces.sary 
actually to draw the tangents; the slope is measured as 
lOiiows: Place a ruler tangentially to the curve (obtaining 
the exact reading of the point of contact after placing the 
ruler in position) ; then note the positions at which the ruler 
cuts two convenient ordinates. Divide the difference of these 
two readings by the distance between the ordinates. 

To find the slope of a curve at a particular point a good 
method is to choose two jKiints Q. li on the curve equidi.-stant 
# fairly close to. P on opposite sides of it. The sIojk* 

of the lino QH can be taken to be the slope of the curve at P 
to a close degree of approximation. This method gives better 
results tiian atteinjiting to draw t!ie actual tangent at P. 

Properties of Derived Curves. If all the ordinates of the 
primitive curve be increa.se<l by any, and the same, amount, it 
should be clear that the derived curve remains the same. For 
increasing each ordinate by tlie amount ‘ n ’ is ecjuivalent 
to lowering the axis OX hy this amount, and clearly the 
slope at cverj' point is unaltered. 

If the coordinates of P. a point on tlie jiriniitive curve*, be 

2/> then the coordinates of 1*'. the corresj)on(ling ])oir>t on 
the derived curve, may he written x, tj ; so that //' i.s the 
slope of the tangent to the primitive our\’e at P. 

Between It and *8', Fig. Itil). the ordinate // has a maximum 
value, and the corrosporuling jioint on the derived curve i.s 
the point between It' and .S', wliere the dcTived cur\’e cuts 
its axis of ar. It is clear that .v'=<> for any maximum \ alue 
f>f .V, since at such maxima tlie tangents to the primitive 
curve are jiarallel to the axis f)f .r. Similarly' when »/ i.s a 
minimum, y'=0; r.<j. y is a minimum at a point between 
T and W, and //'=(> at the eorresjionding jioint on the 
derived curve, viz. where tlie latter cuts the axis of .t- 
between T' and W. 

lurther, if we j)a.s.s along the derived curve from left to 
*'*ght. y' changes from jiositive to negative where y is a 
maxiraurn, from negative to positive where y is a minimum. 

Ihe point A on the jirimitive* is calk'd a point of inflexion, 
that 18 , it is a point at which the tangent to the curve, after 
• For brevily, ‘ primitive ’ i.s written for • primitive cur\-e.’ 
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turning in one direction as we pass along the curve, stops 
and turns in the other direction. It is a point at which the 
slope is either a maximum or a minimum. Note the turning 
point near *1' on the first derived.* 

The points at which a curve has a maximum or minimum 
ordinate are called turning points. 

Determination of Maxima and Minima. If the graph of 
f{.r) has a maximum or minimum value when x = a, then 

y'(.r) =0 when j: = a : {x.f’{a)=0. 

The method of determining wliether the ordinate is a 
maximum or a minimum at a turning point is illustrated 
in the following examples. 

Ex. 1. Find the turning points on the curve 

If = 4.r^ + 1 o.r- - 1 Sx -i- 3. 

A\'e have = 12.r2 -- 30.c -18=0 (2.r - 1) (x -f 3); 

(lx 

• where x = .V or -3. 

■ * d.r 

To determine wliether x = \ give.s a maximum or a minimum 
ordinate, the slope of tlie curve at points where .r is just less 
than and ju.st greater than \ must be examined, say, at the 
points where x is \ -h and }. -rh where h is very small. 


' _u( - -/i), whieh is negative, since/i is small- 

1 o’ 

I'fh -r/'l. which is positive. 

'riuTiIore in the neighhourhood of the point where .r = L 
the tangtmts must loc>k like , . _ ' • 

Tlu'refon* >/ is a minimum where .v = .l and the minimum 
viihu' of If =■ - I ‘. 

Examining the curve in the region .r = -3. we have 


ifu 


- h <)( - 7 - -/i). wlucli Ls positive. 

:5 O 

• /i " *■ 2h)ih'\. which is negative, since h is small. 


• Fur J.rcvitv. ‘ derived' is written for ‘derived cun'c.' 
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]\L4XIMA AND MINIitA 

Therefore in the neighbourhood of the point where x= -3 
the tangents must look like / 

Therefore ?/ is a maximum where :r = - 3 and the maximum 
value of 1 / is 84. 

A rough graph of the curve is shewn in Fig. 170- 



Ex. 2. Find the turn ing points on the graph of — 


€ 


We have 


f{r) = - i'x® ; 



lx^-[U = lx{x~ 

/'U-)=u, 

whore x = 0 and 


j / U) 

- h 


0 

0 

h 

V*(h - 4). 

x= 0 , the tangents 

are arranged 

x =0 gives 

a maxiinuni, viz 

r 

1 JU) 

4 -/t 


4 

t 0 

4 + /« 

•:!(4 + /o(A). 


wJlich is negati\'c. 


V 


hieh is neffati\*c, 
which is positive* 


/ 9 


Near r =4, the tangents are arranged \_ 

x=»4 givx^s a niinirnuin, v'iz. ^4. 
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The curve is shewn in Fig. 171. 



Ft<i. in. 


3.r^ 

E.\. 3. Find Du }ioini of iuflixion on the graph of'^ 

“T 

From tho );xst example, /'(.r) = 2 ' Tr). 

.\{ a of inliexion. the slope f'(x) is either a maximum 

or a minimum (see pp. 3s| nn<i 3S-J), 

the derivative of f'{.r). eonvi-nienlly denoted hy f"{x). 
is zero. 

W e have f" -L‘(2.c -4); 

't. where x ='2. 

the eurve lia.s a point <4 inflexion when .r=2. and the 
.slope (.f the tangent TT' at this point is ;!(4-S). i.c. - I 

The point is shev .n at P (-n Fig. 171. and the curve crosses 
the tangi'iit there. 

Lx. 4. lindDu liinnng point on the parabola y =ax- -^hx ■‘rC. 


. <ld ,, , b 


We have 


RIAXIMA AND RIINIRIA 
Then, proceeding as before. 
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X 

tht 

di 

— bi2a-h 

-2ah 

— b!'2a 

0 

-bl2a-\-h 1 

+ 2a/i 


As h is positive, therefore, in the neighbourhood of r = -bj'la, 
the tangents must look like \ if a is negative 

and lilvO \_/ if a is positive. 

Thus the i)oint -fc/2a, {^tc-b‘^)jAa is the turning point. 
7/ is a maximum at this point when a is negative and a 
minimum when a is positive. See p. 74 and Fig. 43. 

Ex. 5. Examine the nature of the curve at the point (1. 1) 
on the curve y = 3.c^ - s-Ox^. 


We have 


When X = 1, 


^ = 12x=* -24x2 + 12x = 12x{x - l}^. 

_ 10/1 _ Jl\ t _ A\2 {o 


When x -^1 -h, = 12(1 -^)( - A)*, which is positive. 

When x = l +h, ^■^ = 12(1 +A)(A)2, which is also positive. 


Near x = l, the tangents appear like , and there is a 

point of inflexion at this point (1. 1). 

Ex. 6. The strength of a rectangular beam of given length is 
proportional to the breadth of the section multi¬ 
plied by the square of the depth. Find the 
strongest beam which can be cut from a cylindrical 
log, 12 inches in diameter. 

Lrf't X in. be the breadth of the beam : then 
the depth is in. (see Fig. 172). 

LK?t S stand for the strength of the beam. 
i)’=Jtx(144-x2) =*(144x-x») ; 

**• ^x ^ ^^ ~ ^ >f‘S+x). 
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3it(ft) X (a positive factor), 
4s3 0 

4,^'3 4 -/j Zk{ ~ h)x {a positive factor), 


which is positive, 
wliich is negative. 


Near x = 4^''3, the tangents look like / \ . 

.r=4v'3 gives a maximum value to S, and the strongest 
beam has dimensions 4.^/3 in. by 4.^ C in. 


EXERCISES XLVIir. 

1. Find the t\irning points on the parabolas : 

(a) y = 5+6.r-3x®, (6) y = (x - i;(x + 1), 

(c) y = 2.r»-x-r 1. 

Shew wl^ether each is a innxiiiuun or a niiniinum. 

2. What value of z makes :(1 -c-) a maximum ? 

3. Divide a number a into (wo parts, so that twice the sqxiare 
of one part plus tliree times the square of thu other sliall be a 
minimum. 

How tlo vou know that vou liavo found a miniinuin value ? 

4. Divide a munher p into two part.s, sucli that the sum of 
tlu'ir s(juares is a minimum. 

5. .A line .113. 12 in. Ion;:, is diviiled at P. Find the length 
‘■f .17’ when AP^-rPlP is a minimum. 

6. Find the turning points on the curve wliose equation is 

1/ .j»-3x. 

Sliow whether each is a maximum or a jninimum, and draw a 
niugh graph of the eurv('. 

7. \Vhat number exceeds it.s fourth ])ower by tlie greatest 
number possible ? 

8. S)ie\v that tlio dimensions of the greatest open box of scjuaro 
l>ase wliii li can be inn<.le from a sheet of tin plate, a inches square, 
are a t5 in., '2<i 3 in., and 2a 3 in. 

9. ^\’lle!l sending n parcel tlirouizli the post its combined 
Ictnttlj and girth must not exceed 0 ft. Fiml the maximum 
\('lvime of a rectangular j)areol with square ends. 
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10. Tlie total cost of a sliip per hour (including irtorest, 
depreciation, wages, coal, etc.) is, in pounds. 


^ = 3-2 + 2200 ’ 


where s is the speed of the sliip in knots. 

Express the total cost of a pa.ssage of 3000 miles in terms of fi. 
VVliat value of a will make this total cost a minimum ? At sjieeds 
10 per cent, less and greater than this, compare the total cost with 
its minimum value. [B.E.] 

11. The total cost of a certain ship per hour (including interest, 
depreciation, wages, coal, etc.) is, in poimds. 


c = 8-21 + 



1200 ’ 


where a is the speetl in knots. 

Expmss the total cost of a pa.s.sago of 3400 nautical miles in 
terms of a. What value of a will make this total co.st a miniimim ? 
Show that at sjieeds 10 per cent, greater or le.s.s than this, the total 
cost is not very much greater than what it is for the best speed. 

(H.E.J 

12. A tank with open top an<l scjuaro section is to hold 100 
cubic feet. Find the co.st of lining it with lead at 6</. per sq. ft., 
when that cost is a minimum. 


13. There is a machine consisting of two parts, who.se weights 
are x aiul y. The cost of the machine in pouiuls is 12x + 5y. The 
power of the iiia<*hino is jiruportiunul to xy. Fiiul x and i/ if the 
cost is £100 un<l if wo desire to have the greatest power possible. 

14. The work, w, done by a motor per sccon<l when the current 
is C is given by w^sVC — C^R, where V and /f are constants. 
Find the value of C in ortler that ic may be a maximum. Hence 
show that to get the inaxiinum work [ler secon<l from a motor, it 
must run at such a sfioed os will bring the current to half the 
value it would have if the motor were at rest. 


16. The length and circumfereneo of a cylinder are together 
equal to 6 ft. Fin<l its maximum volume. 

16. Fin<l the turning points on the following curves, ami state 
tlieir nature in each cose. Find also the points of inflexion, 
if ony. 

(a) y = 2x® — 4 - 12x + 5, (6) y = x* — 12x + 1, 

(c) y = .3x‘-8xa-f 0x*+1, (d) y = 3x» - 6x» + 2, 

(c) y = (2 + x)*(4-x*). 
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Integration (First Principles). Having investigated the 
process by which the first derived of a given primitive 
(p. 380) is obtained, it is natural to consider the converse 
problem, viz.: given any curve, to obtain the curve of 
which it is the first derived. If the given curve be called 
the original, the curve of which it is the first derived is 
called the integral, and the process by which the integral 
curve is obtained may be called integration. Thus, integra¬ 
tion is the inverse of differentiation. 

Consider the series of primitives I shewm in Fig. 173 (i). 



v^ince each primitive has the same slope at every point, they 
will have a common first derived, viz. the graph II. a line 
parallel to the axis of x at such a distance k that k = PB,'BQ. 

Convensely, in Fig. 173 (ii) any one of the curves II may 
be regarded as the integral of the line I, since tliat line 
is the first derived of any one of the group, provided that 

k' =PIi,RQ. 
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Thus, the problem of integration is of an interrogative 
character; i.e. given any function of x,f(x), we have to find 
a function F{x), such that f{x) is the differential coefficient 
of F(x). The notation adopted is 

In words, F{x) is the integral of /(.r) with respect to x. 

The symbols J and 'd' may be translated respcctivclv by 

the phrases : ‘ what is the function which gives ‘ and ‘ when 

differentiated with respect to'; so that means; 

‘ what is the function which gives /(.r) when differentiated 
with respect to a: 1 ’ 



JIG 171 

In I'ig. 174, if I bo the graph of !/-f{x), the integral curve 
may be any one <jf the family of paralltl* eurves II, 

Y = F{x)+C, 

where (■ is any arbitrary constant, provided that F{x) is such 
-hat 

• Panillol ifi'cnuHo UicSc* curv'eh huve the? 84iiiic* ialopo at any givoa 
valuo of uljHciM3a. 


0.1 A. 


o 
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Ex. 1. Integrate, with respect to x, the expression x^. 

We have to find 

i.e. the expression whicli, when differentiated, gi\es x . 

Now .r-‘ + C when differentiated gives 4x^, C being any 

constant. . 

So i-r-* +(’ when differentiated will give J x 4x''; 

- i-r 

The necessitv for introducing the arbitrary constant, C, 
will be obvious frrun the last paragraph. 

Ex. 2. Integrate, with resptet to .r, the expression Sx^ -2x + 1. 

\\'e have to find Jlox^ -2.i' + l)dx. 

i.^. the expression which, when differentiated, gives 5x^ -2x 4-1. 

ox* '2x- 

'rhe rerpiired expre.ssion is * -^x ^a, 

wliere a is anv constant. 


C. 


f(r).r^-2.r - l)dx = ~ -x-^x+a. 


5x* 


.V /f._The result of an integration should always^ be tested 
by differentiating. Thu-^. the derivative of 5x^ 4-x--^.r i^ 
J Ix^ ~ 2.r t 1. i.e. ox^ - 2.r ♦-1. which is the given expres.sion. 

Integration of Powers of x. So long a.s n w equal to -1. 


f 


X 


n • \ 


~r 
« - 1 


In wi»r«ls. integrate .r'' hv addiini 1 to tlie index and then 
dividing hy the new index. 'L) this result add a constant 
[f tills rule be applied to the (unction x"b the result will be 


. 1-1 


■ ( \ i.e. - 4-C’. which is unintelligible. 
-^1*1 (I 

Similarly, if n is not to -1, 


f 


ax 


n 4-1 


* < C •• y • 

ax^dx = 1 + 1 

71 - \ 


and 

These formulae should be coniparetl with those on p. 377. 
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When n = - 1, the special formula to be used Is 

x^C, 

where e is the base of the Napierian system of logarithms. 
The proof of this is beyond the scope of this book. 

Ex. 1. U finfi y. 

We })ave to find tfie function, /y, uhose derivative i.s a ^bx. 
We have, therefore, to find j*(a ^bx)dx\ uhicli is 

a.r + + C ; 

y =a.v f \hx- * (■’. 

Ex. 2. Find the equation of the curve, in uhirh the slope (it 
any point is 3/.r^, hariny yiven that y — '2 irhcn x = J<). 

The slope is and we have =3.t“^ ; 

ar ax 

' 2/=J +G = 4.r‘ i C. 

Ah y =2 when .r = I(>, 2=4xK*C; C = - Mi 
The recjuired equation is //=4.i‘ 


Ex. 3. If pv=c,finfl 

Since 2 n'^c, we have j)~rlv ; 

' ' ^ where n is a constant. 


E.v. 4. Find the. equation of the curve U'hich passes throufjh 
the point (1, 1) and whose slope at any point is (jiven by 2jx. 


We have 


fiy _ 2 . 

dx~x' 




dx ~2 log,, X ^ r. 


Since x = 1 when y = \, wo have ! =2 log,. 1 h (' ; 
The required equation in y =2 log, .r + 1, or c*'"‘ 


f" = l. 

— X‘. 
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EXERCISES XLIX. 

Integrate tlie following expressions in Ex. 1-9 with respect to 
X, y, z, H or t, as the case may be 

1. 2j'. 2. z+\. 3. Jx® + 2 j:. 

4. 1. 5. ^u. 6. l.y*. 

7 (',.3 8. '2(+\lt. 9. (3x* - 4x+ 

Fin<l tin* equations of the curves in Ex. 10-12 if the slope at 

nii> point is given by ;— 

10. ';' = 2(.r+l) and y=2 when .r=l. 

(IX 


< 7_1 , 
dx ' 2'' 


11. and 2 / = .^ when x = 4 


12 = 1 -s 1x5 and 2 /= 3 when .f = 4. 

(lx 

13 'I'lu' iwcelerntion of a point moving in a .straight line is 2i 
at time /. FimI its velocity r at time t, having given that r = » 
wlien / = ti. Find also its displacement s at time t, having given 
that s = tt when t - 

14. Work Example 13 when the acceleration at time t is 4 4-2i*, 
the initial conditions being the same ns before. 

Fin<l tiio equations of tlic curves in Ex. 15 and 16 if the slope 
at any point is given by :— 

15. - - * and 2/= - 1 ^ hen .r= 1. 

ilx X 

16. '('=.(•-- ond i/ = 2 when .r = 2. 

dx X 

17. Find the equation of the tangent and normal of the curve 
7 .'i iog^ X at the point (1, 0>. 


Area and Integration. Let B and P be two points on a 
c. iitiiuious cur\'c (Fig- 175). and lot .1 be the area between 
the curve, the ordinatc.s B(' ami PA and the axis of X. 

1..-t t.r. v) he the coordinates i>f I’. (r-T-A.r, j/ + At/) the 
(lonlinate.s of P'. another point on the curve. 

Coiiqilete the rectangles PSS'Q' and P'A’'A(?- 
The area of the rectangle PA\Y'(^' is //. Ax. 
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Just as in the preceding paragraph, it is clear that 
AT lies between A . Ax and (A + AA)Ax; 

■ *^-1 lies between A and A +AA; 

I \ r 


dV 




in the limit, 

In practical examples of this kind it is usual to argue more 
loosely and briefly as follows ^ ^ 

AI’-.AAj-. and, in the limit, ^-=^- 

(ii) Displacement and Work Done. The 
pressure in a cylinder is a function 
of the displacement of the piston. 
W’lien a piston of area A sq. in. 
moves from Q to H (Eig- 
pre.ssure is practically constant and 
equal to p lb. per sq. in. if QH is 
small eimugh. The work done in 
tliis displacement is p-4 i c- 

p.l . A.w incliJb. 

V If H’itu h-lb. is the work done in the 
w hole displactMuent Air 'rrpA . A5, 
i c. pM’. where V is the volume. 



o 


QR 

M.. i:*’ 


. , . dll’ 

in the Iiiiut, ... ^y<, or 




I'll. 



, ^ - 1 

.1^' and when X - 2 

The rcquiretl area is. therefore. 2'. 


A = 


03 _ J 


= 2 ? 
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Ex. 2. Find the area beiiveen the parabola y=A~3x-¥x-, 
the axis of X, and the ordinates at x = a a?id x = b. 

Let A be the shaded area in 
Fig. 178. 


Then 


^^=i/=4-3x+.r-; 
A =|(4-3.r+.r2)r/x 




= - -2 + 3 ^ 

When X *a, A =0 ; 

■■ ^=-{^"- 2 *37 

. / - ‘l> - 

yj 



'J'he area retjuired =(4b ~ '^1* 1 ) - (^ 4 ^ - .) 


• > ■* •» 

If /’(x) be written for 4.f - - 4 '^, /’(./-) is ealled the 

indefinite integral of 4-3x * x*, while Fix) -C is enlled the 
general integral. 

3'lie ar<‘a is F{ti) - Fin), uliieli may be written Fix) 




3'hc notation used for tlu? area bet\\<*t*n a curve y fix), 
the axis of X and tlic* ordinates at x = a and x b, is 


j: 


fix)dx. 

This is called the definite integral of fix) uitli respect to .r 
betwe<*n tlie limits a anti !>. 

a is the lower limit and h the upper limit of the integral. 

If the indefinit<* integral of fix) is Fix), tlier) 

fix) dx - ^Fix)']^ = Fib) - /’(«)■ 
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Ex 3 A qa-s expands according to the ‘law' pv^=k. 
Fink the xcork done while the volume changes from tovy 
The work done is represented by the shaded area in 1? ig- 



Flii. 179. 


This area is 




i.p. f'lT-'-rfr. 

J M 

The imletiiiitc integral of h -''. with respect to r, is 


i.-n-r I 


a: 4 . 

- n r I 

' n is [k-—^ 1 i; -V-n ■ -"n *-'1 ■ 

Tlie work done is j 

I'k 4 Lt ify. >h hf" three equidistant ordinates of a 

parkhola whose'axis'is'parallel to the axis of ]\ ^2 

disfaiire lutireen ronsicutirc ordinates he h. Shew that the ar 
h.tween (he parahola. the axis of AT and the extreme ordinates 

.j('/i -ih +-iy2)- 

U, f. renre to pp. 71. 7.7 and Fig. 43. will shew that the 
equation of a parabola whose axis is parallel to the axis ot i 
may he written i/ =^ax~ rhx +c. 
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In Fig. 180 , the mid-ordinate ;y, is chosen as the axis of 
Writing a: = -h, a: =0 and x = 4 in turn, we have 

y\ =ak- - bh +c, .(I) 

.V2=f..(2) 

ij^=ak- +bh +c .(3) 



Now the area is 


Fio. 180. 


J (ax^ +bx +c)dx, i.e. 


ax^ 6.1“ 


V + 4 ca 




i.e. 


ah^ bf,-^ 


+/, 

A 


(1 


-* ch 


i.r. 


\ ( ah^ 6A2 , X 

h(- 3-*ir-'V' 


or. U'^ing (2), 


*(2aA2 4 


Adding (1) and (.3). and using (2). wo have 

.Vi ^ //j =2fi62 f 2//2. 


'Ilioroforo the area i.s .'(//, \ 

• j * 


Simpson’s Rule. I)i\’ido an area, such as that in Fig. Isl, 
int<j an oven niiiiihor of parts by an odd number of equi¬ 
distant paralhd oTvlinat«-s. In the figure the number <.)f parts 
is 10. If sueces.sive points of division on the curve are close 
enough, it can bo .shewn that a parabolic are. closely approxi¬ 
mating to th<; curve, can lie drawn through any three .such 
miecossive points, and the formula of the last example can 
be a|)|)Ji(‘d. 
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Thus the area of CRQB = ^(CR + BQ 

and the area of C RQB'=\{CR + B'Q^i-i'P)^ 

so that the area of the strip between the ordinates y, and y. is 
approximately ^ 



Th,- area of eaelr stri,. of t.readtli 2/, can .'a' 

-8 1 tluit the whole area in rig. loi 


in a ><itniiar nninncr. 
}, 


m(!/o ■ Ih ■ 


^O/fi '.Va 


l.r 


7 . * ^10 “ ‘ . 7:1 - .70 ^. 7 : ' 7 <>^ 

• J 


-M.7.-y, ^'/c+Z/s)]- 

This is Siinpsnn's rule f-.r tinilini' an approximate value of 

"lake the sum of the extreme ordinates, 4 times the sum of 
the even ordinates, and twice the sum of the odd ordinates 
(omitting the first and last^; multiply the total sum by \ oi 
the distance between each consecutive pair of ordinates. 

that the IcUL'ths of the first and la^t ordinates ma> 

or inav iK)t he zito. In Fig. ISl the last ordinate, yioi 

% 


zero, 
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Ex. 5. The areas A, in thousands of square feet, of the 
o/ the water in a reservoir at different levels h feet 
above the lowest point are given. Find the volume of tvater lost 
when the level falls from 80 to 50 feet. 


h 

0 

5 

10 

1 21 

29 

35 

A 

0 

115 

155 

> 

1 260 

370 

' 520 

h 

41 

' 51 

60 

71 

80 


A 

620 

720 1 

800 

; 800 

1 

000 



Fig. 182 shews the connection het\\een .1 arid h. Sine 
the ordinates 
represent cro-5f5 
sectiofial areas 
of ihereservoir, 
it is clear that 
the area under 
the graph be¬ 
tween tlio or¬ 
dinates at 
/t=50 and 
A = 80 repre- 
sents the 
volume in the 
reser\'oir be¬ 
tween the 
levels 50 and 80. 

The graph between the ordinates at /<=50 and // - SO i.s 
conveniently tlivided into 0 erjual parl.s, the eorresponding 
ordinates brnng 

^1„ = 718. ^1i=740, ^l2=St»0, J,^ = 85)», 

yl^=893. yl,, =1KX), 

Therefore the volume, in thou.mnds of cubic feet, i.s 
g . [718 4 4(740 4 8r>0 +900) +2(800 * 893)], 

»•€. r; . [1618 + 4 x2490 4 2 x 1693], 

i e. « . [1618 +9960 +3386], i.e. . [14964] or 24940. 

Therefore the volume of water lo.st is apnroxiuiatclv 
24,900,000 cubic feet. 
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EXERCISES L. 


1. Fin<l the following definite integrals : 

(a) (j d-*'- (^) I ^(3a: + 2 )c/j:. 


^e) [ x'-^dx. 

[<j) I ^ (2 -f- 3.r 5x^)dx. 


(c) 


.-0*4 


dx. 


.T>5 

(A) i^J3x-l)^dx. 


2. Kind the area bounded by y=/(x), the axis of X, and the 
ordinates at J:=a and x = where 


(а) /{j:) = 6 + 2u:+x 2 : a = 0. 6 = 3. 

(б) /(.r) = 2j:-a4 : a=l, 6 = 2. 

(c)/(.r) = 3x»'’-2x-‘*^ 0=2. 6=4-5. 

3. What does the area under (i) a velocity-time cu^^'e and 
(ii) an ucceleration tiine curve represent ? 

4. The speed of a train increases steadily from rest to 15 miles 
an hour in 10 minutes. Find an expression for the distance it 
^oes in T minutes {7'<. 10). 

5. Use the fonnula Arr^ to find the area of a semicircle of 
T o <-m. nulius, correct to"four significant figures. 

Draw I lie semicircle and 1) ocjuidistant ordinates. Xow calculate 
\Xs area liy Simpson s rule, and find the pcrcontace error. 

I <c Siiiipson s rule to find the area of the semicircle when there 
arc '.I. 11. l.'i and 21 ordinates, and compare the percentage error 
m r.u'h cii.-.e u ith the time spent in working. 

6. 'Pho area of (he hori7.<m(al section of a reservoir .1 sq. ft- at 
the lici;'ht h It. from the lowest point is given in the table. \Miat 
IS i)ic volume when fi is 30 ? If the water falls in le\C‘l from 


= l.'i 

•.-) to ll 

= 1 P.'). \i 

hat is the lo.ss of 

\-ohjnie ? 




0 

2-.'. 

4-0 

7-0 

lO-f) 

12-5 

15-0 

.1 

f) 

2.'lo 

3400 

4.')2i> 

.'>1(50 

5490 

5810 


IT-,' 

20 

23 

2.') 

2S ' 

30 


1 

02111 

fiSOo 

7S10 

^270 

SOTtf 

S780 

1 

1 

7. 

Praw 

till' t'l'aj 

>h of V — 

2x' f.>r 

\alucs of 

X from 

0 to 10. 


Praw II '■rdinat.'.'. and ajiply Simpson'-; rule to find the area 
lictM'i'cn th<' cur\«* and tlie axis of A' and the orilinate x= 10. 


Ni'w ap)>lv tlie formula. aroa = ?x-, where x= 10, and compare 
your iC'ults. 
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8. ^Vhen a body lias moved through a distance » feet, the force 
acting on it is equal to the weight of P lb. The following are 
corresponding values of P and s : 


p 

520 

504 

486 

468 

1 448 ! 

1 408 ! 

1 

368 

360 

3 

1 

400 

480 1 

600 

606 

760 . 

880 

1040 

1120 


The expression P . gives ai)proxiinateI\- the work <lone in foot¬ 
pounds os the body increases its thsplaceiiient by the nmount Ji*-, 
—the approximation being closer the .^mailer ilie intcj \ al is. 

Find in foot-lb. the work done while tlie disj)laceicK“nt increases 
from 450 to 1000 ft. 


9. When a hotly starting from rest lins been moving for 
t seconds, the force acting on it is P lb. weight. 


P \ 

1 

520 

504 

486 1 468 

1 

448 

408 368 ' 360 

360 

1 

1 

0 1 

80 

1 17*4 

23-5 

27-2 

340 

1 

42-6 j 47-3 

1 

51-8 


The expression i'P . calculatt'tl for tln‘ time/, is n| iroNimalely 
proportional to the vt^locity V of tlie body at tJie ciitl of tliaf time. 
Compare the velocity after 25 with that after 50 seconds. 


10. When a body has inove<l (hroiigh x (vot (lie on 

it is P pounds. 


P 

358 

342 

301 

259 

1 

1 222 

1 

105 

1.56 

! i-’-t 1 

57 

0 

Z 1 

0 

11 

40 

65 

, 78 

1 

80 

08 

106 

r 1 

117 

127 


Find approxirnatoly tho work done from to x = 50 and tlio 

work done in tlio wliolo <lisplacorncnt to 100. 


II. When a body nlartint? from rost hns bc'on Tno\*ing for 
t secoml.s, the forco noting on it is P i»oundH. 


P 

1 130 1 

122 

1 10 

1 no ! 

10.5 

100 1 

0.5 88 1 70 

1 70 

t 

K 

fo 

1-5 

2-1 

1 ^ 1 

5-7 

7-2 ! 

8-5 1 10 0 ' n -2 

12 


Compare the vokx.'ity aftor 5 sooon<ls with that aflor 12 8<*ooii(Js. 


12. TliO length of im imlionfor <lingrain is ;{*7 inolu's, fh<‘ omi 
ordinat^cH are 0-82 and 0*20. and llio €>tiu>r rnvlinates arc* 

005, 0-45. 0-35, 0-32, 0-2!), 0*26. 0*22 ineli respret i \ fly. 'I'lio 
Hcale of proHHuro is 80 lb. yM*r sfj. in. to 1 I’Jial tho iiKMifi 

pressure (i) by the niid-ordinate rule*, (ii) by Siinpsoirs rule. 
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Graphic Integration. A graphic method of obtaining the 
integral of a given function is sometimes useful. To a close 
degree of approximation, the integral may be assumed to be 
a continuous curve made up of circular arcs. The method of 
graphic integration adopted depends on the following property 
t.f a circle: the bisector of the external angle between two 
tan'^ents tf* a eirole is parallel to their chord of contact. 
Hence, if a circular arc pas.ses through a point P (big. 183) 



Ki.!, IS3. 

and cuts a line .1.1' in Q, and if the tangents at P and 
aie parallel to the liiu'.s }’and Z respectively, the point Q may 
lie found by drawing thunielj P a line parallel to the bisector 
Ilf the aiiLde between }’ and Z. 

Ex. 1. f't)n'<truc( the integral of the r«rtV' PQltS..., it being 
tiiv'/i th'if //=<> v'hen .r = 0. 

Draw any convenieT\t axis O'X' (Fig. 184) and any con¬ 
venient ordinate A pgr _ on which to measure .slopes. O' is 

Mie lir-;t [mint on the integral curve, and the slope there is 
/• TO : i.i . the tang(‘nt at D' is O'X'. The point P shews that 
tile sIoj)e at the eorresponfling [mint on the integral is 10. 
Since 0.1 take Ap ,x 1 •<> ■=^S (». Then O'p gives the 
direction of tie* tangent to the integral curve at the point 
w here it cut.s the orditiate .r = 1. 

IJi.'cct the angle AO p by O'P'. cutting .r--s 1 in P'. By the 
preceding jiaragrajih. P' is a point on the integral. 



GRAPHIC INTEGRATION 


403 


The point Q shews that the slope at the corresponding 
point on the integral is 2-55. Take .4^ = 5 x 2-5"> = 12 To. 
Oq gives the direction of the tangent to the integral curve 
at the point where it cuts the ordinate .r =2. 



Through P' draw f*'Q' {Hirnllfl lo (hf l>isicfor of (he nntjlo. 
pO'q, cutting ar=2 in Q'. Q' is another j>oint on tlu? integral 
Points R', S', etc., are ohtaine<l similarly, and a smooth 
curve (not shewn in Fig. 1H4) is <lrawn. 

A check on tlic accuracy of the work is ol)taine<] Ity seeing 
that the integral has ma.ximum or minimum <jrdinat(“s at 
points corresponding to tlie intersections of the given curve 
with the axis of X. Comj>are the points W and W. 









404 INTERMEDIATE ^UTHE1L^TICS: ANALYSIS 



A 

Tho area is j* 


The area of tlie shaded rectangle is j/A r. 

'I'he sum of a number of rectangles like this extending from 

th(‘ orflinato .LI, t<> tlie ordinate />7i, is written V j/Ar. 
A frw of these rectangles are shewn. 

/ h 

N' j/A.r is read ‘Sigma //Ar from .r=a to x-l>.' 




Now. clearly, the smaller Ar is. the more closely docs 

j - ti ’ f/. 

yA.r approximate to the area given hv I r/d.v. 
In the limit we hav»‘ 


Z’ (i fh 

lim I ifd.r. 

Aj -0J"' 


lienee J >f(lc may be taken to mean the limit of the sum, 

between tin* ordinates x = a and .v=-h. of areas of which //Ar 
is tln' type. 

The two aspects of integration con.^iidered above, viz- 
intf'gration as the inveise ftf differentiation and integration 
as the limit of a sum. must he borne in mind. 

in tlie tirst aspect cif integration, given a function f{x). 

tlicn is anc>ther function such that its derivative is 

J[x). J 
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INTEGRATION AS SUMMATION 

In the second aspect of integration, J fM dx Ls the limit 

of a sum, which measures an area bounded tlie graph of 
f{x), the axis of x, and two ordinates. 

In Fig. 186 the curve ij=f(x) is shewn and four integral 



curves, whose cfpiations are of the form )' • l'{x) •* e, where 
F(r) = J f{x) dx. 

From the fiiot aspect <jf integration tlic eonehision is that 
the slope at any point of an integral curve is <(pial to the 
corresponding ordinate of the original. 

From the secoml .'tspret of iiit<-gration. the conclusion is 
that the difference F{ft) - /'’(«) between any two ordiimtt-s of 
an integral curve is cfjual in magnitude to lh(^ <'orre.sponding 
area under the original curve 
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Tabular Integration. The approximate value of a definite 
integral can be effected arithmetically by calculating -y Ajt. 

Ex. 1. Fmd approximately Let y equal x* “ and y, 

be the mean between two consecutive calculated values of y. 





X 

V 

1 





1-0 1 

l-OOO 

1 

0-2 t 




1-2 1 

1-315 

0-2 ‘ 




1-4 1 

1 • 077 

0-2 




1-0 

2 021 

1 

0-2 ; 




1-8 

; 2-417 

1 

0-2 . 




2-(> 

2-828 

% 

' 0-2 




2-2 1 

1 

3 263 

i 0-2 




2 1 

; 3-71S 

1 

i o-> ' 

o « 1 




2-0 

4-193 

1 1 

' 0-2 




2-K 

4-080 

0-2 i 




3-u 

7100 

i i 

1 _ _ . 

I’x. 

hi i\ r 

o 

Find iipproximntehj | 

r 


1 

r j-totf.- 

u 

!/m 

0* 

.1 

0-3410 

0-Sl 14 

0-8803 

O' 


0- 

4091 

0-0401 

i-o:io 

(1* 

j 

0 

1773 

ino 

1 • 207 

0 

s 

n 

7 4 7 7 

1-200 

1-410 

n 

’.1 

0 

(U:i7 

l-72»* 

1-040 


0 

0 

r.sio 

1-778 

i-o:io 


1 

1 

0 

7701 

2-OSl 

2-258 


o 

(1 

•sl'^2 

2-4.14 

2-041 

1 

.3 

0 

•KBOl 

2-S4S 

3-091 

i 

t 1 

0 

•9540 

3-3:13 

3-GUi 

1 

•7 

1 

•0228 

3-8'»0 



t/m 1 

J/mAJ 

1 -158 

0-232 

1-486 1 

0-297 

1-841 

0-:iG8 

2-220 

0-444 

2-022 

0-524 

3-040 

0-609 

3-400 

0-699 

3-956 

' 0-791 

4-440 

' 0-888 

4 941 

0-988 


5-84 -j 


0-37e'dx. Proceeding as 


AT 


0-1 , 

0-088 

1 

0-1 

0-103 

O-I 

0-121 

0-1 

1 

0-141 

0-1 

0-105 

0-1 . 

0-193 

0-1 : 

0-226 

0-1 ! 

1 

0-264 

0-1 1 

0-309 

0-1 1 

: 0-362 


‘ 1-97 c.-/'^0-37e‘”'cir. 

’ 5 
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Ex. 3. The followin/j mimhers give v the .speed of a (rain in 
miles per hour at the time t minutes aftei tearing a raiUraij 
station. In each interval of time, what is the distance passed 
over by the train ? 


V 

0 

1 0-102 

0-7.36 

1-584 

2-688 

4-000 

t 

1 0 

1 02 

0*4 

1 

0-6 

0-8 

1-0 

V 

' 5-472 

1 

7-056 

8-704 

10-37 

12-00 1 


t 

1 1-2 

\ ^ 

14 

1-6 

18 

20 ^ 



At each of the times ialnilalt d, what is .r, the distance, from the 
station ? Tabulate your answer.s. 

If the speed at tlie middle of any interval of n-2 niinut<‘ 
v„, miles per hour, the distatjce traversi'd in this int<i\al 
is approximately r,„ x()-2/(>0 miles. 'I'ahiilatini'. u<^ ha\e 





* 

•-. 1 . - 


V 

t 

re* 

Af 

1 ij 

jr 

0 

0 

0096 

(^ > 

(1-0003 


0-192 

0-2 

0-464 

1 

0 2 

0-001.') 

0-000.3 

0-736 

0-4 

1 -160 

0-2 i 

0-0039 

O 0018 

1-584 

0-6 

2-136 

1 0-2 

0007 1 

O-OO.'.T 

2-688 

0-8 

3 34 1 , 

1 

1 0-2 

0-011 1 

0 0128 

4-0 

1-0 

4-736 

1 0 2 

0-0158 

0-0239 

5-472 

1-2 

6-264 

0-2 . 

0-0209 

0-0397 

7-050 

1-4 

7-880 

0-2 ' 

0 0263 

00606 

8-704 

' 1-6 

9-537 

(r2 

0-03 1 S 

0 0869 

10-37 

1-8 

1 1 185 

0-2 ' 

0-0373 

0-1 187 

12-0 

20 




0 1.760 


The last column but one gives displaet'inents in succc.ssivo 
intervals. The last column gives the total displacement in 
miles from the starting point at the end of each interval. 
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Ex. 4. The following tabk connects p, the pressure in lb 
per sq. in., and i’, the volume of steam in cubic ft., in a 
culinder. Find the work done for the whole change of volume. 


p 

3*97 

3-79 ' 

3-65 

3-52 

3*40 

3-2S 

V 

3-0 

1 

41 

4-3 1 

4-5 ' 

4-7 

4-9 

p \ 

317 

308 

2-99 ' 

2-90 

1 2-82 ' 


1 

V 1 

5! 

5-3 

00 

1 5*7 

5-9 



If p,„ is the mean pressure during the small change of 
volume the work done during that change of volume is 
approximately 144p„, At* ft.-lb. 

Tabulating, we have 


v 

1 

P; 

.^r 

Pm^r 

3-97 

3S8 ' 

1 

0-776 

3-79 

3-72 

1 

f 

1 

1 

0-744 

3 0.7 

1 

3-:>9 

1 

0-718 

3-.-.2 

3-40 


0*692 

3-40 

1 

3-34 

0-2 

0*608 

3-28 

3-23 


0-646 

:M7 

1 

3-13 


0*626 

3-08 

3-04 


0-608 

2-9<l 

2-9.’> 1 


0-590 

2 90 

1 

2-80 

1 

1 

1 

<•-572 






1 

1 

1 

i 6-64 


work done - 144 x(M)4 ft.-lb. - OoG ft.-lb. 

Further Illustrations, (i) Area of circle.— Use the integral nofa- 
iio/i. (171(1 find 4 .rjirfssions for the <nra of a circle of radius a. 

The an-a may be .split uj) into elementary areas in several 
ways (Kig. IS7). 

(u) Imagine the circle to be composed of a series of con¬ 
centric narrow ring.s. 

I'lic ar(‘.a i»f the ring shewn : : 2-rSr; 
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area of circle = r 27rrrfr, since the radius increases from 
0 to a. J ® 



(a) (i» (c) 

Fig. Ui7. 


(/.>) Imagine the circle to be composed of a number of 
small sectors. 

The area of the sector shewn = ; 


area of circle = 






(c) Consi<lcr a quadrant as composed of a series of verv’ 
narrow rectangles. 

The area of the rectangle shewn //A.r; 



area cif circle —4 




(ii) Work done In Stretchlngr a Wire. Assumr. that (he. Irusiou 
in a wire is proportional to its extension, that the vork done 
in a small extension is measured approximately by the produet, 
tension extension, and find an expression for the. work done 
in stretching a wire an amount a from its natural length. 

lA*t X d<‘notc the <‘xt<-nsion when the tension is T, so that 
'}' =^Kx, where K i.s a constant. 

'riie work d(jru' in the small oxten.sion Ax is a])proximatelv 
7'Ax, i.e. Ex Ax. 

the work done in stretching a wire from its natural 
length (x=0) until .r==a, is 

f Exd.r, i.e. lEa'^. 

.“o 
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(iii) Interpret the expression^ xdy. 

Suppose I. (Fig. l«S) is the curve a- =/(//). 



1 xi}tj = AB. 

J j' 

'I'lie po.sition II. relatively to I. must be noted. 

(iv) BendliiR Moment and Shearing Force in Beams. I ind alter- 
nalit'i (-I'jiyi •'•'•iuiis to tho'o found on pp. «L(> for the 

l■oun>rli<,n htfu-'in IT. l/o load. .V, the hendimj monunl. and 
ill 'h'-ufinij i'l/'C. .S', at nmi point of a Inum. 

From i!lu.<ii.itii>n (viii). ji. liT.l. AN = 11 A.v, 

« • 

\dS UV.r. 

TlicrrfMre. if N'^ is the shear at the origin and N the shear at 
a p"iut ili>tant x from tlie origin. 

N -N„ { Wdx .(3) 

The int(ri>n tation of Cl) i^ that the difference of the shears 
;ii au\ tuo jinints f>f a beam loaded in any manner is the total 
hiud f-n the luaiii hi-twi-eii the twi* points. 


/. p.l/-|N'(/.r. 


.\L:.iin. 


A.U - NA.r. 
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(4) 


If is the bending moment at the origin and M tJie bend¬ 
ing moment at a point distant x from the origin, 

. 

Equations (1) and (2), pp. 375, 376, and (3) and (4) above, 
may be illustrated graf)liieally. Thus, consider the case of a 
beam loaded as in Fig. 189. 

3 25 

Loadi A A 

O f—:-J 


4 75 

oadi A 

9 -- , 9 , -: 

L- to - X — /o'-> « 6 x- 5 X — JO 

*. 2 ^ 



The reactions at the su]>port.s ai<‘ foutui to be 1-75 and 
3-25 tons. 

From the interpietation of <‘(jiiati«in (3). the inelliod of 
drawing the S.F. diagram should be eh-ai-. any «irdmafe //., being 
the algebraic sum of the )oa<l.s to llu* left of lliut (jrdinati*. 

From (4), in the same way, j/j, is f/^dx, i.r. the aJgeluaic 

sum of the arc^ of parts of the S.l’. diagram to the left of 
Note that the part of the B..M. diagram corresponding to 
uniform loading is parabolic. 
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(v) Surface of Cone and Frustum. Find an expr^sion for the 
surface of a righi circular cone, slant side L, base radius r. 
Deduce a formula for the surface of a frustum of a cone, radius 
of fop rj, radius of bottom r, slant side 

The surface of the cone (Fig. 190) is the sum of the areas 


V 



of all the elementary triangles bounded by two near genera- 
tors, like VPQ. 

If PQ -\s. ixvQCL VPQ^ ]L^s. 

surface of cone -~\LSs, the summation extending 
round the whole circumference of the base. 

Now llie \alue of ^A9 = 2“r; 

surface = .*£-(2-r) =-rL. 

Also the surface of the cone 

rC/)=-r,. VD, 


Hud t!ie surface of the cone 

VAr>='r. VB-, 

th(' surface of the frustum =r(r .1 /> - rj. I D). 
r.v similar 1 riangles, 

VD VB Ly 


r 


r - r 


tL 


the -^urfare of the frustum- {r- - Cy') - rrLyfr -\-ry). 

r - r y 

llonce. surfax^e of frustum =slant side x mean of circum- 
fi-nuices of top and bottom. 



SURFACE AND SOLID OF REVOLUTION 11.5 

(vi) Surface of Resolution. Find an expression for the area 
of the surface generated bp the revolution of the curve PQ about 
an axis OY in its plane (Fig. 191). 



IxJt A be any ar})jtrarv point on tlie cm\o, ami let tin* arc 
AP =8^ and the arc AQ — .'i-. 

The ring generated by tlu* revohjtioti of the eleinc'nt 
i.s approximately tlie frusttim of a com* of slant si<le tlie 
radii of top and bottom being x Ax and x re.^ipc'i’t i\< Iy. 

By illustration (v). 


the area of this ring '. 2- A.s(r x \\r) 
(neglecting Ax . A.s’ in comparison with As). 



Hence the required aiea 



This can usually lx; cvaluate<l if r atul .s can 
terms of the same variable. 


l»e c-xpressed 


in 


(vii) Volume of Solid of Revolution. Find a ii f > j>rr-siou i‘>r 
the volume, of (he .solid gineritiid t/g the rm'tjlutom of lh<' rmr- 
PQ about the axis O Y (Fig. 191 ). 

^I he thin disc gem*raled by (he revolution alxuil (t ) ' f 

the two lines of huigtli x ami x ^ A.r, sln-wii in tie- (ii/uti-. 
is practically a c^’limlor of radius x ami tbi' kness SH 
The volume of this disc ?r.r-A.»/ ; 
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/. the volume of the solid generated by PQ is 



where y,, are the ordinates of P, Q respectively. 

Similarly, the volume generated by the revolution ot rV 

about OX is 

-y-dr, 

J 

where x.. x. are the abscissae of P, Q respectively. 

These expressions for the volume can usually be evaluated 
when one variable has been expressed in terras of the other. 


Ex. 1. Find the volume of the. soh'd of revolution generated 
bi/ the rotation about the axis of X of that portion of the parabola 
i/'=4ax cut off by the ordinate x = h. 

In the rotation, the ordinate PQ generates a circle of area 



Tlie voljune of the ('lemcntary .‘•liee generated by PQQ'P' is 

r//-Ar. approxiniateiy. 

The volume reijuire«.l is 




rh 


r. 

1 -y-dx, 

J 0 

% 

t J . 

1 4ra.r(ix. 

4 ^ 

ix. 

'2ra.r- 


riierefore, tlie volume is 2. ah~. 

I'x 2 Find the moment of inertia of a uniform rod of length 
'2ii an axis through one end perpendicular to its length. 

The moment of inertia of a body about an axis is Amr-. 
vhere m i.s the mass of an element of the body distant r 
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from the axis, and the summation extends over tlie whole 
body. 

Let 0.^4 be the rod and let the distances from O of two 
near ix)ints P, <?, on it be .r and x+Sx (Fig. 193). 

P Q 

-y ■ * ' »'•*- A 

FIQ. J03. 

If m is the mass per unit length of the rod, tlie mass of 
the element PQ is rn Ax. 

^ The moment of inertia of the rod about O is ajuuuximately 
the summation extending over the vsliole rod. 

The required moment of inertia is 


Cm 

J mx^dx, 


L 3 i • 


IX. 


Hinri 

3 


Therefore the moment of inertia is 4.)/«“ 3, wluie .1/ ~'2nKi, 
the mass of the whole rod. 

Centre of Gravity. If m is the mas.sof iin elene-nt ( f a Ijudy 
and X its distance from a fixed lin<* or plane, then . the 
distance of the centre of gravity of the l)<.il\' from that fixed 
line or plane, is given by the fornnila 

ItflX 

X --x;- • 

2./II 

where the summation exlends over (he ^^h<>le bodv. 

Ex. 3. Find fhe coord i/Hites of (he rt ntre if (jiiiiihf if tin 
portion OKU if the jmnihola sheu'n in 192. 

If m is the mass ])er unit of are-a. tin' mass (<f (lie <-leiiienl 
^ P Q'Q my/^x, iiiuX riias' be regai<le<l ns eon<-entral<'d at «ln- 
pojnt whose coordinates are (.i'. hy). 

rile centre of graxitv <if (he aica OhH <(iitieides \\ilb 

the centre of gravitv of "the s<Ti(*.s <»f ma•'^es <4 wliu b //•yS^.r, 

Hitnated at the point {x, \y), Ls t\ pieal. 

If y) is the centre of gravity of the r.r<a ibeii. by 

the above formula, 

^ = ^fny ^.r . xj'^mi/ and y- }y l/ny 

'vhere the summation extends over (lie whole area. 
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Using the integral notation, we have 

( k f n _ f * «T / r* » 

J mj/dx and y=J \my-(Lvij my ax. 

Since = 4a.r, 

I '2Tna^x^dx = , 

f 7»x^rfr=[ 2ma^x^ dx = , 

Jo Jo 

and f = [ '2maxdx = mak^\ 

Jo' Jo 


.r =‘ma^A*/^ma-/U ='^, 

o 


i iJ 


y = mnir' = Ja - 


K\. 4. Shell' that the area of the zone of a sphere of radius a, 
irhirh is hounded hi/ tiro parallel planes distant k apart, is 2rah. 

In Fig. 1‘J4. ini', KK' are the traces of the given planes. 
The prnhlcm i.s to find the area t>f the surface generated by 
tile revolution of the arc .4 li about OX. 



l-.'t 111- neighbouring jioints in the arc AB. Draw 

i'X pei jiendieular tti OX and (Jli perpendicular to PX. 

I -ing the !u*tation indicated in tlie figure, ue may regard 
the are PtJ aj^proxiniately a straight line of length so 
tliat OP may be taken as perpendicular to PQ. 
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Further, PN is perpendicular to QP and OX to PP. 
Therefore the triangles OPX and PQP are practically 
similar ; p^r ^ Qp 

' • ~0P PQ ’ 


i.e. 


y 

a ■ Ss' 


or y Xt ^ a A.r. 


Now, by illustration (vi), p. 413. the surface of the zone is 

~2~ySs, i.e. Ax. 

With the usual notation, the surface is 

I 27Tadx, i.e. |^2-a.rJ , i.e. 2-ah. 


EXERCISES 



Draw an intopral cxxrvo of each of tljc following : 

(i) y^l-5; (ii) // = ()*73; (iii) y^a\ 

(i\) !'•{; (v) // = 0*ox. 

What ran be inforrod from tlio r<'suUs obtniiuM] m <*ases (i), (ii) 
end (iii) ? 

2. W rite <lo\vn an ox)irossiork for tJir nr<‘n beturen tlio cMirvo 

aiul tho axis of x from t\\o origin to the cuxlinatc x^b. 

3. W^ritc down an expression for th<‘ area botuern tlu* curx'o 

and tho axis of y from tho origin to tho lin<‘ // —r. 

4. Assume tlint tho area of tJio surfact* of a s|»Jjc'ro of radius r 
is 47rr*, an<l write down an expression for tho eoliiino of a spliore 
of radiiis a. 


5, Draw an integral curve of tho cosine <*ur\*o. ^\'hat may })e 
inferred ? I'ost your infor<*n<*e l>y o\'ahuitiiiji ^ <'oh 0 from 

s 0 to 0^ Itt. 

6. WliQt doC‘s any inlo^al of an ar^ri loration-tiino rur\'e 
repres(‘rit ? 


7. hind / (Jx Ijy tlio tabuhir mc^thofh taking surcessivo 

.N I 

difforenres of 0*1 irt x. fV)inparo yaiiv answer with lh<* \*alu<‘ of 

ioge2. \\diat iiif<*reiiro appcuirs j)rril>abl<‘ from tliis coriiparison ? 

/I 

Tost this inference? by evaluating / .r”Wa: and comparing with 

loC/3'5. * 
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Vse the tabular tneOuyl to work Examples 8-18. 


8. Find /"’2-4a-2f/x. 
'd 


9. Find /''(0 075x3+ 2)i/x. 

'o 


10. Find O'be'dx. 


11. Find f e'*'dx. 

.'-os 


12. The followin {2 value.^ of //and x being friven, tabulate Ai//Ax 
and y in earb interval, and .-I or the sum of such terms as y .ix. 
Of course .1 is the a[iproxi:aato area of the cur\’e wliose ordinate 
is y. 


.r n 

n-1 

0-2 

1 0-3 

0-4 


oi7;((i 

<1-3420 

0-5<l00 

1 

0-6428 


(t-G 1 

t 

0-7 

1 0-8 ' 

0-9 

y u-7*)<>n 

O-Kfititt 

0!*307 

: 0-0848 

1 

1 

1-0000 


[B.E.] 


13. B\' tabiilntiori, uive approximately a table of \alues of 
.•! 5= I 1 /'l.'\ if tlie fi-llo\cing values of ./• and y are given. Let A 
l«* u wlieii .r is (t. IMot y and .>■ ^»n s<pijin‘d paper. 


. 1 ' 

0 

0-1 

<1-2 

0-3 

0-4 

i 0-5 

1 0-6 


l',">663 

1-6774 

1-.S002 

1-9391 

1 

2-1000 

1 2-2918 ! 

' 2-5281 


Draw a curve ^}\ewing .1 aia! .r. fB.E.] 


14. 'Ihe followinu \-alues f>f y and .r beinc given, tabulate Ay/Ax 
■uiil A.l m each interval. A. I being the area in the interval between 
two ordinates. Tabulat<‘ the \alues of .4 if .4 =0 when x=-3. 


3 

4 

5 

0 1 7 

! 8 

y 1-7.") 

li>-4."» 

1!>08 

27-56 ' 

' 3.5-S4 

43-84 

X 0 ' 

10 

' 11 

12 

13 


7 .51-.50 

r»ssT 

6.5-61 

1 7103 

77-71 ■ 



[B.E.] 
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15. Draw the curve t/=10^./x from x=\ to x = 9. TIk* curve 

rotates about the axis of x, generating a surface of re\ olution. 
Imagine the solid divided up into a sufficient number of thin 
slices by planes at right angles to x : add up the volumes of those 
slices from x= 1 to x = 9. [B.E.J 

16. The following numbers give v the speed of a train in miles 
per hour at the time t hours since leaving a railway station. In 
each interval of time, what is the distance pu-s.sed o\-er by the train V 


V ' 

0 

2 4 

1 

4-7 

i 7-2 

■ 9-6 

: 12-0 

1 14-3 

t \ 

000 

! 0 04 

008 

012 1 

1 OIC 

1 0-20 

1 1 

0-24 

V 

16-9 

1 18-9 

20-7 

22*2 

23-4 1 

' _1 

24-3 

24-9 

t 1 

0-28 

[ 0-32 

0-36 

0-40 1 

0-44 i 

0-48 ! 

o 


At eacli of the times tabulated, what is x, the distance from the 
Station? 'I'abulate your answers. IH.K.J 

17. The following values of x atxd y being given, tabulate A,'/ Ax 

in each interval, also A.4 = yA.r ami .-1 = fydx. Shew in cur\t's 

dll ^ 

Iiow the value of »/. an<l A dep<‘nd on x. 


X 

1 

0-0 ‘ 

0 1 

0-2 

0-3 

0-4 

y 

(i-428 ^ 

7 071 

7-000 

8 n*2 

' 8 000 

1 

^ 1 

0 rt 1 

0-6 1 

0-7 

0-8 

V 

y 

9-003 1 

»-3»7 1 

1 

9-0.'i9 ! 

t 

9-848 

1 


18. A motor car weighing 8 cut. starts fn>m ie,-,t. and the 
effective pull p of its engine in lb. weight aft«‘r moving for t .seconds 
is as follows : 


7^ 

14 

27 

44 

1 03 ' 

08 

1 

^01 1 

52“) 

1 

49 

' /'"fl 
1 

0 

2 

4 

0 

8 

. 10 1 

f 

12 I 

\ 

14 


Assume that 1 j>dt = inv, where m is the ma.ss of tlu* <ar in 

.'o 

112x8*5 

engineers’ units, i.c. —.j2-2" h'’*"«l>ee«l at the 

end of t seconds. Find the velocity after 14 second-s. IB.K.J 
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19. A cone is generatod by the rotation about the axis of X of 
the portion of the line y = mx between the origin and the ordinate 
x = h. Find its volume, and from your result deduce the fonnula 

V = \Tr^h. 

20. A sphere is generated by the rotation about the axis of X 
of tlie circle .r* + j/®=a*. Find its volume. 

21. Tlie curve »/ = a + 6x + cx* rotates about the axis of X. 
Find the volume of the frustum cut off by the planes defined by 
X = }l^ and x = /< 2 . 

22. Tlie poition of the parabola »/* = 4ax between the origin 
and file ordinate at x — h rotates about the axis of Y. Find the 
vf'luiiic of the spindle generated. 

23. The hyperbola xy=c2 rotates about (i) tlie axis of X, 
(ii) the axis of 1’. Find the volume of the solid generated by the 
arc between the points (ch, c;h) and (ck, c!k). 

24. A weiglit of 10 lb. when attached to an elastic wire is found 
to stretch it O’l inch. Find th«> work <lone in stretching this 
wire O’o inch beyond its natural liaigth. (See p. 409.) 

25. Find tlie moment of itu'rtin of n uniform rod of mass M and 
length 2/ about an axis llirough its middle point perpendicular to 
Its length. 

26. I'ind tho moment of inertia n circular disc of ma&s M 
and radius a about an axis tlirough its centre perpendicular to its 

(?^eo Fig. 1ST(«). jx 409.) 

27. Fiutl the moment of inertia of a sphere of mass M and 
radius a aliout a diameter. 

28. H'he density of a roil of length / nt a point varies as the 
distance i>f tliat point from on«' end. Find the distance of the 
centre of gravity of tlie rod from the end where tho density is 

greati'st. 

29. Sliew that tht* centre of gra\ ity of a nnifonn solid cone is 
at a point on its axis wliich ilivides it in tl'c ratio of 3 : 1. 

30. Find the position of the centre of gravity of the paraboloid 
> t icNoliition deliiicd in lix. 1. p. 414. 

31. Shew that the centre of gravity of a uniform solid hemi* 
^|•here of radius a is at a chstunce of i.*a from tho plane base. 



CHAPTER Xn^ 


DIFFERENTIATIOX AND INTEGRATION. 
GENERAL FORMULAE AND FURTHER APPLICATIONS. 

Differentiation of a Sum or Difference. If y, u, v are func¬ 
tions of X, and y = u-tv, then 

di/_du dv 
dx dx ^ dx ■ 

The values of the functions corres])onding to the value 
X +Aa: of the variable x are 


y+Sy, u+Au, v+Av; 
y +Ay = {u + Am) -t- (f 4- Av) =y + Am + Am ; 

Ay = Am -i-Av ; 

Ay Am Am 


Ac Ax Ax' 



Now let Aa:->0 ; then j)roccoding to the limit. (1) hfcoines 

d u du do 
^_^ 

dx dx dx' 

Similarly, if y = u -v, tlxm 

dy du dv 
dx dx dx' 


Differentiation of a Product. If y, m, v arj functions of x, 
and y = MM. then 

/ = M . + V . . 

dx dx dx 


The values of the functions corresponding to the value 
X +Ax of the variable; x arc 

y I-Ay, m4-Am, m » Am ; 


r.T.A. 
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y + Ay = (u + Au){v + At?) =«v Av + v A« +Aw . Av; 

/. Ay = ttAv+v Aw+Att. Av ; 

Av Av Au , Av 

=w^+r ^+Aw .. 

Aa: Aa; Ar Ax 


(U 


Now, as Ax->0, Ay, Au and Ai> all ^4). 

_ , Ay du Av dv , Au du 

Further, ^^ 3 - and ^^ 3 ^; 

proceeding to the limit, ( 1 ) becomes 

dy dv du, i 

r , .1. 

rtx ax ax 

*V.^.—If y — av, where a is a constant, then 

dy dv . da ^ 

' =a , smce , = 0 . 
ax ax ax 

Differentiation of a Quotient. If y. w, v are functions of x 

and y = a>, then 

dy dx dx 


We have 


dx 

y 


v2 


'll + A» 

V + At» * 


. ww vAw-»Av 
.= — ^ ^ 

I'+Av v 

Aa Av 

A// _ Ax Ax 

* -X i'(r-rAr) ’ 

da dv 

. dy dx dx 

. . pr.'ceeamc to the limit, ^ -. 

' d.r r- 


II. 


Important Formula. If y is a function of «, and u is a 


fnni-t ion i .f x. then 


dy dy du 
dx du ' dx 


{ on I spondino t<* the value .r * A.r of the variable x, u has 
th<- \alu(' ti i A« ami y has the value y +Ay. 






DIFFERENTIATION OF x" 


423 


r^i 1 A?/ Am 

Clearly ^ ^ ^. since Am may be cancelled ; 

proceeding to the limit, j^ = , 

dx du dx . 


Ill 


In the same way, 


Aj/ Ax - 
X - = 1 ; 
Ax Ay 


proceeding to the limit, x = 1 • 

dxdu 


. ^ 1 ' 

' ' dij , dx' 


TV. 


These results can he illustrated graphicaliv. The inter¬ 
pretation of the last formula is that if PT is a tangent to 
the curve y=/(x). then the tangent of the angle between 
PT and OY is the reciprocal of the tangent of the angle 
between PT and OX. 

Differentiation of x". 

(a) n a positive integer. 

Let y sbx", then y +^y — (x + A.i)" ; 

Ay = (x-f-Ax)''-.X". 

Using the binomial theorem. 

Ay = MX" * . Ax +-,/’2.r’'-“(Ax)''^ -i ... ^ (A.r)” ; 

.*. Y^ = nX'>-' + Ax[,/’ 2X"-“ t- ... -f (Ax)'''2} ; 

proceeding to the limit. /jx''-'. 

(h) n a positive fraction equ.il to p'y. 

I.K?t y=.r^i'i, then 

z=!P .fl) 

Then 2 . 


( 1 ) 

f:’) 


From (!) and f'/). 


,.p 1 


From 12). and {a), 
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But 


d\i du dz ttt 

£ = id^' usmglll.; 


substituting, 


i.c. 


dy xP*» x'* 


-1 


dx q 


(.1) 


p 




dx 


(fj n a negative number, saj' -?n, where m is positive 


^ 1 
Let.(/=x-"’; 


asintrll., -= 


. dy 

•• '/x 




Ex. 1. Differentiate {ax ^> 1 * 

Let //= (fi.r6)'*. and let u=ax fu 
Then y = 

i^T du , . di/ 

Csow , =a, since u =ax - ti ; and , 

(In 


= 7JM" since y - w” 


Rut 


dtf _d>i du 
dx ^ d u • dx ’ 


/jij"'* .« =a/((ax+6)”"^ 


E\, 2. Differentinte Jx- I 
Let y =\V‘ t-1, ind let r =X' e I 
'I'hcn !/=%/'■ 

•Now 2.r, since c =x--^ 1 ; and^^—since y=Jz. 
dx ' -h - 
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But 


^ dz , 
dx dz ’ dx ' 

• ^'L=y-7-\ Or —j-L'r'2 -t- I 

dx + 1 . 


dy 


It is often useful to write ^ as Dt/. 

d »c 

riius. Formula I. p. 422, can ho writton D{iiv) 




•» 


II. p. 422, 


u 


= 


U L)v 'r V Du. 
V Du - u Dv 


V 


V- 


Ajiaiii, 


Dx- 


Ex. 3. Diffe.rrnlinlt’ 


X 


N ax- 4 hx + c 


Let y=»-T=-=r-—. ; then, hv Formula II., we have 

\ ax^+Ox tc 


Dy- 


\ 'ax^ -t hx -r . Dx —x /K ax- hx +o 

ax- -T hx 4 c 


( 1 ) 


To find Ds.'ax- +hx -■ c. u iite ’ ^ar- xhx f-c. 


Theii 


dz 

fix 


- '2a X ^ h. 


Now Djax-+hx-\-c = D{z ) 


' d{z') d[-.') dz 


dx ~ dz dx ■ 


lliorefore. D-.,ar- \ hx ■ r - .Iz U2axxh)= ^ 
Usinp (I), 


2a X vo 


Dy- 


/. Dy 


2 \ ax- i h.f 4 
/ 'lax * h 

(v ax- • hx w ) ' I - j-l .. „ , — • ) 

2\ ax- . hx i r.l 

a r- f hx f r 
f c) - {2ax- . /m ) 

2 '■* ' hx ‘ r) ■ 

hx ■ Ir 

Kax'^ i hr > r) 
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Ex. 4. Water being 'poured at ths rate of u cubic feet per 
second info an inverted conical vessel, the height of xchxch w h 
ft. and the. radius of whose base is r ft. Find the rate at which 
tht water is rising in the vessel when its depth is \h ft. 

The volume of the cone is 



Hii. 


(Fig. 195). ^ ^ 

When the depth of water is x ft., the 
water occupie.s a cone the radius of whose 

base is r'. where r'jr =x!h. 

The volume of water in the cone is then 

V cubic feet, where 

•• 'dT ~ ^ dt 


Now is the rate of increase of volume with time, i.e. the 
dl , dV 

rate at wliich t!ie water is being poured in, i.e. -u; 


o -J j 

Trr^x- ax 


dx uh^ 


h- di' di 

'i'he rate, at which tlie water is rising when the depth is x ft. is 
tliereforc nh- .r-x- ft. per sec. 

When x ~}Ji, the water is rising at a rate of Auj-r ft. 

(KT SCO. 

Kx. 5. Shew that the circle, .r- + i/- - .r - // =0,and the parabola, 
.\if , X--4x, touch at the origin. Find the. common tangent. 

Tlic equation j” +//“ -->• -.V=0 means that x and ?/ vary in 
such a wav that tlie ex]»res.'<ion on the left is always zero. 
riuTrf()re the rate of variation of this expres.sion is also 


/.ero ; 


i.f. 


'I Hr) 

dx 


= 0 


Now = 27 '/^. Therefore (1) becomes 

dx du dx ^ dx 


1 1 dll dg 1 - 2 r 

2.r -2v / - 1 - ,• =(► : i.e. / = .< -r; 

•' dx dx dx 2 // -1 

the slope* of the circle at the origin ( 0 . (>) ia - 1 . 


i:.r -'^■'=0; 

•' dx dx 
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Similarly, for the parabola, 

4 ^^= 9^_4 

dx 

the slope of the parabola at the origin is - 1. 

Hence the circle and the parabola have the same tangent 
at the origin. 

The equation of the tangent is x+f/=0, since the slope 
is - 1. 


Ex. 6. Shew that the portion of the tanncnt to the curve 

2 « A 

x’ =a* intercepted between the axes is of constant lenrjth. 
Differentiating, as in Ex. 5, we have 

The slope of the tangent at a point (//, k) on the curve 
is therefore , 

-il)- 

The equation of the tangent at (h, k) is 

(x-h)=i), 

i.e. }r'y + k^X - Jr'k^{h} 

or h^y f A-\r 
since (/<, k) lies on the curve. 

This meets the axes of A' atid }’ in the points *1, li where 

0.1 and 

A}r~ = {Ji^ k Ic^)a^ =a^ - Ali^a. 

N.B .—If !/ = log, X, then = This is an inqjortant 
formula, the proof of which is beyond the scope of this book. 
The converse, i.e. j "dxfx = log, x -rc. was mentioned on p. 3!H . 
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Ex. 7. Dijjfrcntiate -n a--- 1). 

Let = 1): _ 

’’ dx ^{.r-NV-- 1) 

1 „(t ^^''•*^""01 


I 


fc ^ A « I > 


r nx =- 1 J 

1 s .r 2 - 1 - X 


rfx .r -s - i ^ 1 


1 


s'x 2 -l 


EXERCISES LIT. 


Diff'Tontiato the functions in 


1. 

N 2 - xv 

2. s2.r^ 

5. 

1 

6. 

^ ^ ^ % 

N 1 t X= 

8. 

(x ^ 

-3). 

10. 

(n.r • /*)*(rx 4- d)‘. 

12, 

1 2,f ♦ 1) V 

'.r^ - r. 

14. 

.-•- 1 

15 

./ - 2 • 

.r- - 

18. 

s X - 1 
j: - 1 ‘ 

19, \ 


Ex. 

1-21: 



3. 

s X* + o’. 

4. 

vW* + 2ft.r -f- e, 

7. 

(ox-’s-36x® + 3cx + d) ^ • 

9. 

x*(xs + l). 



U. 

rCx*- 1. 



13. 

{a.r -i- b)<cx + d. 


16. 

px 4- 7 

17. 

{ .5.r + 2)’ 

•i »• * 


rx - 


•» »l 

20. 

^ x=* + 1 
>x2 - 1 

21. 

lope (ox 4 (>)• 


22 . log^(.r^s'.«>- 1 ). 

23. .\ sphpri.al balloon U boinu blown up so that it.>? 

iiKi. asos at thi> rat** of (' cubic foot per sec. How fast i3 tne 
la'hu-i iu< iT*a-^ini' wlicii the radius is r 

'’d 'I'lx' (•r»)-:s-s;i'ftioiT of a triTiieh is an equilateral trianplo of 
sill.* IS in., an.l its length is 0 feet. If water is poured m at tbe 
rat.< of 2 . iibio f.-.‘t a minute, at what rate is the level ot the water 
nsiiiii in tb-* houl'Ii when its *U“pth is one foot ? 

25. Find till* .“.|uati-nis <.f the tancent and nonual to the 
['rtfaUola 7* ' i'f v ut lli»' /* ('J/** *2ul)^ 
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Let the tangent out the axis of A' at T and the axis of Y at Z 
let the nonnal cut the axis of A' at O’, let 6' be tlie point m. o,, 
and let A bo the foot of the ordinate at P. Prove that (n tl.o 
origin bisects TN ; (ii) A'2*=:6'6'; (iii) «S'Z is i>erj)en<licular to/’T. 

26. Show tliat the ellipse 2 j 2 + .3//3 = 5 and the cirrle 

- 2jr - 4 = 0 

touch one another at the points (1, 1). Find tlie <•(,nations of 

tlio common tangents. 

27. Show that the equation of the tangent to the ellipse 

x^lQ' + !rlO^=l at is 

If C is the origin, T tho point whore the tangent ut P meets (ho 
axis of X ami iV tlie foot of the ortlina(o at Pi pro\'e that 

rx . CT = a\ 


28. If. in Ex. 27. the tangent at P meets the axis of V 
at t and n is the foot of the perpeniliculur from P on the axis of }' 

prove that Cn . 0 = 6=^. 


29. Prove that the erpintion of tiio faiiiient ami nonnal at tlie 
point (« cos 6^, 6 sin y) on the ellipse a f//= 7.2 ^ p 

tiv’cly X cos ft/a + y .sin tilh = 1 and a.i- sec i/ - by cosec tj — a- - b‘. 

30. If the tangent at any point P on the cui'\ c j”'i/" ' 

mevt the axe.s of OA'. OV in’tho poiiit.s T, T', prove that PT PT' 
is ooiLStant. ‘ 


le 


Second Differential Coefficient or Second Derivative. If // is a 
function of r. say /{r), Ls its lir.st derivative: tin* 

derivative of uith respect to .r i.s written ^ and i.s fl 
second derivative of y with respect to x. 

Just as iiieasuros the rate of increase of y with respi-et 

(Pt / 

to 2 *. so measures the rate of iiu rease of ; w if li ri-speet to .«•. 

I'* t / ^ 

Therefore, if i.s p<»siti\-e. incTcase.s with x \ i.c. the 


slope of the curve y =f(x) incroase.s with x. 

This is illustrated h\- I'igs. H5 and 17, ii. 3H. In the latter is 

f/J' 

negative, but increases clgebraioniK' as x increases. In both 
figure.s, the curve i.s eoncavi* iijiwards. 
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Similarly, i^ § is negative, decreases as a: increases, 

i.e. the slope of ij=f{x) decreases as x increases. This is 
illustrated by Figs. 18 and 19, p 39, both of which are convex 

upwards. . 

Near a point of inflexion, the curve changes from convex 

upwards to concave upwards, or vice versa. In other words, 
changes sign as we pass through a point of inflexion. 

If ij=f{x), and ^ may be written/'(x) and /'(x). 


Applications to Maxima and Minima. If y —fix) and y is a 
minimum when x =a, we know that f'(a) -0. and that / (a - A) 
is negative and/'{a +A) is positive, where a^hy ci and ci+h 
are neighbouring and increasing values of x, 

i.c. fix) is increasing in the neighbourhood of x=a ; 

f (a) is positive. 

Similarly, if f{h) is a maximum. f'(b)=0 and fib~h) is 
positive while fib +h) is negatiw, where 6 -h, b and b +h are 
neighhouring and increasing values of x. 

i.e. fix) is decreasing in the neighbourhood of x = 6; 

f (b) is negative. 

'Fhe following table gives the conditions for a maximum or 
minimum : 


• 

du 


1/ 

<Lt 


iftiininiun 

zero 

posit iva 

iuaxiiiiinu 

zero 

nejrativo 


Tli(‘ method id discriminating hetween maxima and minima 
by examining the sign of fails when hen this 

happens, it is best to proceed as shewn on p. 382. 

X 

Kx. 1. Find (he tnaximum and minimum values of ^ ^j. 2 ’ 


lad 


X 




lx(l .r=)-2.rx.r_ \ - x- _(1+£.) 

■■ j i^>- (1 ■" "(r+x2)2 {1 +x2)2 
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Now, when t = 1, 




1 -t-T 


Writing f'{x) 

in the form (1where «^(x) = _ - 

we have , (1 +x^y 

f {x)= -1 x<j>{.v) +(1 -.T)(/>'(.r) ; 

/''(1)= -<^(1)= whicli is negative; 

if x = l, . ^ is a maximum, viz. 

X %v ^ 

Again, when .r - - 1, f'(x) =0. 

Writing/'(x) in the form {1 4-.r)^(x), where = , 

we have (1 

/ (x)«I x\'(x) < (1 +x)vi'{.r) ; 

/’'C - i) = - 1) “ tI ^ 2,2 ’ '^hicli is positive ; 

if x*= - 1 , , is a minimum, viz. - 

1 + a- 

The method employed here will In* found usefjil. 

Ex. 2. Find the rnoxif/iuffi (ififl tm/nfftutfi ralurs of 

(I ; x)2(l 

Let /(.r) =(l -t x)'^(l -.r2) ; 

/'(x)-2(l i.-)(I - .r2)+(| -Jr) 

/'(x) =2(1 . .r):i -r-2.r2;I I 2a). 

Takex:=l, then f’(.r) 0. 

Writing/'(x) in the form (I - 2.r) where-/'( ' ) 2(1 . rf. 

we have f«, x e> , , \ /i .> \ i' 

/ (x) = - 2 </> (x) Ml- 2.» )X : 

/"{}.)= - ii'])-. which :-■ negative ; 

if:<‘ = .',,(l -( .r)2( 1 -.»•“) is a maximum, viz. j,'. 

Take x = I. then f'(.r)=-i). 

Writing/'(.r) in the form (1 tx)2|/(.r). w here yi(x) - 2( 1 - 2x), 
Wc have 

/'(x)-2(l fr)M.r)-f (1 4.r)2^'(x); 

.-. / ( I) 
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Consequently it is impossible to discover whether x 
gives a maxinuim or a minimum by this method. 

Using the method of p. 382, we have 


= -1 


X 

/ (J-) 

- 1 - /i 

2(-/0"(3 + 2A), 

-1 

0 

-i+;i 

2(A)2(3-2/i). 


wliich is positive, 


a point of inflexion. 

Simple Differential Equations. If any relation 

connecting etc., U called a diflerential equation. 

Wlion a differential equation is given, it is in some cases possible 
to tind the relation between the variables. 


Ex. 1. Find Ihe equation of the curve in which the subnormal 
is con-'^lant. 

If P is anv point on the curve //=/{r) (Fig. 196), PA the 
oniinate at P and G the point where the normal cuts the axis 
of A', then SG U called the subnormal. 


Y’ 



— /_ 1 _- 

T O N G X 

Kui- e.'tv 


Using the figure, tan 4 


- the slope at P = 


dx' 


The angle SPG =4 : AT^^ytan f. 

, dy 

If the subnormal is constant, we have V ’> 




( 1 ) 
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SIMPLE DIFFERENTIAL EQUATIONS 

Now the expression which, on differentiating with respect 
to X, gives 2y ^ is. clearly, y^-^a ; and the expression which 
gives 2c is 2cx +6. where a and b are constants : 

y“+a=2cx+h .(J) 

is equivalent to ( 1 ). 

Now (2) can be written y* = 2cx+d, where d is a constant. 
If we choose the origin on the axis of x so that x =0 wlien 
y~0, then d= 0 , and the simplest form of the equation of the 
curve for which the subnormal is constant is 

y- = 2 cx. 


Ex. 2. The acceleration of a point moviny in a straight line 
ts (2( + l) ft. per sec. per sec. at time t. Find the. distance 
travelled in t seconds if the initial velocity is 2 ft. per sec. 

Let s ft. be the distance travelled in t seconds. 
ds 

Then - 4 - , being the rate of increase of s \Nifh t. ineasure.s the 
velocity, and , ^ measures the rate of increase of the velocity. 


We have 


di'^ ^ ' 


ibi 


whore c is a constant 


itM ft V 

Now wlien <=0. -,.-2; 2.^c; aiul 




dt 

s = ^t^ + + 2 ? f o, where a is a constant. 

Now when t =(h s = 0 , and tl»erefor(? a (», 


dt 


i.e. 


s = 4-2/. 


d-^y I 


Ex. 3. Solve the differential equation . ^ given mat 

1 U.l*“ 


when X = 1 . y = 0 and - 1 . 


ep y _ 1 
dx^ X 


2 ’ • 


dy 1 

- +«. 
dx X 


dy 


But / = - I whcnx=l; a=0 
dr 


^=-^; y = A h. Blit// - 0 wlien r 1; .'.V^-Iolvx. 
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Ex. 3. Bending of Beams. Find an expression for the 
deflection at any point of a beam of length 2L ft. supported at its 
ends and carrying a uniformly distributed load of w lb. per ft. run. 

Let OX be the horizontal tangent at the lowest point 0 of 
the beam, and draw OY perpendicular to OX (Fig. 197). 



1’lie curve .*1 B is assumed to be so flat that any arc OP can be 
taken as ef[ual to x, the abscissa of P. 

If P is the point x, y, it can be shewn that 

d‘y »’ .^2 _ 2 , 

(lx- 2Er^ 

Integrating witli respect to J*. 

dy_ w (j. 

Now. .since =^0 when 0-0. 

dx 

rnteccriting again. = ’ “12/’ 

there lu-in-: no constant, since .v=0 \\hen r=0. 

u' 5/>‘ iy u'L* 

'2Ef ' 12 ^24 El ' 

)r 


.\LMin. wlien .r=L. !/„*■= 

Hence, the defli-ction at P Un-y- 


24 El 


!r>/:‘-r>L2r3+.T*) 


The maxiiioiin detleetion is at O. and is equiil to 
Anv ease <'f i'cndirm rnav Ito investigated in a similar 
manner, provided that an algebraic ex]>ression for the bending 
monient at any pi>int can he found. 

* / '. tlio ii{ »/ at B. 
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EXERCISES LItl. 


t. Find the first, second and third derivatives of the following 

functions:— , , , 

1 o <* o .1 1 n r + 0 -; 

3^• 3a • — 2x + 4, —, -, >. -T 1. 

X (j+ 1)2 cj + a 

a-*(l -X), (x + 2)3{x- 1)2. 


2. Examine whether the following curves are convex or 
concave upwards; 

(i) y =4x2, tjje points {1. 4) anti ( - 1, 4). 

(ii) ?/* = 4.r, at the points (1, 2) ami (1, —2). 

(iii) y = 2x2 ^ jjjg points (1,3) ami ( - 1. - 3). 

(iv) y =(x+l),x, at the poiiits (1. 2) and ( - 3, f|). 

3. Wliat value of x makes x( 1 - x*) a maxiiiuim ? 

4. \\lien is the sum of a number and its reciprocal a tnaxinuiiu ? 
When is it a minimum ? 

5. What is the rectangle of greatest area w Inch can bo inscribed 
in a circle ? 


6. Find the dimensions of the greatest open box of scpiaie 
base whicli can be made from a sfpiar** she«'t of tin of .side a inches. 


7. X, Y are two poiiits on a stramht sliore lino distant 8 mil<'s 
apart. A man in n boat at <iistant miles from A’. wish«‘s to 
reach Y in tlio shortest possibU* time {/^XY is ttU'). He cannot 
walk more than 4 miles p<*r hour or row more tlian miles per 
hour. At what point P between X and )' should li»“ laml 


8. Given that the combined lenctli and t'iiili of tlx* c'oaie-^t 
parcel whioli may bo sent by parcel post must not exeeed «< tn i. 
find (i) tlui dimciLsioiis of the box with s(|iiaie lia>-e and 

vertical sidexs ; (ii) the length of si<l<* and voluim- of the laicewt 
ctibo ; (iii) the diameter and volume* of t lx* la ices i s[)li«u' : (i\-) t li<* 
diameter, lonjrth ami volume of the |ar;/e’»i e_\lin<l<*r ulix h 4'an h.- 
Bent by parcel jiost. 


9. Shew that thn snrfaee of a <‘one of t'iv i*n vol'irue I cub. ft. is 

least wlH*n tlio lieight A ft. of the ci.u'* is 2. where r fi. is tlio 
radius of the btisc. 


10. A Hinull inatmef is [>lac<‘d oii the axis of a ••irenlar <'oil of 
radius a, through whi<-li an el«*eliie emrciit is Houui”. It m 
the distance of the magnet from the |ilafe- oi the toil, the foi<i‘ 


exerted on the magnet is gi\en by F = 
18 a mu.xiiiium. 


H-) -. I ’llx I \t hen I' 
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11. The intensity of 

irrap.; gt 25 ?rF,nd the /outt in PO at 

iiueh thrintenaity of iUumination .s a mnumuin. 

same ratio. 

13. Solve the following differential equations : 

/;j wherex=l when»/=l. 

' (Lt X- 

(ii) ‘‘ij^» + bx. whore y = 0 and = c when x = 0. 

t;;t i-\a if = 0 when jr = 0 and y = 0 when X = f. 






14. Solve the equation = a + tx + cx*, given that 0 
\vhi*n .r = 0 unci y %vhon x = 0. 

15. Solve the equation ^^;{ = 6x, given that y = - when x 
and when x= 1. 

I^rohkms on Beams. 

16. Cantilovor of length I ft. with load of »''b-conoen^a^ 
the free end. 'I'he deflection y at a distance x from the iixe 


is given hv 




Solve llie equation. Shew that the maximum deflection is 
MI'P/v’/, and occurs when x = /. 

17 Cantilrvor of lonfith t ft. with load a- lb. per ft. Given that 

g=2 pd'-'’ 

solve the equation, and find the moxinnmi deflection. 

18 Beam of length 'll ft., with end.-^ fixed ^^onzontaWy, cnrTyi^ 
,i load of ic lb. per ft. The deflection y at a distance x from 

end IS given by 

lU- Oh/ 

1- ind the maximum deflt'otion. 
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Integration by Substitution. To cflcct an integration, it is 
sometimes convenient to change the variabJe of integration. 


Ex. 1. 
Put 
Then 
Now 


Find j* (ax +6)"t/r. 

2 -^{ax +/>) and 
dz 


y 


= j (a.r 




d} W 

-,-=a and +^)''=2”. 

dx dx 

dij (hj jdz _ 2 " 

dz dx I dx a ’ 

2 «+‘ (ax-<■ 


rt(« -i 1) «(« + !) 


Ex. 2. Integrate 


X 


Put 


Then 


1 )'.' 

z^v'x’^ + l and u 


4 

J (.r2 I 1 )* 
X 


dx H-1 


and 


XT du du / dz I 

dz dx, dx X* r I dz 


dy ^ 

dif 1 


o i 


1 


1 




Ex. 3. Integrate 


>.rj 


Put 


Then 


Ux-I 
z-^'x~\ 


dz 


I 


ami y 

dy 


r x^do‘ 


dx 2vx-l 


and 


X 


dx Jx -1' 


dz dx! dx 

+322 + 32‘-f2''’): 
dz 

2 / = 2 ( 2 + 22 +'^^. + ^J 

= {1 {X - I) f ^.r - ] )2 + 1 (x - 1 


Now 
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On reduction, 

y = - 1 {16 +8j; +6:c2 +5x3}. 

No general rule for choosing the new variable s can he 
given. The only method is one of trial, but, after practice, 
inspection generally reveals the correct substitution. 


Ex. 4. Find the. area between the. curve y^{7x + l) 
axis of X and the ordinafe-s x =0 and x =9. 

We have y — ~ 


= 1, the 


(T.r + 1) 


r 


dx 


The required area is f - .. 

Jo(7x-^l)* 

2=7x4 1 and = f — "—i > 

J (7.r^n* 


Put. 




and 


dY (h 

dx dx 



dY ^ _ 1_^1. 

d-^~i-x + \)^ 



3 


|j(7x + l)l 


The rcfjuired area is 
The area is 45 14. 






If an alLiehraio fractivui is tn be integrated, 
u.S(‘ ]tarti.il fiaetion.‘^. as follows:— 

K\. .V Inh rfrafe. , . 


it is advisable to 



Using partial fractions, we funl (see ]). 22*') 
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".=f A'a 


and 2 =x - 2, we have 


1 


<iy ^ _ 

dx X -2 


dz 

dx 


and r = I ; 


dy dy ' dz 1 1 _ 

' ' dz dx dx X -'2 2 ’ 


f (ix 

y = Iog2=log^(x-2). i.e. 


Similarly, 


j 




R X ^2 

3x^2 = ->r 4 1 ■ 


EXERCISES Ll\'. 


Integrate :— 


1 

X 

o 


X 

3. 

<ix 4 b 

-* • 

X ■ 

i*+V 


(X* 

+ a2)=' 

S 

ax * ^ 2/>j •*• c 

4. 

x*yi -X*. 

5. 

(2x 

4x - r> 

6. 

2j- - 3 

:ix • 1 ■ 

1 

7. 

x*s'x* + 1. 

8. 

x'. 

sV t ■->. 

9. 

S 

J * 

x+l' 

Find 

the N'aluo of tho foHowin(j •— 

10. 

l'\2x+ l)-dx. 


11. 

f: d.r 

ji {2x , I)*' 

12. 

1 N• rxlx, 

J \ 

13. 

1 " dx 

J* x» - 9* 


14. 

/•» X t 1 , 

t i - 

fj J * - 1 

15. 

r 

.e j2 :{.» * 2 





• 1, 


- .,dr 

16. 

1 x\'] - x^dx. 

Ut 


17. 

/ Xn h- - x'^dx 
/•> 

. 18. 

L (j- < a‘)' ' 


Differentiation and Integration of the Circular Functions. 
Let //=siM.r. then y ^ -i// f-'‘ ‘ ) ; 


Ay sin (r ‘Ar)- >in r 

2eos(/- ^ ,lAr)sin lA.r )) 


, A.y ^2 cos fr - .U.r) sin -P/ ^ 

Aj: A.r 


sin lAr 
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Now, as 
A/y dy 


Ax dx 


, co3(x + JAx)-^cosx and —(see p. 161); 


. dy 

•' dx 


= cos X \ 


" dx 


(sin .r) =cos . . 


Again, let y = co3 x, then y +Ay = co3 (.r + Ax); 

•_ Ay = cos {x + Ax) — cos x = — 2 sin (x +1 Ax) sin 1 Ax; 

Aw . sin lAx 

-sin(x + AAx)x-j^. 

, , dy 

Whence, as before, ^ - - sin x , 


dx 


(cos x) = - sin ..II* 


Fnunll., wchave | sin x dx ^ - 


cos X ; 


and from I., 


1 


cos X dx =sin x. 


Let // = tan x, tnen y + Ay = tan (x + Ax); 

Ay “tan{x-f-Ar)-tanx 

sin (x 4 - Ax) cos x - cos (x 4-Ar)3in.T 

_ cos(x+Ar)cosx 

sin (x - 1 - Ar - x) . 


sin Ax 

- X — 


and, in the limit. 


eos(x +Ax)cosx’ 

Ay I _ 

■ ■ Ar “ cos (x + Ar) cos x " Ax 

dy^ \ 
dx cos-x 

d 




dx 


(tan.r) =see-x. 


From v;e have 


|sco=..rfr = 


tan .r. 


TIL 


IV 


V. 


VI. 
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Ex. 1. Differentiate secx. co^rcx and cotx. 

Jfv=sec.r, = (cos.f)-^ : 

rf// _ ^/(cos.r) -‘ <^c()sr 

' ■ f/.r ~ d cos X ' dx 

dll d>/ dz 

This is an example of tlie formula 


where 
(?.V 


z = cos X : 


If 2/ = 


lty = 


• dx 
cosec .r, 

. dfi 
' • dx 

cot .r, 


= - (cos .r)"2 ( - sin .r) 


sin X 

COS' X 


= soc ,»■ tan 


y = (sin x) 


- 1 


- (sin .»•)-' X cos .r = - oosec .r cot ./•. 


!/ 

(in 

dj 


= (tan r)"* ; 

^ r* - (tan r)- '.scc-r 


— — ccs('c*.i’. 


1 

Ex. 2. Integrate 

i" fj 

To evaluate fo- let .r = r, taiWy and y=l , 

J x^ f «i“ *’ 


1 


1 


I 


dx \ - — 

=*asco'^t? and yi , \/-tan‘<-' r «- a-scc't>’ 


• • dd 

dfi _ dfi dx _ 1 , 

‘ ' (Id""dx ^ do ~a ’ 


.V 


>.y.*tan >' 
a a « 


Ex. 3. Intefjrate. , -• 

S rt - - X- 

f 

Hero let X. =a sin 0 and // = J ^ 


1 


sV/--.r- -sin-'/) «eosO’ 


du d'l dx 
* • do dx do 



sin 


:/ 

a 



442 INTERMEDIATE MATHEMATICS : ANALYSIS 


Ex. 4. Differentiate 8in~^- with respect to x. 


Let 


y = sin .. asiny=^a:. 

Qr 


Differentiating with respect to y, we have aco8^ = ~; 

dy 

dy 111 

• (Cf. with Ex. 3.) 


Ex. 5. Integrate cos^a-. 

+ cos 2 j: 




cos^a;<Zx 


-j‘ 


dx 


J Z Z Z 4 


{dx 1 f 

i 2 


s cos 2 a; dx ; 


EXERCISES LV. 

Differentiate the functions in Ex. 1-18 :_ 

1 . sin(nx + 6 }. 2 . cos (a*- 6 ). 

4. cot 2a:. 5. sec(3x+4). 

7. sin^x. 8 . co 8 » (aa; + ;)). 

10 . sin 2 x cos X. 11 . cos oa; cos 6 .t. 


3. 

6 . 

9. 

12 . 


13. 


cos X 


14. 


rtx+ 6 


15. 

18. 


^ sin X' 

16. cos-»(ax + 6 ). 17. tan-* x. 

Find the value of wlierey has the values 

19. sin X. 20. cos x. 21. 

22. sin^x. 23. a sin X -1- 6 cos X. 24. 

26. log (sec x+tan .r). 26. logtan^. 27. 

28. If y = a sin (px + q), shew that y satisfies 

dhj 


tan [px + 7 I. 

cosec lx. 

tan* {lx - w). 

X* sin (ox + b). 

I — sin X 
1 +sinx* 

sec“* X. 

given in Ex. 19*27; 

tan X. 
log sin X. 

1 1 - cosx 

log-i-. 

1 +COSX 

the equation 


dx* 


+ = 0 . 
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Integrate with respect to x the functions in Ex. 29 40 : 


29. sin 2x. 

32. sin^a:. 

35. sin X cos 2x. 

38. sin®a: cos x. 


30. cos (a.t + 6). 

33. sin®(ax + 6). 

36. sin ax cos 6x. 

39. cos®.c sin X. 


31. sec*(/>x + q). 

34. sin 2x cos x. 

37. cos ax cos bx. 

40. tan X. 


Integrate tlio functions in I2x. 41-44 with res[jcct to x, 
making tlve substitutions sugge.stcd :— 


(Put ax = 6 Sint?.) 

42. i -5 — ~- i — , . (Put a.r = 6 tan W.) 

43. ——r. (Put .c-2*2 siiwy.) 
•s 4x - X* 


44. 


\ _ 

4x® + 4x + 17 ’ 


(Put 2x -i- 1 = 4 tan (1) 


Find the value of the following :— 


45. j “ - - . 

.'o v'3 - 4x® 


46. I 


' f/x 
9 f X® 


- 

^ ’ }t V2 + 2x - X® 


47. 


I'l d.t 
2 • 2 ' • .t® ■ 


Miscellaneous Examples on the Calculus. 

Ex. 1. Find, from fir-sl prim ii>hs, d< rivuth c of Ian 

Let y = tan-'x, then y+A//=taii : 

:ly=tan-‘(.f+-i-r) -tan-'.r. 

a = tan“* (x-+-Ax) and /^ -tan *-i. 

x-fAx=tanu aiul x tari/^: 

tan«-tan/i __ 

.. tan (a-/) — I jtanwtun/i 1 < ( •' ♦ Ax) 


hy 


Let 

Then 


(I) 
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Using (1), 


^y=a~/3 = ta.n~'*- 
Ax 


Ax 


tan Ay ---. 

1 +z{z +Ax) ’ 

Now, as Ay->0, 


1 +ar(a;+Aa:)’ 
tan Ay Ay 1 


Ay Ax l+a:(x+Ar)‘ 


1 


1 


tan Ay 

-~ A,. ^ and - -- - 

I+ar(x+Ac) 1 fa:2‘ 

In tile limit, therefore, — = - ^ 

dx l+a^‘ 

Je!::lnZ\Te T" " 

= -sm^^) and y =o(l - cos 


Since 
we iiave 


dx 

^=a(l-cos 


and 


dy 

^^^asine^; 


. dy^dy-dx sin 

' dx del dti~\-.coJy=^^^h^- 

thJrefore"'’cot1/''%l"''® P°”‘ determined by e is, 

lino through {i(.-3i„ ll).'^3;T!:ros°4} 

Y-a{\ -co8tf)=cot Jtf{A'-<i(«-sin«)}, 

t c. Ysill le ^X cos h$ 

= a(l -cos (i)sm5e-a((i-sin ff)cosi0 

= a (sin ; 0 - cos J 9) + o (sin d 003 '- cos 9 sin ,!9), 

'■«• J 5inJ«-Xcosi9 = 2a8in49-n9cosi9 

poinrd=L"d i>y%’r’itsn<;;SLrf ^ 

(^-“(l-™s9))cos>9+{.Y-a(9-sin9)}sinJ9 = 0 

*-c. 7c03|tf-f-A’.sm'!y 

“ (nns 49 + 9 sin J 9) - n (cos 9 cos J9 + sin 9 sin 49), 

^ COS .^6* + A'siu =:a<ysin’ly. 
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Ex. 3. Find the maxhnvm and minimum values of 

a sin^O +b cos“0. 

Let y=a sin -0 + b cos^ 8 ; 

• ^ =27 sin 0 cos 0 -2b cos 8 sin 8 =(a -b) sin 28 ; 
d8 


• = 0, when sin26/=0. i.e. when 28 =0, jt, 2-. etc.. 

d8 


i.e. when ^=0, -/2, -r, 3-/2, etc. 


Now 


^ = 2 (« - b) cos 28. 




When ^=0, 2ir etc., ■^~^.^=2{a-b). 

d^V 


and when 0=7r/2, 37r/2, 5r/2, etc., -2{a -b). 


j.> 

If fl >6, positive when 8 is 


and 


is negative when 8 is (2n + 1) 77/2 ; 


a sin*6/+/>cos-<y is a maxirmmi when 8 is (2/i + 1) ^/2, 
and its maximum value is a ; and it is a minimum wlien 
8 =n-r and its minimum value is b. 


Ex 4 A circular arc is of constant length I; shcir that the 
area of the segment bounded by I is a maximum when (he arc is 
a semicircle. 


T^t r he the radius of the circle and 8 the angle subtende.l 
by the arc I at the centre. Then r0=^l. 

If A is the area of the segment. 

^ -^r^BinO (Fig. 198). 


Substituting for r, 

2 - 1 = 0 -- 




o'i 

8 - sin 0 
(/2 
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Differentiating with respect to 

2 dA _{1 - cos 0)6^ — 2d (d — Bin 6) 2 sin ^ - 0{1 +cos d) 
P- dd gS ^- > 

. 2 dA cos i^(4sinl^ - 2dcoa4^) 

■' P dd » 

r.y^^cosld.U, where g; sin 4^-2gco8 4^ 

\Vhen^^=jr, cosJ^^=0, and ^^=0. 

du 


Again, 


2 dKi _ 1 . dU 

P dd^ ~ ^ dy * 

2 d2A 


when d=r, p ^-2 - -.5 X (value of when 0-ir) 


= is negative; 


d^ir gives a maximum value for A, i.e. the arc ^ is a 
semicircle. 

Ex. 5. Find the turning points between x =0 and x = ff of 

y-C 0 SX + 4 cos2.r. 


We have 


du 

^ — ~ (sin X + sin 2a*); 

dy 

= -sin.v{l +2cos.c} 


*- -0, when sin.r=0 and when cosx= 


( 1 ) 


i.e. 


Writing 

d-if 

dx^ 


when .T =0 or - and when x =^jr. 
= - sin X. U. where t/ = 1 +2 cos x^ 

rr . dU 
= -cosr . I' - sin r 

dx 
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wnen a;= 0 , 

„„ 


d^y 


—0 and = - 1 X (value of V when x = 0 ) 
dx da^ 

= -1x3, which is negative ; 

/. a; =0 makes y a maximum. 


When X = Tr, 

^ = 0 and 
dx 


= - ( - 1 ) X (value of U when x = Tr) 

= 1 X (1 - 2 ), which is negative ; 
x = ir makes y a maximum. 


Again, writing -(1 + 2 cosar)sin.r, 

d^y _o _ /I j.' 


dx^ 


= 2 sin X (sin x) - (1 + 2 cos x) cos x; 


/. when X =5?r, 

‘^•'^=0 and = 2 sin^sff, which is positive; 
dx dx^ 

ar = 57 makes ^ a minimum 

The graph is shewn in Fig. 199. 



FlO. 190. 




448 INTERMEDIATE MATHEMATICS : ANALYSIS 


Ex. 6. Sketch the curve =a:^(4 —x®), o^d find the area oi 
one loop. 

For real values of y, 4 - x* must be positive; 0 < x® < 4, 

i.e. X must lie between -2 and +2. 



FlO. 200. 


Tbe curve clearly passes through the origin, and is sym¬ 
metrical about the axis of X and the axis of Y. The sketch 
is shewn in Fig. 200. The area of the right-hand loop is 

2^ydx, i.e. 2| Xs^4-x*<ii-. 

Let .r = 2sin d and =| xji^-x^dx. 

Then 

^J=2cos^^ and =x^'4-x2 = 2sin^.2cos^^ 


• • 


dA dA dx ^ „ . 

dd = dx •rf^=8sin0cos2e/ 


A=J Ssmflcos2|S)d(9=-|cos3^= - J{4-x^)^ 

'I’ 

The substitution 4 -x- =« would also give a solution. 


the area 


of one loop is 2 - »(4 - x-) 
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MISCELLANEOUS EXERCISES. 


1. Differentiate + 5x + 2. 

y I I 

Write down the differential coefficient of in the fonn of a 

limit, and evaluate this limit. [B.U.] 

2. Obtain from first principles the derivative of I/x. 

Differentiate J x» - 2x^ (2x + 3)-‘. [Leeds. ( 


3. Differentiate with respect to x : 


I'x* 


(ii) x^'(4x + 7), (iii) 


.Sin z 


Shew that the point (1. -5) lies on the curve y»2x* + .>x- 12 
Find the equation of the tangent to the curve at this point, and 
deduce the intercepts which the tangent makes upon the axes of 

coordinates. Check your results by a diagram <lrawn to scale 

[ft. W . J 

4. Find from first principles the differential coefficients of tlie 
^^I'^ind'also'the differential coefficients in the cn.se of the functions 

‘--Q’ i-xlr 

5. Define the differential cooffieient of a function, and from 

the definition differentiate where u and r are function.s of x. 

Shew that the curves tj = G+ x — r* niul i/(x - 1) =sx + 2 tone h at 
the^int (2, 4), and find the equation of the conunon tangent at 

tins point. 

6 Fxolain the geometrical significance of the difforontial 
coofficienL and prove the rule for differentiating a product of two 

functions of x. 

Given (i) 1)'. find 0 and y. 


dtf d^if 

(ii) t/ = a8in»x + ficos*x, find and 


(Durham). 
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7. Prove that the curve 

y = X* — 9x* + 24x — o 

has one maximum and one minimum point. 

For what values of o will it touch the x-axis ? [Leeds.] 


8. Explain the use of the second difierential coefiksient in 
connection with maxima and minima. 

Find the volume of the maximum cone which can be inscribed 
in a hemisphere of radius 20 in. with its vertex at the centre of the 
base of the hemisphere. [Durham.] 

9. If y is a continuous function of x, shew that when x increases 

y increases or diminishes according as ^ is positive or negative. 

Deduce the conditions that y should have a maximum or minimum 
value. 

Find for what values of x between the limits 0 and tr the fxmc* 
tion cos X + ^ cos 2x + J cos 3x increases with x, and where are its 
stationary values ? [Durham.] 

10. Shew that when the fxmction y has a maximum value j ^ 
is negative. ^ 

A circular sector has a given perimeter. Shew that its area 
is a maximum when the angle of the sector is two radians. 

[Durham.] 


11. Using scales of J inch = unity along each axis, sketch the 

f'UrVO c /rk \/ Ok 

5y = (9-x)(x + 3) 


from x= - 4 to .T = 10. Calculate the area of that portion of the 
curve which lies above the x-axis. [Leeds.] 

12. Integrate (2x+ l)*dx, and calculate 



Find the total weight of a rod 28 indies long if the weight u;lb. 
per unit length at distance x from one end is given by 


w~ ih(x+ 10)^. 


[Leeds.] 


13. The area hounded by the curve »/* = 4ax. the jz-axis and 
the Jino^ = if=-3a revolves about the y-axis.' I’ind the 
\-oiutno generated. [Leed.^.] 


14. In the curve y = 4x-x“. obtain the area cut off by the axis 
nf .i\ and the volume formed when this area rotates about the 
axis of X. [Durham.] 
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15. Integrate , n/2x- 3, sin“x. 

Find the volume of the solid obtained by rotating the ellipse 
4x* + 9t/* = 36 about the x-axis. [Durham.] 

16. Prove that the area of a zone of a sphere is proportional to 
the distance between the planes which bound the zone. 

Calculate the number of ordinary square miles in the tropics 
(that is, betw'een latitude 23*“ N. and 23*“ S.) given that the 
Admiralty nautical mile is 6080 ft. long and that this arc subtencis 
an angle of 1' at the earth’s centre. [S.W.] 

17. Prove that the curved area of any spherical sepnent is 
equal to that of the circle whoso radius is the distance from the 
boundary of its base to its highest point. 

How far from the centre of a sphere, radius 10 inches, is tlie 
base of a segment whoso total area is equal to that of the hemi¬ 
sphere ? [b.U.J 

18. If A denotes the area between a curve in the first quadrant, 
the axes OX.OY and the ordinate drown to tlio point P{r.y) 

on the curve, prove that =y ; and .shew howto calculntc the 

area when the equation of the curve i.s given. 

Find the area between the curve y = + 3 .t* + 4), the a^-axis 

and the ordinates x = 2, x = o. .] 

19. A curve goes through the origin, and its slope at any point 
{jr, y) is 4x - ilx®, Provo that its equation i.s 2// = x-(4 -x). 

'rind the area intercepted between the curve and tho axis of x. 
and the volume of the solid formed by the rotation of the same 
area about the axis of x. [Durham.] 

20. Find y in terms of x, given : 

(i) 'f^«00x2-48x+30, 
fix’ 

(ii) y * 0 when x = 0, 

(iii) y = 8 when x= 1. 

and (iv) = 102 when x = 2. 

[Leed.s.] 

21. Wlint (Iocs tlic area uiulor (i) a forcc lirno, (ii) a force-space 
curve represent ? 
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22 (a) A body of weight 200 lb. moves in a straight line under 
a force which varies with the time according to the following 
table. What is the velocity of the body after 30 secs. ? 


Time in seconds - 

0 

5 

10 

15 

20 

26 

1 

30 

Force in pounds - 

100 

90 

8-2 

7-4 

6-7 

60 1 

1 

6*4 


(6) The accelerating force of a train weighing 290 tons van^ 
with the distance according to the following table. Find the 
velocity of the train after travelling 1000 ft. 


Distance in feet - 

0 

1 

100 

200: 

300 

400 

500 

GOO 

700 

800 

900 

1000 

Force in tons 

1 

5*5 

4-7 

3-3 

2*4 

18! 

1 

1-3 

10 

0-6 

03 

1 

0 


23. If the tangent and nonnal at P to the curve oy* = a;* meet 
the axis of X in the points T and Q respectively, and if N is the 
foot of the ordinate at P, prove that SaNQ = 27NT*. 


24. Find the equation of the tangent and normal at the point 
(a cos^$, b sin*^) on the curve ‘•'(f) ^ 


25. A chord of length 2c divides a circle of radius a into two 
segments. If A is the area of either segment and the angle 

which its arc subtends at the centre, prove that ^ 


= c». 


26. CP, PQ are the crank and connecting rod of a steam engine, 
(’ being the centre of the crank-shaft and Q the crosshead. If 
CP = a, PQ=c, and QCP = (#, express cos<^ in terms of 

a, c and r, and find . 


27. Find the average height of the portion of the cur\’e 

y = a sin* x 

lying between a; = 0 and x = Tr. 

28. If the tangent at any point P of the curve xt/ = c* meets the 
axes of coordinates in T, T\ shew that P is the mid-point of TT' 
and that the area of the triangle which TT' cuts off from the axes 
is constant. 
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29. Shew, by drawing figxires, tliat 

(») ( f{x)dx=^ f/(x)c/x+ / f{x)dx ; 

(ii) f/(x)dx= - l/(x)dx ; 

• u •'6 

(iii) I /{x)dx= r/(a~x)dx. 

Ju Jo 


30. If /(x) contains (x - a)" as a factor, prove that/'(a ) contains 
{x — a)"“^ os a factor. 

Factorise x* — 4jr^ + ICx — 16, given that it lias three equal 
factors. 


31. If 8, u, be the displacement in feet and velocity in feet i)»’r 
second of a point moving in a straight line t seconds after the 
start, prove that the acceleration is vdvjda ft. per sec. jior sec. 

If = —s*, where a is a constant, shew that the retardation 

varies as a. 

32. If As is an element of a plane area, x its distance from a 
fixed line and p the intensity of pressure at that clement, then 
the centre of pressure is at a distance x from the lino, where 

x = jpxdnj jp dS. 

Find the depth of the centre of pressure in the following cases 

(i) Rectangle, side.s a, 6, whose plane is vertical when the side a 
is on the sui'face of a liquid. 

(ii) Triangle, base a, height h, whose plone is vertical when 
(1) its base, (2) its vertex is on the surface of the liquid. 

(iii) Circle of radius r, plane vertical, just totally immersed. 

33. Work Exorcise 32. (i) when the upper edge a is immersed 
to a depth c; (ii) (1) when the base is iminoi-sed to a depth c ; 
and (ii) (2) when the vertex i.s immersed to a tlepth c. 

34. Find the moments of inertia of : 

(i) A rectangle, sides a and 0, about a line through its centra 
parallel to side a. 

(ii) A rectangle, aides a and 0, about one of tho sides 0. 

(iii) A hoop of radiu.s r about a tangent. 

(iv) A disc of radius r about a diameter. 

Q 


U.T.A, 
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35. O is the centre of a disc of radius r, OA is perpen^culM to 
its plane and of length a. Find the moment of inertia of the disc 
about a line through A parallel to the plane of the disc* 

36. Use the result of Exercise 35 to find the moment of in^a 
of a cylinder of length 21 and radius r about a line through its 
centre perpendicular to its length. 

37. Shew that the rhombus of least perimeter that can be 
described about a circle is a square. 

38. Shew that the vertical angle of the cone of maximum 
volume which can be inscribed in a sphere is cos ^ 1/3. 

39. A closed curve r=/(^) contains the origin. Shew that its 
area is given by i j r^dO- Deduce the area of a circle of radius r. 

40. Trace, roughly, the curve r = 4 + 3 cos 0, and find its area. 

41. Draw the curve y* = x*(x + 1), and find the area of the loop. 

42. Trace the curve y*=a:(a:-l)(2-x), and find the volume 
generated by the rotation of the loop about the ax is of A. 

43* Sketch the curve ^ Find the area of its loop. 

(Put x = cos 20.) Find also the volume generated by the rotation 
of this loop about the axis of X. 

44. Through the point (a, 6) a line FQ is drawn cutting the 
axes OY,OX in F and Q respectively. Shew that ^ 

the triangle FOQ is a minimum when (o, 6) is the mid*pomt of xv* 

45. In Exercise 44, find the angle OQF and the length of FQ 
when that length is a minim um. 



INDEX 


AbsoiBsa, 32. 

Acceleration, 374« 

Angle, 15 L 

tetween lino and plane, 140. 
between two lines, 307, 308. 
between two non-intersecting 
lines, 140. 

between two planes, 140. 
circular measure of, 138. 
Annuities, 248. 

Approximation, 280. 

Average 8pee<l, 360. 

Axes of coordinates, 32. 

Beams, bonding of, 375, 410. 434. 
Binomial theorem, 274, 281. 

properties of coefficients, 278. 
Bisectors of angle, eiiuation of, 193, 
217. 

Centro of gravity, 416. 
Characteristic, 90. 

Circle : area nf sector, 139. 
equation of, 63, 107. 
equation of tangent to, 108. 
intersections with lino, 201. 
join of points of intersection with 
origin, 218. 
length of arc, 159. 
length of tangent to, 199. 
on given lino as diamoter, 202. 
polar equation of, 360. 

Circles ; systems of, 209. 

Circular functions, 123, 152. 
and projection, 298. 
applications of, 130. 
a cos + 0 sin ffssr cos - a), 306. 
differentiation and integration of, 
439. 


Circular functions, fundamental 
relations between, 126, 155. 
inverse notation, 328. 
of compound angles, 304. 
of multiple and submultiple 
angles, 312. 
of small angles, 161. 
of n . 3G0® + X and x, J53. 
of ^ 0 and d, 165. 
of w ^ 0 and 0f 166. 
of iir 0 and 0, 167. 
of ir + 0 and 0, ifr-h0 and 0, 168. 
sums and products of, 315. 

Coefficients, comparisoo of, 180, 
208. 

Cofactor, 231. 

Combinations, 261, 2C4. 

Concavity, 38. 

Concurrent lines, 207. 

Continued proi)ortion, 251. 

Convexity, 39. 

Coonlinatcs, rectangular, 32. 
polar, 160. 

Cosecant, 124. 

Cosine, 123. 

Cosine curve, 155. 

Cotangent, 124. 


Derivative, 376. 
second, 429. 

Derived curves, 380. 

Determinants, 6, 231 e/ sr//. 

Differential coefficient, 376. 

DifTorentiation : 

</y_rfV du ^2 
Jx~du ’ dx' ^ 
of circular functions, 439. 
logtfX, 427. 
of product, 421. 
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Differentiation: 
of quotient, 422. 
of sum or difference, 421. 
of z", 423. 

Dip and distance of horizon, 16-. 
Discriminant, 219. 

Distance between two points, W, 
357. 


Ax, 30. 

^ 37 
At’ 

, 370. 
Ax 


Elevation, 139. 

Equations : 

differential, 432. 
graphical solution of, 04 cl sctj. 
homogeneous, 215. 
irrational, 85. 
of second degree, 212. 
quadratic, 9. 
simultaneous, 1. 
simultaneous quadratic, 14. 
trigonometric, 171 cl scq. 
graphic solution of trigonometric, 
173. 

with three unknowns, 4. 


Integration, 388. 
and area, 392. 

as inverse of differentiation, 388 
el seq. 

as summation, 404. 
by substitution, 437. 
graphic, 402. 
illustrations of, 393, 408. 
limits of, 395. 
of circular functions, 439. 
of X", 390. 

of 391. 

tabular, 406. 

Interest, compound, 102. 
Interpolation, 25. 

Inverse notation, 328. 

Latitude and lonptude, 160. 

Laws, determination of, 49, 115. 
Limits, 161, 251. 253, 370. 

Linear expression, 43. 

1 Linear graph, 35 el fieq.t 40. 

1 Loci, 187, 195. 

Logarithms, common, 95. 
olustrations of, 100 cl seq. 
properties of, 109 cl seq. 
to base a, 109. 


Factor theorem, 225. 

Function, 223. 
graphs of, 71. 

Gradient, 36. 

Graphs, 23 cl seq. 

displacement-time, 37. 
linear, 35 et seq. and 40. 
of sec X, 170. 
of simple functions, 71. 

Ilf sin 6, 153. 
of tan X, 169. 
typical, 34. 

Heights and distances, 142 et seq. 

Identity. 223. 

Indices, laws of. 89 el seq. 

Inlinite series, 252. 

Inffnity, 73. 

Inflexion, 381, 384. 

Inteiiral, 388. 

indefinite and definite, 395. 


Mantissa, 96. 

Maximum and minimum, .381. 
determination of, 382, 4.30. 
of quadratic expression, 74. 
of simple functions, 76. 

Minor, 231. 

Moment of inertia, 414. 
j Normal, 377. 

! Numbers, rational and irrational, 
j 83. 

I Ordinate, 32. 

Origin, 32. 

I 

Parabola, 75, 396. 

I Partial fractions, 228. 

Period and pericKlic functions, 155. 
Permutations, 261, 262. 
Perpendicular, length of, 190. 

I IT, definition of, 157. 

Plan. 139. 

Polygon, area of regular, 133. 
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Primitive, 380. 

Progression, arithmetic, 243. 
geometric, 240. 
harmonic, 254. 

Projection, 139. 

and circular functions, 298. 
of a lino, 139. 
of an area, 141. 
of vectors, 297. 

Quadratic equation, 9. 

proj)erties of roots, 11, 12. 
Quadratic expression, maximum and 
minimtnn of, 74. 

Quadratic, simultaneous, 14 d i^cq. 

Radian, 158. 

Rate, 36, 305. 

illustrations of, 372. 

Remainder theorem, 224. 

Scalar, 293. 

Secant, 124. 

Series, summation of, 287 c( $rq. 

Sign of ax' + ht/' + c, 186. 

Simpson’s Rule, 397. 

Simultaneous equations, 1, 4, 14. 
Sine, 123. 

Sine-curve, 154. 

SlojK?, 36, 46. 

graphic determination of, .381. 
lino of greatest, 140. 
of any curve, 309. 

Solid of revolution, volume of, 113. 


Si)eed, 37, 30.5. 

at any instant, 307 cl scq. 
average, 360. 

Straight line, equation of, 43, 177. 
in intercept form, 184. 
in per{>cndicular form, 185. 
parallel, 178. 

|>erj>endicular, 178, 215. 
polar equation of, 350. 
signiiicance of constants, 43. 
with given slope through given 
]>oint, 179. 

Sum to iniinity, 252. 

Surd, 83. 

Surface of revolution, area of, 412. 
cone and frustum, 412. 

^onc of sphere, 410. 

'rangent, 123. 

'rruce, 140. 

'J’rianglc, ambiguous rase. 336. 
area of, 49. 132, 239, 325. 357. 
circles associated with, 352. 
centroid. 181. 
properties of. 323. 
fsolution of, 333, 340. 

Turning j)oints, 382, 440. 

\'cctors, 293. 

a<ldition and subtraction of, 204. 
and coordinates, 206. 
components of, 295. 
projection 297. 
resultant of, 295, 300. 




ANSWERS. 


EXERCISES I. Page 7. 

1. x=2, y 2. a-=3,!/-l. 3. z = 7.t/=3. 

4. a;=6,t/=4. 6. x=3,y = l/3. 6. x = \, y =-2. 

7. X =312, y =512. 8. 11,8. 9. 301, lO U. 

10. 20% 20”, 140% 11. A. 4 m p.h. ; /?. 3 m.p h. 

12. 23., 28. 5d. per lb. 13. x =3-23, y = 1-75. 

14. 44-62, 27-84 years. 15. x = 8/3. y = 2 ; 7^ in. 

16. a = - 179, 6 = 3 309 ; 837. 

17. a =0-6, b =0 0 ; 0-6 lb. 18. x = 1. y = - 1, s =2. 

19. X = - 1, y = 1, z = - 2. 20. X - 11/7, y =0, s = 13/7. 

21. x = 13/10, y = _ 11/8, z =31/10. 

22. X =247/57, y = 52/57, s = - 125/57. 23. x = l, y = - 1, z=2. 

24.x=2,y=3,z=4. 25.x = l,y=' 5 ',z = l. 

26. a.ftjCj +a*6s^, +aa6,c, -Oj?'*'', -afb,r, -«,5arj = 0. 

28. (try' - iy'y)/yy'(v - y') 29 . o '-3 4o. 6 =-1 10 , c=0 26. 

30. (i) a= -2-17 X 10-% 6 = 2-42 x H)-* ; 

(ii) a'4 -6-92 X 10-^, 6 = 4-85 x iO-% 

31. rt%0-014, 6=0-0042, c = 0-00027. 

EXERCISES II. Pago 18 

I. (i)7l: (U) -3.9/5. 2. 0-31, -0-81. 

3. (i) 0, 2^ : (ii) (±4/3, ±6/3). 

4a=-2, 6=-5, x=- 32; a=-l 3/5, 6 = - 13/2. x = - 20/7. 

6. X*-2(0-f-6)x+4a6 =0. 7. 289(x» -x) + 42 =0. 

8. a*x*-(6*-2ac)x+c* =0. 9. */+r= -2(a +b)p/a, gr=p*-l-c/a. 

10. (8±3v/0. -5T2-V/0). 

U.T.A. * 



(ii)(0. 5), (-5, -G); 

(iv) ( ±2, T 1). ( iy* ^ 

(ii) nut^-U + l =0 ; 

(iv) X* - (2p +/)X +p*+pl +m =0 ; 
(vi) tnx* - (/* -2m)x +m=0. 
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11. (i)(3, l).(-ll. -2): (ii)(±l. ± 2 ), (±7V13/I3, ±2v/13/I3), 

12. (i) (i, i), (j. -s) ; (iO ( ±2> ±D. ( ±3. ±¥)- 

13. {(77 i:3v'2233)/46, ( - 28 ± v'2233)/23}. 

14. {2q* -4qp* +P*)I<I* i (i) 2/g*, (ii) 17/45*. 

15. ( 1 , - 2 ).(- 2 i. 8 i). 17- (2a-5W‘*-^)=0. 

18. (p. 5 ). ( -P- 2 p + 5 ). 

19. (i) (G. 3), (3. G) ; 

(iii) (U, -2), ( - II, n/7) ; 

20. (i)^*-2lr+4m =0 ; 

(iii) X* - plx +p*m =0 ; 

(v) X* -{i* - 2 m)x +m* =0 ; 

21 . (i) ± 1 , ± 2 ; (ii) - 1 . - 1 . 6 . - 7; (iii) ± 1 . 

22 . (i) ax*+( 2 a+5)x+o+ 6 +c =0 ; 

(ii) (a + b + c)x» - 2(0 - c)x + a - 6 + c = 0 . 

23. (0. 1), (23/11, -58/11). 

24. a*cx* + 2 x(ac* - 2 b®c +a* 6 ) +c* - 2 nbc +a*= 0 . 

25. 16/7, -49/32. 28. x*+xy-t/*+ 2 : 0 . 

29. (a 6 '-a' 6 )*+4(ha'-/t'a)(A6'-/•'b)=0 : A: =4, (3, -5/3), (3, -7/4) 

fc=8.(-1,15/11). (-1,21/10). 

30. 2 n/(x+ 2 /) hours. 31' 12 clays. 

EXERCISES IV. Papp 48. 

2 . (i) y =0 0 -2 08x ; (ii) y =4-3 + 1 ■40x : (Hi) y =0-00+0-G3x 
(iv) y = -0-80 +0-40X ; (v) y =2-6 -0-46x ; (vi) y = - 2 -0-80x. 

3 . 4. 4. 185. 5. (i) 1 2 ; (ii) 17 ; (Hi) 33 ; (iv) -2-76. 

6 . (i) x = 7, y = - 10 ; (ii)x = 3,y=2; 

(iii) x=4-3G. y = -4-80 ; (iv) x = l*31, y = 3-09. 

7 . 3 .^ -415, y= -2-46. 8 . x-y=0, x+y=a. 

9. y = 8 + I-5x. 10. y- + 14x -26 ; y = -0-07lx - 100. 

11. 21. 24, 21 : 24. 12. (i) 27 ; (H) 29-5 ; (iii) 33. 

13. i{(.r,yj-X 3 .y,) f(x 3 yt-xiy,)+(x,y,-Xjy,)}. 14. 40-5. 


EXERCISES V. 

1. ^1-^0 030 + 15: £34. £50, £78. 

3. ir-20P+2500; 4320. 

5. a =0-010, f» = 75 ; C-8tf. a yard. 


Page 58. 

2. £135, £30. 

4. no. 101 , 213. 

6. a= -43, 6=11-6 



ANSWERS 


7. a= - 115. b= in i. 

8. U-O, 6= 15-3 ; 10, -14,22, -20,31, - 10,49, -35. 

9. ir = 20P+250. 10. C=. 0-0107 y+05-5 ; 7-2</. a yard. 

11.0 = 8-3,6 = 0 080. 12. y = 4G-8x + 110 ; 10. 

13. A:% 1-55L+2-76 ; 7-4, 10-5, 15-2. 

14. (0-844, 1-65); 68% 145% 87®. 

15. ir =0-285+0-620Cf ; T = 0-481 -f 0-970U ; 3-39,5-33. 

16. From x = 4-8 to x = 30. 17. (1) 308 min., (2) 43^ 

18. 0 = 2-05,6= -0-10. 19. y = 2 04 + 0 039x ; 2-87, 2-04. 

20. 0 = 0-53, 6=0-24. 21. o=l-50, 6=0-20. 

EXKRCISFS \'l. Pape 78 

1. (i) (2, 0) ; 2. (ii) ( - 1. 2) ; 3. (iii) . - ■’) I Iv^. 

2. « = .V, 6= c=2 ; 15/8. 3. 18-2. 4. 1-7. 

5. 0-07. 1-8, -0-58, -2-9. 6. -5; 2-20. -0-29; -1-30; ycB 

7. 3-39. 8. - 0-90, 2-59. 

9. £0800, £10,420, £9100, £0875, £4400 ; about 3^. Irf. 

12. -4 08,0-4.5, 4-23, 13. - 1-52. 14. 1,0-39. 15. -2,0-70. 

16. (a) -2-18; (6) -1; (r) 1-49. 0-20, - 1-60. 18. IS. 2. 

20.3,.^. 22. -3-71, -0-80, 1-67. 23. .%'4.',. 

24. £540 ; 18 clays. 

2b. Cut at ( - 1, - 1), (1, 1) ; touch at ( -|, -2). 

27. 4, 0, 10 in. 29. a= - iJ, 6 = 6’, c= -2 

30. Max. -4^/7; Min. •f4^/7; no. 

31. a= 3 , 6 = n,c=-4; .^4=1/13, P=-l/13: a=3,^=-4: 

2, 2, 1. -4. 

32. n6*=25ac; 4ax* + 26 t + c =0. 

34 . 0-32. 35. Max. I ~2\/2 ; Min. 1 -( 2\/2. 

37. i6{6* - 2ac) v'6* - 4ar/o* ; 1-37, -4-37. 

33. (i) 0 ; (ii) (2, 0). (4/5. 18/5). 

39. 2-01 feet. 40. 1/13 and 5. 


EXERCISES VII Pape 87 

1. Ov/2, Ov/3. 2;;'2, .5.^/2. 2. 37 - V35, 3v^6 -2^3, 

3. 2^0, 7\/‘3 + 2 \' 2 . 4. 4-v/7, 5^2, 3.i'3. 






7. 

8 . 
9. 






4. 

5. 
7. 
9. 

10 . 




13. 

1 . 

2 . 

4. 

9. 

12 . 

14. 


16 . 
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22V3-27V2, ^6-VlO), (12+7 V2 - 5^3 - v'6)/23, 

(o - v'6)/(a* - 6), (c + y/d){ ^/a + V6)/(o - fc). 

i(5V3+6\/2-l). 

^6 + ^2, B+2^/6, 4(V14 +V22), i(3V2 + V38), J(5V2 - V38). 
7, —1,3, ~ 

2,7,4(9±V6); -2, 3, i(l±V6l): i(2±V21). 10. ±2. 

p= - 18*47 or-0'63. If 6>0, fc*> 1/26 ; if 6<0, it can have any 
value. 

(a) ay/b-2b-)/a I (6) {{a+6)V^+2a6}/a6 ; (c) (x+y)Vx*+y*; 
{d) {x + Vx* ~y*)fy. 

3. 15.1. 16. i(V14 + V6). 17.0*168. 18. ±(V3±V2). 

EXERCilSES VIII. Page 93. 

oS i/a^, 2a^, 2. oV6^, xy^, (p -9)*. 1. 3. 6, yfx^. 

9x - 4x“^, x*“ -3x* + 3x“® -x~*“fX* + 2x + 3 + 2x“* +x~*, x -y, x* -2. 
a+6+c - 3a^6^c^. 6. 2a6+26c+2ca-o*-6* — c*. 

x^-y^, o®+a^ + 1. l/(x^-y^). 8. p+p^q^ -q. 

- 3a6^ + 3a^6^ - 6. 

2a^ - 3 - 0“^, 2xy-* - 3 + 4x"^y, 2x^y”^ + 3 + 5x~^i/^. 

(3a^ + l)/(a^ - 1). 

2*+2^ + 1, ^(3^-1), 
a(6^ - b^c^ + c^)/(6 + c), 
x(*/i +=^){y^+2^)/(y -z), 

(oi f - c*)(„§ - 6^ 4 . ci) (o^ -6^ - ci)!(a^ + 6« + c» - 2a6 - 26c - 2ca). 
(1) 3.r* 4.9x+7 ; (2) aM/6*. 14. x*=a2. 15. x®^ -2x<'-» + 3x0^ 


EXERCISES IX. Page 99. 

{i)7-75; (ii) 0*000692 ; (iii) 3*02 ; (iv) 0*760 ; (v) 0*0812. 

( 0 ) 303; (6) 2 67 ; (c)17-5; (d) 8*60. 3.1-61,39*8. 

3-13. 5. 134. 1-34, 0*0134. 6. 2*06. 7. 8*26, 1*90. 8. 4*61. 

I l l, 10. 7-45. 0*0125, 5*68, 1550. 11. 1*72, 0*0198. 

3-31. 1-93, 1770000, l!-0. 13. 1*56, 195. 

(i) Ml; (ii) 1-16; (Hi) 509. 15. 0*172. 

17. 1*56, 1*69, 0*690. 
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EXERCISES X. 


0-702. 

2. 1-35. 

3. 

420. 

4. 

(i) 1-27; 

(ii) 0-29. 



7. 

7-48, 5-98, 6, 4-32. 

9. 

320. 

10. 


Page 106. 

27-6. 5. 7,54. 127. 

(i)8-16; (ii) 4570. 
o = M,6=3-2; 13-276. 


11. a = - 2-6, 6 = - 36-4. 12. 2920 ohms. 

13. 2 10, 3-45, 4-41. 14. 1-62. 15. 957. 16. 7480. 

17. 0, -6-208, -6-063, -5-066, -5046, -5-642, -6-013, -6-001 ; 

18. « =2360, r = 1-37. 19. (a) 0-90 ; (6) 0-88. 20. 0-23. 

21. 118^ sq.ft. 22. 5%. 23. 14. 24. £281. 

25. £364. 26. Pay £300 at once. 

27. £111 at end of fourth year. 28. One year. 

29. The £1600 machine. 



EXERCISES XI. Page 111. 

2. 3, -2. -2. 3. 2-58, 0-166, 1-43, 1-31, -0-994. 

6. (i) 2-56; (ii)2-7I: (iii) 0, 0-431 ; (iv) 0-431, 0-683; (v) ±1-61. 

7. 0-3.'54, 1-49. 9. 0 0 53(i 10. 2, 3; 1-03. 

11. 1-94 X 10^ 2-35 X 10>‘. 12. 81-3. 

13. 310; .4 = -26-2, m = -0-481, C =36-2. 14. Nearly 1800. 

15. 1-0.5 cubic ft. 16. 1-34. 17. 81. 

18. 1-01,0-403. 19. X- 2-60 ; a =0-43; 6 = 1-49. 

20. 1-03. 21. x = 1-20. i/= 10 0, 22. 1-10. 

23. 0-717,0-141; a: = 19-0. 24. 0490. 

25. 0xl0-» 26. 0 = 825, n = 1-30. 27.41000,0-0622. 

EXERCISES XII. Pago 118, 

1. i/ = l-00 +0-40X*. 2. y=2-85 + l-33/j-. 3. //= 125 + 1-201 ^. 

4. p =41-2+21-8/,.-l. 6. P=2/Mnearly. 6. p = 3-5-i-2-8tf*. 


7. 

8 . 
9. 

12 . 

14. 




log n = 1-15-0-03 log tf; 200 

log <7 = 2-04 +0-78 log/! ; 9-1 

p =0 08d +0-04. 

l/« =0-0046 +0-0023p. 

y = 17-4e"‘-^. 

l/« =0-026 +0-0021p. 

P=32-0t;‘"«. 19. pv“^ 


amp. ; 0-092 sq. in. 

10. log < =0-98+0-70 log V. 
13. pr' »» = 100. 

15. u> = 5-63 +407/(p+50). 

17. t/=//(I -0 00000353//*). 
206. 20. y=3-06-v/x. 
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EXERCISES XIII Page 128 

2. 30', 30“, 48“ 30'. 

72“ 30', 60“, 37“. 

26“ 30', 66“ 30', 63“ 30'. 
48“, 60“. 

42“, 23“ 30'. 

63“ 30', 36“ 30', 26“ 30'. 

3. 1-81, 1-61 ; 0 004. 

4. 1^0-26. 

6. q!Vq*-p\ plVq*- Vq^-p^jp. 

8. 1/r, VX* - Ifx, IjVx* -1, x(Vx* - I, Vx* -1. 

9. l/Vi +y, yfVl +y*, VlTy^ly, Vl +y*, I/y. 

11. (i) 2 : (ii) 1 : (ui)s6c*B: (iv) o. 

14. C03 d =2pql{p*+q*), tan$={p*~q*)l2pq. 

16. 2p/V3. 17. 45“ 14'. 

18. (i) BC =x tan C.4 =a: sec ^ ; (ii) .<4B =x sin BC=x cos 9 ; 

(iii) AB =x cot d, .40 =x cosec $ ; 

(iv) -4B —X ain ff, BC =x cos ff. 

EXERCISES XIV. Pago 134. 

1. 98-7 ft. 2. 204 ft. 3. 30-6 in., 70-7 sq. in. 

4. 4 08 in. 5. 7“ 66'. 6. 391 sq. in. 7. M9 miles. 

8. 320 ft. 9. 7-11 in., 3-48 in. 

10. 57“ 43'N. of E. ; 5-98 miles. 11. 13-8 miles; 63“ 55'W. of N. 

12. 2 83 in. 13. rv"(40 - 6v'3)/3. 14. 6-94, 11-2, 9-83 cm. 

15. 14-2 in. 21. B =43“ 41'. C = 74“ 2', c =341. 

22. 103, 402 ft. 23. 92-2 ft., 62-2 ft. 

24. .vna» sin (300“/ii), no* ton (180“/n). 25. 1‘39 miles. 

26. 1-14 ft. 27. 2a sin 0 -h cosec a sin (0 +a). 

28. 30*5 foot per see., 35“. 

29. 45G ft., S. ll“4l'E. 30. a cosec (180“/n), a cot (180®/n). 

31. 885 yards, 567 yards ; 1043 yards. 
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32. 9-64, 9 16 miles ; 13-2 mUes; 46” O' E. of N. 

33. 294 ft. 34. 7670 ft. 

35. no ft., 128 ft., 421 or 174 ft. 39. 38-6 ft. 40. 6 87 miles. 


EXERCISES XV. Pago 147. 


1. 35” 16'. 
3. 3600 ft. 


2. 20” 42'. 

4. 65-7, 30 6 sq. ft. 5. 293,000 cub. ft. 

6. 3-54 sq. in. ; 7000 lb. per sq. in., 4950 lb. per sq. in. ; 4950 lb. per 

sq. in. each way- 

7. 41” 24'; 55” 2', 12” 41'. 8. 1300 ft. 

9. 280 ft. 10. 27” 37'. 

11. 4-69 ft. 12. 70“ 32'. 13.120”. 14. 33 0 in. 

15. /* V^cot*/3 — cot* a ; /t cot a cot 

16. (i) 54” 28'; (ii) 80” 38'. 

17. (i)66”9': (ii)77”33': (iii) 0-50 cm. ; (iv)04”32'; 64-7 c.c. 

18. 92 ft. 1 in. 

19. ^(cosec ia - 1) tan /3 ; 

c//(cot /3 - cot y), 2J cot /3/(cot p - cot y) (coser Sa - 1). 

20. 181 in., 1040 cub. in.. 69” II'. 21. 5“ 44'. 

23. 36” 38'; 45”, 48” 1'; 2900 cub. ft. 

24. 81” 57' : 2-02 cub. ft.. 51“ 15', 66” 44'. 

25. (i) 7-76 ft. ; (ii) 13” 57', 40” 41'; (iii) 94-5 cub. ft. 

26. 21 ft. horizontally from the deep end; 41,000 cub. ft.; 3i ft. 

EXERCISES XVI. Page 103, 

2. 2ir/lS. 55 x/ 30, -37r/40. 

3. 120”, 150”, 157” 30', 270”, l800°/ir. 

5. (i) 0-98 ft. ; (ii) 541 ft. 6. 26-8 ft. 


8. 0-589 milo. 

11. 5r*(a -sin a). 

14. 24,000 sq. milo.s. 
17. 900 ft. 

20. 24” 19'. 


9. 2x/9. 3 t/9. 4t/9. 

12. 1 420 yards. 

15. 17'22'. 

19. 10-6 miles per min. 

21. Oj miles. 


4. 150'. 

7. About 1 mile. 
10. f>x/12. 

13. «?/2x, 47” 10'. 
16. 198 ft. 


22. 52-9 miles ; 44-5 miles. 23. 55 miles, 47'. 24. 533 ft. 
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EXERCISES XVII. Pag© 174. 

4. sin (3s‘/2 +x) = - cos cos (3jr/2 +x) =8in x, tan (3t/2 +x)= -cotsR 

5. {l)8ina;®; (2) -sin a;®; (3) tan x® ; (4) -secx®. 

6. sin (Jtt +x) =cos x, cos (|jr +x) = -sin x, cot (i*- +x) = - tan x, 

7. (i) -320°, -220®, 40®, 140° ; (ii) -310°, - 60®, 60®, 310® ; 

(iii) -300®, - 120®, 60®, 240®. 

8. -69/16. 9. -129/62. 

10, (i)n. 180®+(-!)" 30°, ife. 180®+( - 1)M4° 29'; 

(u) n. 180®+38® 40', * . 180®+ 18® 20'; 

(ui)n. 180®-(-!)" 30®; (iv) n . 180® ±60® ; (2/5;+ 1)46®; 

(v) n . 180® ±60®, k . 180® ±30® ; 

(vi) n . 180® + 46®, k . 180® + 60®. 

11. 7-90 sq. in. 12. (i) n . 360® ±74® 12'; (n) k . 360® ±70® 66'. 

13. n. 180“+ 63® 26'; (i) n. 180®±60® 20'; (ii) (2/fe+l)ir/2(n+1). 

14. 79®. 15. n . 180® ±60®. 

16. (i) 38-9 cm. ; (ii) 633 sq. cm.; (iii) 140 sq. cm. 

17. 62®, 101®, 180®, 269®, 308®. 

18. e=2nT/9 or 21 ;t/ 6. 19. Angle =42® 21'. 

20. -0 16, 1*29. 21. -3, -2-73, -1-27, 0-66, 1-79, 2-34. 

22. 0-23jr, 0-947r. 23. 0 26, 1 63, 2-98. 24. 0-76. 2 07. 

EXERCISES XVJII. Page 183. 

1. (a) y =3x - 1 ; (6) 2y =x + 12 ; (c) 3y + x + 9=0 ; (rf) 3y +2x = 12. 

2. (a)2]/=x+3; (6)i/=x + l; (c)i/+x + 3=0. 

3. (o)t/ = 3r-l,3y+x = 7; (6) 2j/+x = 5, y - 2x=0 ; (c)2x-3y+ 4=0, 

3x +2y =7. 

6. (1, -1). 7. 2x-3i/+5=0. 8. x + 3y = l. 

9. (0. 1). 10. bx-ay =bx' -ay'; (2^, 4l). 

11. (nxi+»n.rj)/(n+m), (ny,+m»/,)/(n+m); (0,0), (4/3, 2/3), (4,6), 

(8/3. 16/3). 

12. (3, 3). (G, -6), (0.0); 3y+x=0. 

13. AC externally in the ratio 1:3; BD internally in the ratio 3 : 1. 

14. ( -3G/7, -46'7). 

15. (1) 3.c+4y=7. x+y=3. x+2y=6; (2) 4x-3y = l, x-y=3; 

y-2x = G; (3) 3y - 4x =2, y-x = 7, 2x-y = 12 ; (19,26). 


ANSWERS 


is 

EXERCISES XIX. Page 189. 

1. (i) 3x + 2y = 6 ; (ii) 2y - 3r = 6 ; 

(iii) 7x+6y = 36; (iv) 2x+3y + 12=0. 

2. (i) 4x+3y = 12 ; (U) 5a;+2i/+ 10 =0. 

3. y= 5, y+x =3. 4. -cja, -c/6. 

5. (i) 30“ 62', 1-2 ; (u) -53“ 8', 1-2; (iii) 157“ 23'. 1 ; 

(iv) - 112“ 37', 1. 

6. r/2/t+y/2jt = l. 7. y-2r=0. 8. 118“ 4'. 1. 

9. y*=ax. 10. y* - 2aj:+a* =0. 

11. 4(®»+y*)=c*; 9x*+36y»=4c*, 3()Z* + 9y»=4c*. 

12. (a-6)y-ax+6*=0. 13. x(2 -x)* =y(2x -xy - 4). 

EXERCISES XX. Page 196. 

1. («) 1/5: (6) 1 : (c) 23/^194. 2. 2/6,0, I/V194. 

4 . 16 / 5 , 5. 5x* + 6y* - lOr - 20y + 9 =0. 

8. 0x+8y=65, 6x+8y+ 85=0. 9. 38y + 19x = 21. 

10. x + 9y-0=0. 11. 17x+16y+5 = 0, 13x4 21y+l=0. 

12. 3x+2y=7. 13. 1. 14. 5 6. 

15. 6(x»+y*)+2a*y: (0, -a*/*)- 

16. (tr,+^x,)/(/+!:). (i>,+fry,)/(/+^-): 2xy = 3x-6y. 

17. (x - 2a)(x»+y*)+a*x =0. 

EXERCISES XXI. Page 204. 

1. (i)3r + 4// = 25: (ii)2x-3y=13: (iii) 3x + 2y = 21 ; 

{iv)x-2y=7; (v)3x + 6y = l. 

2. y-xv'3=±4: y+x-\/3=±4. 3. ^(iSv'S-P)- 5. 2v5. 

7. 2x*+2.V*+2x - 5y = 12 ; 2x -y = 4, 2r + y + 0 =0, 2x + I ly = 44. 

ii) k = ±aVVTi^ i (ii) k=mg-j±V{\ +m*)(y*+/*-c). 

9. my+x=0. 10. my+x + »■/f y =0. 

11. (i) X* +y*'-2X =0 ; (ii) X*+y*-2x-y =0. 

12 . X*+y»+6x - 8y - 40 =0. 13. (i) I/I'=rn/m'; (ii) +mm'=0. 

15. (29/55. 3/55). 

17 { - (f/+/m)/(l +m*), -m(j/+/m)/(l+m*)} ; (4/5. -8/6). 

18. c(l +m*) ={g +/»>)’ ; X* +y‘ -4x +2y + 4 =0. 4x t-3y ^^0. 

19. 2 x* + 2y* - 8x - 6y + 8 =0. 20. i V/l* +/J* - 4C ; (3,1). 
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21. 3a;-2i/=0, 2x+ 3y =0. 22. 7a;+i/=0, x ~7y =0. 

23. y =0, 12x =5y. 

24. x* + 2 /* =o* +6*, the radii of the given circles being a and b. 

26. 4a; -7y = 65, 8a;+ 2 /=66 ; (4, -7), (8,1). 

27. (6,7), {(6m»-14m-6)/(l+m»), ( - 7m* - 12m+ 7)/(l+m*)} ; 

6x +7y =85. 

28. x*+y*-2x-4y+4=0; (-1,0), (f, f). 

29. z»+y*-2x-4y=0. 

EXERCISES XXII. Page 211. 

1. (i) X+2»/+1 =0 ; (ii) 7x-y - 1 =0 ; (iii) 9x - 6y-4 =0. 

2. (0, -3). 

3. (i) x*+y* -7x - 13y + 12=0 ; (ii) 7x*+7y* - 34x+30y - 9 =0 ; 
(iii) X* +1/* +3x - y =0. 

4. X*+ »/*-X -2y =0. 

5. 3x*+3y=-16x+4y=0: VMJ3; (8/3, -2/3); 4x-y=0. 

6. 4(x* +y*) -24x - 12y - 19=0, x* +y* + 120x + 60y + 11 =0. 

9. 4x-3y =0, 4x+3y =0 ; x=±3; y=±4. 


EXERCISES XXm. Page 214. 

1. (o) 3x - y + 1 =0, X + 2y - 1 =0 ; (6) 3x +y =0, x +3y =0 ; 

(c) 2x+y=0, 2x -y+ 1 =0 ; (d) 2x+3y+2 =0, 6x - y + 6=0 ? 

(e) ax-6y=0, 6x-ay = 0. 

3. m = - 8, « =3. 


EXERCISES XXIV. Page 216. 

1. (i)A=0; (ii)a=6. 2. 9a6=8A*. 3. A+36=0. 

5. ox*+26ry+6y* =0. 7. 6x* - 26xy+ay* =0. 

EXERCISES XXV. Page 221. 

1. (a) x*-4xy-y*=0 ; (6) 7x» + 2xy - 7y* =0 ; (c) x* -y* + 14xy =0. 

5. c(x*+y*)-2(ax+6y)(px+yy)=0 ; ap+bg=c. 

6. lOx* - 24xy + 9y* =0 ; the line 3x + 4y = 25 touches the circle. 

7. (aa' - 66')* + 4(6a' + 6'6)(66' + 6'a) =0. 

8. (ap-+2hpg +bq')lVla ~b)^ +46*. 9. 4x* - 13xy + 9y* =0, 

10. (a) 12; (6)1; (c) 24; (d) 11, - 196/15. 
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EXERCISES XXVI. Page 220. 

1. (i) 11 ; (ii) 1 ; (iii) - 35/27 ; (iv) 0. 2. - 4. 

3. (i) (a: + l)(a:+2)(x + 3) ; (ii) (x - 3)(a-- 2){a-- 1 )(a: + 1) ; 

(iii) (x - l)(x* + x - 1) ; (iv) (x - 4)(x* + 4x + 1) ; 

(v) (X -2)(x - l)(x + l)*(x +2). 

4. (i) -(a-t)(6-c)(c-a) ; (ii) 3(a ~ b){l> ~ c)(c - a) ; 

(iii) -(a -b)(b -c)(c -a)(ab +6c +r«) ; 

(iv) -(a -b)(a +b)(b -c)(b +c)(c -a)(c +a) ; 

(v) (x+y)(y+ 2 )(z+x). 

7. (i)-l, -1,2; (ii) -2,1.5: (iii) - 15. 12, 2 : 

(iv) 1, - -2 ± s V'(4a - 36”^/(6^c). 

8.1,2, 9. (6-c)(x-5)(x-f). 10. (x+y)(2x-3i/)(2x + 7y). 

11. (x - 2){(6-c)x - («-5)) ; (5 - r)(c + a)((i+6). 

12. -2, -3/6, 6/8. 13. -1.^ -5, 3. 14. -1-3, -1, -0-9. 

15. -0-5, -0-5, 0-6, 1-2. 16. -l5,v 

17. (i) a+b+c+d+€ : (ii) a-b-t-c-d+c ; a = l,b = 9. 

18. A=6. B=-0, C = 6. D=~l. 19. ^ =0, = 1, C* = 3, L* = 1. 

21. (z + y - a +2b)(Ty + 2a + 26 . x - 3a + 25 . y - 10a* - Cab - 25*). 

EXERCISES XX\’II. Pape 2.30. 

1. 5 /(x + l)-l/x. 2. X*-2x + 2-2/(x + l). 

3. l/0(x+01)+5/0(x-0-5), 

4. (i) l/2(r - I) - I/2(x+ 1) ; (ii) x - i 7/2(2x + 1) ; 

(iii) 1 + l/(x - 1) - l/(x + 1) : (iv) 3 6;(x - 1) 4 2-7/(x 4 2) ; 

(v) 5/0(x +2) - 5/0(x +3-2) ; (vi) 1 l/7{x - 4) ♦ 3/7(x 4 3) ; 

(vii) 1 l/7(x+ 4)+3/7(x - 3) ; (viii) 1 - 1 7/0(a 4 4) + 5/0(a - 2) ; 

(ix) I9/I0(x -5) - 3/10(x 4 3); (x) MO/x + 1 84/(x - 1-6). 

5. l/(x+4)+2/(x-3). 6. i/(x- 4) - l/(x-3). 

7. 2/(x+3) - l/(x - 6). 8. 7/8x 4 41/24(x+4) H G/12(x-2). 

9. 07/60(x +6) - 12/26(x 4 1) - 43/50(x - 4). 

10. A =3. B=I. C = 1 ; A ^2, /i= - W, C = 0. 

11. 6/2(x - 1) -7/IO(x 4 I) - 18/5{2x - 3). 

EXERCISES XXVIII Papo 232 
1. -2. I. -7. 0. 2. 25. -23.2. -32; - 9. 104,204, -429. 

3. abc 4 2/1/5 - a/* -5y» ~ c/A, 0. a* + 5» + c» - 3a5c. 
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EXERCISES XXX. Fdgd 240. 

!• 4abc. 2* 0. 3» —418. 4. 4xffz» 

7. (a) 111; (&) -U; (c) -13; (d) -162. 

8. (o)x = l,t/ = l»z = l ; (6)x = 13/3,y=-126/57, 52/67; 

(c)p=2,q=4,r^3. 

10. X =a/(a - b)(a - c), y =6/(5 - o)(6 - a), z ~c/{e - o)(c - 6). 

11. x=o. y=6, z=c. 13. e(2, 1): J? (f, - ll) ; Sf. 

14. mx-ly =m<i—lb ; 289/60. 15. 17. 

16. Calling the given pointo A, B, C, D the rule on p. 240 shews that 

the formula gives ^ ADC-A ABO; this is zero since AC is 
parallel to DB. 

17. X =1, y =0, z =0. 

18. X =l{l-b){l-c)la{a-b)(a-c); y =1(1-c){l-a)lb{b-c){b-a); 

z =1(1 -o)(i -5)/c(c -a)(c - 6). 


19. 

Vi 1 

20. 

®1 Cl 


*1 y* 1 

= 0. 

<h 6* c. 


1 ya 1 


®s 6, c. 


2. 3, 7, 11. 


EXERCISES XXXI. Page 256. 

5. 5'/5' = (2n + l)/(n + l). 6. 0-010309. 


7. 8 at least. 
17. ln(n* + l). 
20 . £ 1020 . 

23. -17, 3 ; 


10. 18/56, 817/990, 4/7. 
18. £60,000. 

21. £21,900. ; A =3660. 
-i(l +2-«); 2(1 -3-«); 22. 


14. pql(p+g). 
19. 6% ; 3s. 6d. 
22. 7 00 in. 


24. ^(l - (-i)"} 


4 

15 ' 


25. Blue, n(3rt-2)ir eq. in,; Red, 3nV sq. in.; Yellow, n(3n+2)r 

sq. in. 

26. II, 10V, 10. 27. 202 8q. in.; 32-6 sq. in. 28. 32. 

30. 16. 31. 60+20 \/3, 60-20-y/S gallons per hour. 32. £118. 

34. NR~^I{ 1 ~ fi~p) where iJ = 1 + r/100. If A receives his first £100 a 
year hence, ho should pay B now £24*5. 


35. 9 years. 36. £8720. 37. £401. 38. 21-85 yeare. 


EXERCISES XXXn. Page 270. 

1. (i) 120 ; (ii) 720. 2. (i) 15120 ; fii) 59,049. 

3. (i) 61 ; (ii) fc”. 4. 210; 30. 5. 2880. 
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6| 120. 7. 72. 8. 720. 9. 48U. 

10. (i)48; (ii) 08. 11. 181,430. 12. 124/24; |J_1 : LL3/24; |i2/24. 

13. (n - 2)(n - 3) | n - 2. 14. 47, excluding 1 as a factor. 15. 2880. 

16. 246. 17. 53. 18. 7. 19. 20. 20. 54,064. 

21. 342. 22. 480 ; 252. 24. 960. 25. (o) 70 ; (5) 66. 

26. I^x 27. 1295. 28. |_9 x 14. 

EXERCISES XXXIII. Page 282. 

1. 1+5a; + lOz* + 10x»+5jr«+x*, a« - 4ci’6 + 6«*6* - 4<i6’+ 

x’ + 7x» + 2 Iz* + 35z + 35/x + 2 l/x» + 7/z» + 1 /z», 

243z* - 135z*«/ +30xV - ‘vxV +-sVl/* - ^T3.*/^ 98, 
a" + I3a»*6 +78a‘‘6* +286a‘®6» +715«*6* + 1287a*6‘ + ... . 

2. I'030301, 0-69040, 0-998001. 84 28892481. 

3. 70z‘, 02720x». lOi, 252xS 

4. 128xs, -126x«; 17ICx’y-‘. l^lOxV" ; 0 - 028 x‘. 0-6Cx». 

5. X 2*. „C'. X b>, X 3«. X 2< . 3*. 

6. 70, 29120. 7. 378, -420. 135. 

8. 32rt‘ +240a<6 +720a»6* + 1080o*t* + 810a6* +2436®. 

9 28/27 ^ * 1 l-i** 1 + 

12 ! 402, 4I416J, „C.,x3». 13. 86016, „C,I0®.20*. 

14. (3/2)». 15. 7/8. 

20. (4/3)" - 1 ; 1 - 5x* + 5^* + 10x« - 

22. ; 7 Cs(l +z*)* . (3/x)«. 23. ,tC,100‘* . 15*. 

24 . (2x)»»-„C,(2z)“(3y) + i,C,(2x)*»(3t/)*-„C’,(2x)‘*(3i/)» 

+ „C,{2x)‘»(3y)*- ... : „C,3“/2'*; I2th term is - „C,2«, 

13th term is : these aro numorically equal. 

26. 0. 27. 1-0564. 28. (1 +x)*; 10»*. 

29. (i) ,iC,2* . 3'“ ; (ii) ,,'^>2* . 3“ ; (iii) i7('43* . 2* ; 0 984. 

30. 17x2«®/9; 2-3076. 

32. -„C,(2.T)"-*(3a)* ; ( - 1 )'-*„C^,(2x)"-+>(3o)'->. 

33. ,oC,; 0-97037. 34. 1 - 12 x+68x* - 144x> + 196x® ; 1. 

QQ 36. 495 ; 0-4962. 39. jr.C«. 


EXERCISES XXXIV. Pago 290. 

1. ?^(n - l)n, ff(n - I)n{2n - 1), {"(w - I)"}*- 

2. (i) + l)(n +2) j (») pn(16n* - 7) ; 

(ui) n(n + l)(n +2K3n + 1)/12 ; (iv) 7jn(4n* - I)- 
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5. ^(n + l)(n*+n - 1). 

6 - (0 +( 3 )’]> ^ ; (ii) + l)(4n+5). 

7. (i)n(n + l)(n + 2)(3n+5)/12; (u) «(n + IKn+2)(3n +1)/12. 

8 . -n(2n + l). 9. n(n + l)( 8 n»+9n*+n - L)/30. 

10 . a{l-(n + l)r»+nr"+*}/(l-r)*. 

11. (i)in{13-I4n); (U)12(2-V2); (iu) (^)". 

12. 13. i-v/2. 14. 15. (#. 16. [l-(i)*]. 

EXERCISES XXXV. Page 302. 

1. 4-4I„-; 9-25„.; 2-3.8o*: 6-20„,.. 

4. (i) l Uu*: (ii) 6 14351.. 5- 6-19 miles N. IG'-E. 

6 . 7-20 ft. per sec. E. 43® N. 

7. (a) 30-1 lb. E. 56® X. ; (6)8-31 lb. E. 80® N. ; (c) 11-2 tons W. 62* S.; 

(d) 8-44 kg. S. 64® W. 

8 . T-TOjoa*. 9. 7-70|J3.. 10. 6-17 tons, 2*63 tons. 

11. 126®, 140®. 94®. 12. 3-18 lb. E. 36-5® N. 

13. (i) 7 09a*-: (ii) S lOijj. : (iii) M3„. ; (iv) 2-61j(,.; (v)l-4iso,.. 

14. 8-1 4333 .. 

15. (i)4-7Sa- +310a„-: (u) - 10-96„.-f 14-03„.; 

(iii) -43 l3.-51-3ao* ; (iv) 88-9o.-74-6a«.; 

(v) 0-788a. +0-368».; (vi) Oo* -t-1-66„.; 

(vii) - 8-45o.+ 033 .; (viii) Oq* - 47-4«o*; 

(ix) -0-081n.- 1 - 0 - 022 , 3 . ; (x) 33 I 3 .-709 G«,.; 

(xi) 4383 .-f 649 «,. ; (xii) - 6-IS,. + 6-13„.. 

16. The magnitudes of the vectors are 14-9, 00-7, -0-78, -7-16, 0, 0, 

- 15-G. 49, 664, 0-043. 

17. The magnitudes of the vectors are 9-693, 28-31, 1-361. 3-18, 72-6, 

-84-5.0, - 106 1, 415, 0-0736. 

19. The projections in the direction OZ are: 

2-3 cos a - 1-7 sin a, - 2-5 cos a - 2-4 sin a. 

- 3-1 cos o -»-2-0 sin a, 2-1 cos o -f 1-8 sin a : 
in the direction making -)-90® with OZ: 

2-3 sin a -I-1-7 cos o, - 2-5 sin a -I-2-4 cos a, 

- 3-1 sin a - 2-0 cos o, 2-1 sin a - 1-8 cos a. 

20. (4 12,6-90); (0-243, 1-38); (-3-73,4-44); (-4-04, -1-47); 

(0-968, -3-67). 
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EXRKCISKS XXXVI. Pago 300 

1. 66/C5, 33/0r>, 10/05, 03, 05. 

2. -528/697, -455/007, 072/097, 185/097. 

3. cos A cos S cos C — cos A sin H sin C — cos D sin C sin 4 

- cos C sin A sin B. 

. tan .4 -^tan D +tan C - Inn .4 tnn B tan C 
I — tan A tan B - tan B tan C - tun C tan .4 

5 . (V3 + 1 )/ 2 v ' 2 , (Vi - 1)/2V2. 

6 . (V3 + I)/2v/2, (v'3 -l)/2v/2, 2 - \^3. 

9. (i) sin €)A ; (ii) cos 0 ; (iii) cos A co.s B. 

12. 13/9, -1/3. 14. cos (^-<?) cos 0 . sin (t)+ 0 ) cos 0 . 

16. (i) 90®, 337“ 22'; (ii) 19“ 20', 303“ 48'; (iii) 17“ 35', 229° 47'; 

(iv) 1 1“ 47', 145“ 37'. 

17. r = 8-002, a = 150“ 15'; (7-150“ I5' = (i . 300“ ±51“ 40'. 

18. r=3 000 , a = 303“4l': 9“ O'. 238M0'. 19. -27“I8', - 78“ 58'. 

20. ±(14v/0±\/i51)/50. 22 . 4 r* , c= + 2 r(/f <os« ( rsm a). 

23. (i)tan->5-5; (ii)tan-M3; (iii) tan ' 1'2 : (iv) tan ' \ 73/5. 

24 . tan-'('«+»"»*') ; (1)^ (2) 1 -f »i»<'-0. 

25. +y*T 2ay cot o =a’. 

26. z* + y® = 25 an<l z* 4 y* + 2z - 14y 4 25 = 0. 

27. tun-' («,5, 4 5,5^). z - y t 2 -0. «z 4 Oy - 13-0. 

28. 5y - 3z = 0 , 3 z 45,7 - 15 =0, 5y 40z =30 ; 2. 18/5; tan'■ (75/29). 

30. (y-l-)(7> 4 « tan <?.) 4(x-/0(« l 5 tan 0 )-O. 

(y ->c)<0 - a tnn 0 ) 4(x -/»)(« - ^ 

31. Linc.s nr.> real if/**>a5 : tan-'( - 2 ), - tan-» ( %'5 H 2 ). 


EXERCISES XXXVII. Page 314. 

1. (^3 -l)/ 2 ^/ 2 , (V'ri4l)/2v'2. 2 -^'3 : .U'(2 - \^2). !\/(2 4-v/2). 
v/2 - I. 

8. 8 co8«(7 -8 coh*« 4 1. 

9. 16 coH^ 0 - 20 con- y 4 5 coh g ; 10 sin® 0 ~ 20 sin* y 4 5 sin 0 . 

10. I (cob 4 y 4 4 cob 2 y 4 3). 
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EXERCISES XXXVIII. Page 316. 
sin 30 + SUX 2. sin 7*4 —sin 3-4. 3# coa 9^ +co 8 3^. 

4e cos 3* -cos 7a?. 5. ^(sin 10a - sin 4a)« 6. ^(cos y - cos 6y). 

7. ■sj<sin 7®-sin 2x). 8 . ^{cos (3x-y)+co 8 (x+j^}. 

9. ^{cos (35 - - cos (55 +<p)). 10. \ (sin ^ - sin 25). 

% 

11 . ^(sin 2 a - 1 ). 12 . -^^ein 25+8in . 

13. ^{sin (45 - 0 )+ 8 m (25+3^)}. 14. i(l+co 8 2a). 

EXERCISES XXXIX. Page 317. 

1. 2 8 in lOx cos 4x. 2. 2 cos 05 sin 25. 3. 2 cos 6 x cos x. 

4. 2 sin 2a ein 4a. 5. 2 sin 60* cos 30®. 6 . - 2 sin 6 x sin 2x. 

7. - 2 sin 66 * sin 35°. 8 . cos .4. 9. sin x. 

10. ^2 sin 5. 11. 0. 12. cos (a+/9){1+2 cos/9}. 

13. ain(a+;J){l+ 2 co 3 ) 3 }. 14. sin 60* (1+2 cos 40*). 

EXERCISES XL. Page 320. 

1 . (i) x/vn^. i/vr+^. 2 x/(i +x*), (1 -x>)/(i +x»). 

3. 3 sin .4-4 8in*.4, 4 cos*.4, —3 cos 

5. tan J5=(x-y)/{r+y) or -(x+y)/(x-y). 

8 . (i) ( 2 n + l) 2 . 2k7rx (ii) ( 2 n + l)T. ^( 2 /.-,r+g): (iii) ( 2 n +1 )|, 2 i-x, 

2nr/7 ; (iv) (2n1 )^, i-ir ; (v) nr/4. 

9. r/4 <5 <3r/4, -3r/4 <5 <- 7 r/ 4 . 

13. sin 5 =±5/13. tar 25 = 120/119. 14. 14* 16'and 69* 28'. 

15. (4x>-3x)(l ~2y) : (4x> - 3x)(I+2^1"^) : 0, - ^/3/2. 

16. (i) X =(2n +1)^ or 3x = tr+( - 1)*^ : (ii) 35 = nr or 25 =2rT±^ ; 

(iii) X = 2 « 7 r or 3x = 2tjr + . 

26. (p*-y*)* = IGpg. 

EXERCISES XLI. Page 330. 

1. 44“ 24'. 4. 120*. 

6 . J\/(26* + 2 c* -o®} and two similar expressions ; 

v'{ 6 c (6 +c -a )(6 +c +a )}/(6 ±c). 



ANSWERS 


3CV1J 


11. B=59*, C = 74* 3r. a =47-6. 14. 26,000 ft. 

18. .4.E = 19-7 ft., BE=2Q \it., C£=20-6ft. ; ADB = 110^ i5', 
ADC = l3i° 37'. 

20. (i) 0-6 ; (u) V3/2 ; (ui) ^2/2. 


1 . 


2 . 


3. 


4. 


EXERCISES XLII Page 337. 

(i) C = 77“ 25', a =5 05, 5 =7-78 ; (ii) A =24°, 6 = 17*4, c = 8'8I ; 
(ui) A =59“ 24', a =24-9, c=20-5. 

(i) A =78° 36', B=63“ 16', 0=48“ 8'; 

(ii) ^=29“ 24'. B = 4l“ 44', 0 = 108“ 52'; 

(iii) 4=98“ 18', B = 32“ 4', 0 = 49“ 38'. 

(i) B=69“ 1', 0 = 71“ 20', a =343 ; 

(ii) A =42“ 6', B=29“ 54', c = 107 ; 

(iii) A =35“ 23'. 0 = 99“. 5 =42. 

(i) 4=6“, 13', B =23“ 47 . a =2 01 ; 

(ii) 4 =91“ 50'. B=38“ 10', a = 12 1 ; 

(iii) 4, =58“ 12', B, =7I“48', a, =8-32; 4^=21“ 48, B,-108 12, 

Cg =3 04 ; 

(iv) no solution. 

(i) 4 =25° 24', B=44“ 36', c = 90*4; 

(ii) B = 63“ 29 ', o = 4l-3, c = 24 l. 

(iii) 4 =82“ 49', B = 55“ 46', O = 41“ 25' ; 

(iv) 4 =32“ 8', B =40“ 52 ', a =254 ; 

(V) 4 =45“ 28'. B =43“ 28'. 0 = 91“ 4' ; 

(vi) 4 =65“ 6', B=42“ 41', c = 13-3. 

6_ ;p=27“. 7- 4 =88“. B =40“. 0=52“. 

8 4 = 30“, 0=76“, 6 =c = 10-62 cm. 

9. 13.600 aq. yd.; 152 yd. 10. 86° 52'. 24-8, 2-08. 

11. B=46“12'. O=60“34'.«=726. 12. 89“, C0“. 3l“. 

13. Bi = 113“ 10', Oi = 10“ 60', c, =9'46 ; B, =66“ 60', Oj = 63“ 10', 

c,=291. 

14. 21-2 ft. 16 . 71 sq. units, 4 =82“ 40'. 

17. 4 =89°, B = 62“. c = 2280. 


5. 


EXERCISES XLIII. Page 343. 


1. 177 ft. 

4. (i) 814 cub. in. ; (ii) 66“ 8' ; 

5. 8-6, 11-6 miles; 49“ 41'. 


2. 18-9 ft. 

(iii) 99“ 26'. 

6. 47 6. 42“ 48 . 
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7. 77 ft. 8. 2420 ft. ; 41' 69'. 9. 380 yards. 

10. 1 minute. 12. 6*24 miles. 13. G-SS, 7*70 miles. 

16. sin“* (sin 0 cos \9). 16. 2940 ft. 

17. 17-3 ft.; 22° 12'; 11' 19'. 

MISCELLANEOUS EXERCISES. Page 346. 

2. 109° 28', 50' 28', 20' 4'. 4. 2*88 m. 

6. t>+66°48'=n.360'±48'58'. 6. -40'12'; 3-61. 

7. 120' ; no solution. 

9. 8in(o + 6>+0)sin(tt+fi-0). 10. 79'36'; 67-2 sq. in. 

12. (i) No solution ; (ii) 270°, 160°, 30'. 14. 0-995. 

18. 98'4', 278° 4'. 19. fa* cot 36'; 1-36 ft. 

22. -60'12' = n . 360'±26° 18'. 

23. n.l80°, (4fc + l)30°, (4r-l)90'. 

27. 29 - 60' =n . 360' ±76' 31'. 28. tan* /S. 

31. tan-* {{a; +y +z -xyz)j{\ -xy -yz -zx)}. 

32. 25/24 ; graphically x = 1-17. 

34. A =86'49', 5 = 39'29', c=3l4. 

36. (i)5=n.90°; (u) x+60'=n . 360'±45', y + 120'=n . 360'±46*. 

EXERCISES XLIV. Page 364. 

4. r = 146: 5=389. 5. 5=26-6 in.; C = 78'48', 5 = 64° 12'. 

6. V6c(«-o)/s, etc. ; 14-3. 

7. 12in. ; 16| in., o = 19-2 in., 6 =27-2 in. 

8. (i) 993 sq. in. ; 13-0 in. 

11. Triangle 500 = A cot A cot 5, etc. 

EXERCISES XLV. Page 369. 

1. If O is the pole and OX the initial line :— X'OX ; OP and OP' 

where XOP =a and XOP' = v — a; P'OP whereXOP = — tan”* o/6; 
if 0OX=tan-*f, equation represents OP and OP' where each 
is inclined at ir/3 to OQ. 

2. v'(5-2V3), i(3V3-2). 

3. v'(20-8-v/2), •\/(5-2v^ 2), ^17 ; |(6v'2-4). 

4. A straight line. 


ANSWERS 


zix 


7. sin (5, -^s)/r + sin ($2 -0)|r^ +sin {0 
9. r sin (0 - a) = r^ sin (^j - a). 

11. l/r=cos (d-a)/a-cos (f*-/3)/6. 12. 2a, Jjt. 


EXERCISES XLVI. Page 302. 


2. (i) Circle ; centre at pole, radius a. (ii) Circle ; passing through 

pole, radius 2. centre at (2, 0»). (iii) Straight line perpendicular 
to initial lino through (4.0"). (iv) Two concentric centres, 
common centre at pole, radii 1 and 2. (v) Circle, centre at 

(1-6, 0°), radius 0-5. 

3. (a-v/2. hh -Jir). 

4 . r» -r{r, cos -^) +fi cos (ffj -tf)} cos {0i - Os) =0. 

5. ix-Xi)(x-x2)+{y-yi){y-yt)=f^- 

6 . Straight lino parallel to initial lino through (o, i»r) ; circle passmg 

through pole, diameter a, centre ot (^0. ;;*■) : circle passiiig 

through pole, centre at (AVa^+t*, tan -^bla). 


9. (2\/2, lir) and (2^/2, 3»r/4). 

12. (i) A circle, r sec ^^constant ; (ii) straight Ime, 

13, (i) /t*r* -2cAt cos (0 - a) +c* -a*=0 ; 

(ii) (c* -a*)r* - 2cl*r cos (tf - a) + (* =0. 

15. c* + c'* - 2cc' cos (a - o') =a* + 


r COB 0 s=conBtant. 


EXERCISES XLVIT. Pago 378. 

1. 16. 16-30. 10-3216. 10-032010 ; 33 0. 32 16, 32 010 ft. per sec.; 

32 ft. per sec. 

2 . 12 ft. per sec. ; t=4T 

4 0-6+2-3r*-f40TAr+2-3(Ar)»: 40r-f2-3Ar; 4-6x. 

s' 10-804: 0-752. 0 07.370, 0 0073610: 7-62. 7-370. 7-3010 ; 7-30. 

6. 0-12 sq. in. per sec. 7 . CV-* ft. per sec. 

8. (i)2; (ii)0^>*4; (iii) S*’* + (iv) M -«*-• 

9. (i) x-+4x*5; (ii) 4(2!,. 1): 0") 

(v) 3al,’ + :/.>"* +CI>-’. 

10. (I)y-flx-f 2 = 0 . 0y+a;-25=0; 

(ii) 3 i/ - lOIa^ +318=0. Iflly +3r - 8804 -0 : 

(iii) it/~x =al*, y =2al+at* : 

(iv) y-3o/i*a:+2aA«=0, 3ah‘y+x =3a*/i‘+h. 
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11. 6j;*-12*+6; (1, -2); 0 06 in each case, a point of inflexion. 

12. 3x*-2; y-10x + 13=0. 13. 21a:*+2. 

14. (i) -!/*•; <u) -4a:-?; (iii) lx”?. 

16. (i)3x*; (ii)-2x»; (iu) l/(x +1)» ; (iv) (od - 6c)/(ca: 4 d)* ; 

(v)2(x + l); (vi) 2a{aa:+6) ; (vii) l/2VxTl ; (viii) lx**. 

EXERCISES XLVIII. Page 386. 

1. (o)(l, 8); max. (6) (0, -1); min. (c) (4, ?) ; min. 

2. V3/3. 3. 2a/6, 3a/6. 4. 4p. 4p- 

6. 6 in. 6. (I, -2) min., ( - 1, 2) max. 7. 5^1/4. 

9. 2 cub. ft. 10. 16-2 knots ; 107% greater, 0-91% greater. 

11. 17-0 knots. 12. £2-67. 13. x = 44. y = 10. 

14. V12R. 15. 2-65 cub. ft. 

16. (a) (2, 9) min., (1, 10) max., (1-5, 9-6) point of inflexion; 

(6) (2, - 16) min., ( -2. 17) max., (0, 1) point of inflexion ; 

(c) (0, 1) min., (1,2), (L ?t) poinU of inflexion ; 

(d) (1,0) min., { -1. 4) max., (0, 2), (l/VZ. 2 - 7V2/8), 

( - i/\/2, 2 -f 7v'2/8) points of inflexion ; 

(e) (I, 27) max., (0, 8), ( -2, 0) points of inflexion. 

EXERCISES XLIX. Page 392. 

1. x*+a. 2. hz*+z+a. 3. +x* +a. 

4.t^~i^+t+a. 5. §u?+a. 6. - l/l-4y’‘^+a. 

7. -l/2a;*+o. 8. <*-flog, <+a. 

9. 3 log, a:+4/.® - l/2r*+n. 10. y=i*+2x-l. 

11. 3y = a-?. 12. j/ = 2(a:?-x-?). 

13. o=u+t®; 

14. V =« + ; s = ut + 2/* + 15. y + log, x + 1 =0. 

16. y = 4x*+2 log, ix. 17. y-ax+a=0; oy-»-x-l=0. 

EXERCISES L. Page 400. 

1. (a) 1 : (6) 4 ; (c) 4 : (d) 4 ; (e) 2 04; (/) 1-92 ; (g) - 9^ ; (?») Ij- 

2. (tt) 36 ; (6) -f; (c) 5n-5. 3. Displacement; velocity. 

4. 7^ miles. 5. 88-4 sq. cm. ; 86-8, 1*9%. 

6. 1-76 X 10® cub. ft. ; 6810 cub. ft. 7.42-2. 



ANSWERS 


XXI 


8. 245,000 ft. Ib. 

10. 16,200 ft. lb.. 27.500 ft lb 
12. 37-2, 37-6 lb. per sq. in 


9. 0 50. 
11. 0 48. 


EXERCISES LI. Page 417. 

1. If the original is a straight lino parallel to tlie axis of A', the integrals 

are straight lines. 

2. 3. /; {i)W 

5. Integral curve is graph of sin e ; area ^ 1 

6. A velocity-time curve. 7. 0-004 ; O-OOSl ; 1-253. 

8. 17-6. 9- 10. 1 18, 

2-64 12. Total area 1.0 571. 14. Total area 424. 

15.12.600. 16. Total distance 1,7-.5.1 miles. ^ 

17. Total area = 6-78. 18. 23-7 ft. per see. 19. 20. . 

21. - A.) +nW -Ai*) + 2ar)(/c,> - A.*) 

23. (i) '• -*). 

25. 26. 3fa»/2. 


22. .-JiraU^ 

24. 12 6 in lb. 


27. 2A/a»/5. 


28. hi- 


30. X =5*. y =0. 


EXERCISES Lll. Page 428. 

1. 2. 2.r(2r> - 1)-^. 3. H-a*)' 

4. (ax+b](ax^+2hx-\-cr^. 

6 x»(x»-ir^ +25x-(-cHax® -f35x» -f 3cx -fd) V 

g; 2(^-1). ' 9. 2x(2x« + l). 

10. (ax-*-6)*(cx-fd)*{7«cx-H3«d-t-46t}. 

11. (2x.-.1Kx>-fl)-4. 12. (4x^>x*^2)(x-l)-. 

13. ^{3aex-f-2at/I**' *. 


20 . 


15. -(1 -tar*){x* - I)-*- 
17. (6x -f2)(32 -5x)(3 -x)-». 

19. -{x-i-ir*(*-ir^- _ 

21. a[{az+b). 22. l/Vx*-fl. 

24. A \/3 ft. per min. 25. ty-r^at' 
26. 2x-f3y=0; 2 x- 3 y^r>. 


16. (p» - rq)(rr 

18. -(x-f3Kx-(-ir^'(x- I)-*. 
-2x(x»-«- ir^x* - ir? 

23. V/'iwr^ ft. per see. 
1/ +rx =‘2al + fit*. 
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EXERCISES LIII. Page 435. 

1. 3a:*, 6x. 6 : 63 :- 2 , 6,0 ; -x-*, 2a:-», - 6a:-< ; -2(* + 1)"*, 6(® +1)"*. 

-24{x + l)-®; (ad-bc){cx+d)‘*, -2c(<Kf-6c)(ca; 

%c^{ad-bc){cx+d)-*i 4(x + l)-i -i(x +1)“5, f(x +1^ ; 
x(2-3x), 2(l-3x). -6; (x+2)»(x - l)(6x +1), 

2(x+2)(10x»+4x-6), 6(10x* + 16x + l). 

2. (i) Concave at both; (ii) convex at (1,2), concave at (1, -2); 

(iii)concaveat (1, 3), convexat (-1, -3); (iv) concave at (1, 2), 
convex at ( - 3, §). 


3. x = l/-s/3. 

4. Maximum when number is - 1, minimum when +1. 

5. Square. 6. Jo x§o x^a. 7. 6*71 miles from X. 

8. (i) 1 ft. square by 2 ft. (ii)l'2ft.; vol. =l'728cub. ft. 

(iii) radius =0-724 ft. ; vol. =1-692 cub. ft. 

(iv) radius =0-64 ft., length =2 ft., vol. =2-56 cub. ft. 

10. When x=Jo. 11. At point dividing PQ in ratio 4 : ^/lOO. 

13. (i)y=2-l/x; (ii) y =cx + Jox* + J6x» ; (iii) ^(f-x){(Z-x)*--4Z»}. 

14. y =<i + Jox* + J6x*+-fVf cx*. 16. i/=x*-x+2. 

16. 17. 



wx 




2^r 


1 . Jlog, (x* + l). 

4. -J(l-a:*)5. 

7. S(x* + 1)5. 

9. 

11- A- 

14. Jlog,(i-|^). 
17. J6*. 


EXERCISES LIV. Page 439. 

2. -J(x*+o*)-*. 3. v'’ox* +25x +c. 

5. -i(2x*-6x+8)-*. 6. 2\/x»-3x + l. 


8. J(t»+2)^. 

-4x+8}. 

12. 12:4. 

15. log, (j)- 
18. ^(1 -1/V2). 


10. lOj. 

13. Jlog, (^)* 

16. J. 


EXERCISES LV. Page 442. 

2. -o sin (ax-6). 3. p sec* (px + g). 

5. 3 sec (3x+ 4) ton (3x+4). 


1. a cos (ox +6). 
4. - 2 cosec* 2x. 


ANSWERS 


XXIU 


6. - J cosec cot ix. 7. sin 2x. 8. -n ein (2ax+26). 

9. 2itan(6c-m)8ec*{/x-m). 10. 2 cos 2x cos x - sin 2z ein r. 

11. —a sin ax cos 6x - 6 sin bx cos ax. 

12. ax* cos (ax+6)+2x sin (ax+6). 13. ( - x sin x - cos x)/x*. 

14. {a sin X-(ax+6) cos x)/sin’X. 15. ( -2 cos x)/(l+8in x)’. 


16. 

-a/Vl 

- (ax +6)*. 

17. 

1/(1 +x= 

‘)- 

18. 

1/XV X* - 1. 

19. 

— sin X, 


20. 

- COS X 


21. 

2 sec* X tan x. 

22. 

2 cos 2x. 


23. 

- a sin 

z - b cos X. 

24. 

- cosec* X. 

25. 

60 C X tan X. 

26. 

- cosoc 

X cot X. 

27. 

- 2 cosec X cot 

29. 

- J cos ! 

2x. 

30. 

- sin (ax +6). 
a 

31. 

2 

- tan (px +o). 
P 

32. 

Jx - J sin 2x. 

33. 

lx- 1 
“ 4a 

sin (2ax + 26). 

34. cos* a 

35. 

- d cos 

3x + J cos ; 

r. 





36. 

1 ( COS (a + 6 )x 
~ [ a +b 

cos ' 

t-- 

o 

(a - 6 )xl 

- - 6 J 




37. 

1 ( sin (a + 6 )x 
M a +6 

sin (a - b)x' 
a -h 

1 - 



38. 

J sin* X. 


39 

. - J COS 

*x. 

40. 

- log, cos X. 

y rt V 

41. 

> i/ 

- sin M 
a \ 

T)- 

42. 

1 . 

- tan ' 
ab 

'(?) • 

43. sin ^ / * 

44. 

ff tan->( 

'2T + i\ 

. 4 /• 

45. 

TT 

4 • 


46. 

TT 

12 • 

47. 

tan“' 2 

TT 

“ 4 ’ 

48 

w 

3 ' 





1. 4x’ + 5 • 


MISCELLANEOUS EXERCISES. Togo 449. 

1 l- x +Ax + 1 _x + l 

— I “ * A 




]■ (x+2)*- 




„ 4 , •, flx + 7 

3. (i) -.nx-s; (u) 


^...^ X cos X - 3 sin X 
(m)-- 

1 4 


Tangent, »/-Ox + 14 =0 ; V’. - 

lim } [sin (X + Ax)-sin x], cos X ; 
ai—>0 


lim (ton (X + Ax + I) - ton (x 4 I)], sec*(x + l) ; 

ax->0 , t . A ^ 

j 1 z* + 4x - 1 

■ (^x - 1 )* • 


V(x + i)(x - 1)» ’ 


i* + 1 ' 


4. 
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5. y +3® - 10 =0. 

6. (i) ^=4x(x*-l), y=sa:®-§a:*+x+c; 




d*y _ 


(ii) ^ 2x, =2(a - 6) cos 2x. 

7. Max. when x=2 ; min. when x=4. a =20 or 16. 
16000 V3jr 


8 . 


27 


cub. in. 


9. Increases as x increases from Xir to 4”'* stationary when x=0i 


TT 2ir j 

2' -3 and 


11. 57-6. 


12 . A( 2 x + 1 )^; 4 |^; 6-1 lb. 


13. 


40 


TTO' 


inS 512 
14. 10]y ; -T-=-x. 


3 X 


15 
sin 2x 


16ir. 


16. 7*85 X 10^ sq. mi. 


i/\2 4096i 

» -m 


15.-i(r,x - 6)-», ^(2x - 3)^ I - ^ 

17. 10(\/2-l)in. 18. 140|. 

20. y=x»-2r*+5x*-llx» + 15x. 

21. (i) Impulse or Momentum ; (ii) Work or Enez^. 

22. (a) 30-2 ft. per sec. ; (6) 23 ft. per sec. 

24. Tangent is - sec ^ coseo 6 = 1, Normal is ax cos 6 - by sin 6 

=o*co8*0 -6*8in*5. 

r* + a* - c* dr 2ar* sin 6 
' * de 


26. cos 8 = 


2ar 


27. la. 


30. (x+2)(x-2)*. 


r* + c* - a* ■ 

32. (i)§6; (ii)(l)i*.(2) -jA; (Ui) 


2 6»+36c+3c* ,,v 1 M+4cA + 6c* 1 3fc» + 8cA + 6c» 

33* (») 3- -6+2c-» <^>2- h^Zc * <2) 2* 2hVZ~ 


b* 


Mr* 


40. 


4iit 


34 . (iv) 
body in oach case. 

35 . 36. 

42. 43. 2-lw; ir[^2 log. 2 -. 

6\i 


. where M is the mass of the 
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